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Preface to the Fourth Edition

In this edition some new examples dealing with the inertia tensor and the propa-
gation of compression and shear waves in an isotropic linear-elastic medium are
incorporated. Section 3.3 is completely revised and enriched by an example of thin
membranes under hydrostatic pressure. The so derived Laplace law is illustrated
there by a thin wall vessel of torus form under internal pressure. In Chap. 8
I introduced a section concerned with the deformation of a line, area and volume
element and some accompanying kinematic identities. Similar to the previous
edition some new exercises and solutions are added.

Aachen, December 2014 Mikhail Itskov
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Preface to the Third Edition

This edition is enriched by some new examples, problems and solutions, in par-
ticular, concerned with simple shear. I also added an example with the derivation
of constitutive relations and tangent moduli for hyperelastic materials with the
isochoric-volumetric split of the strain energy function. Besides, Chap. 2 is com-
pleted with some new figures, for instance, illustrating spherical coordinates. These
figures have again been prepared by Uwe Navrath. I also gratefully acknowledge
Khiém Ngoc Vu for careful proofreading of the manuscript. At this opportunity,
I would also like to thank Springer-Verlag and in particular Jan-Philip Schmidt for
the fast and friendly support in getting this edition published.

Aachen, February 2012 Mikhail Itskov
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Preface to the Second Edition

This second edition is completed by a number of additional examples and exercises.
In response to comments and questions of students using this book, solutions of
many exercises have been improved for better understanding. Some changes and
enhancements are concerned with the treatment of skew-symmetric and rotation
tensors in the first chapter. Besides, the text and formulae have been thoroughly
reexamined and improved where necessary.

Aachen, January 2009 Mikhail Itskov
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Preface to the First Edition

Like many other textbooks the present one is based on a lecture course given by the
author for master students of the RWTH Aachen University. In spite of a somewhat
difficult matter those students were able to endure and, as far as I know, are still
fine. I wish the same for the reader of the book.

Although the present book can be referred to as a textbook one finds only little
plain text inside. I tried to explain the matter in a brief way, nevertheless going into
detail where necessary. I also avoided tedious introductions and lengthy remarks
about the significance of one topic or another. A reader interested in tensor algebra
and tensor analysis but preferring, however, words instead of equations can close
this book immediately after having read the preface.

The reader is assumed to be familiar with the basics of matrix algebra and
continuum mechanics and is encouraged to solve at least some of the numerous
exercises accompanying every chapter. Having read many other texts on mathe-
matics and mechanics, I was always upset vainly looking for solutions to the
exercises which seemed to be the most interesting for me. For this reason, all the
exercises here are supplied with solutions amounting a substantial part of the book.
Without doubt, this part facilitates a deeper understanding of the subject.

As a research work this book is open for discussion which will certainly con-
tribute to improving the text for further editions. In this sense, I am very grateful for
comments, suggestions and constructive criticism from the reader. I already expect
such criticism, for example, with respect to the list of references which might be far
from complete. Indeed, throughout the book I only quote the sources indispensable
to follow the exposition and notation. For this reason, I apologize to colleagues
whose valuable contributions to the matter are not cited.

Finally, a word of acknowledgment is appropriate. I would like to thank Uwe
Navrath for having prepared most of the figures for the book. Further, I am grateful
to Alexander Ehret who taught me the first steps as well as some “dirty” tricks in
LaTeX, which were absolutely necessary to bring the manuscript to a printable
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form. He and Tran Dinh Tuyen are also acknowledged for careful proofreading and
critical comments to an earlier version of the book. My special thanks go to
Springer-Verlag and in particular to Eva Hestermann-Beyerle and Monika Lempe
for their friendly support in getting this book published.

Aachen, November 2006 Mikhail Itskov
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Chapter 1
Vectors and Tensors in a Finite-Dimensional
Space

1.1 Notion of the Vector Space

We start with the definition of the vector space over the field of real numbers R.

Definition 1.1 A vector space is a set V of elements called vectors satisfying the
following axioms.

A. To every pair, x and y of vectors in V there corresponds a vector x + y, called
the sum of x and y, such that

(A.1) x + y = y + x (addition is commutative),

(A.2) (x +y)+z=x+ (y + z) (addition is associative),

(A.3) there exists in V a unique vector zero 0, such that0 +x =x,Vx € V,

(A.4) to every vector x in V there corresponds a unique vector —x such that
x+(—x)=0.

B. To every pair o and x, where « is a scalar real number and x is a vector in V,
there corresponds a vector awx, called the product of o and x, such that

(B.1) a(f8x) = (o) x (multiplication by scalars is associative),

B.2) 1x =x,

(B.3) a(x +y) = ax + ay (multiplication by scalars is distributive with respect
to vector addition),

(B.4) (a+ B)x = ax + (Bx (multiplication by scalars is distributive with respect
to scalar addition),
Va,B € R,Vx,y e V.

Examples of vector spaces.

(1) The set of all real numbers R.

(2) The set of all directional arrows in two or three dimensions. Applying the usual
definitions for summation, multiplication by a scalar, the negative and zero vector

(Fig. 1.1) one can easily see that the above axioms hold for directional arrows.

Engineers,
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2 1 Vectors and Tensors in a Finite-Dimensional Space

vector addition negative vector

2.5z

x
)
zero vector

multiplication by a real scalar

Fig. 1.1 Geometric illustration of vector axioms in two dimensions

(3) The set of all n-tuples of real numbers R:

Indeed, the axioms (A) and (B) apply to the n-tuples if one defines addition,
multiplication by a scalar and finally the zero tuple, respectively, by

ar + b aay 0
ay + by aay 0

a+b= . , aa = . , 0=1.4t.
aay 0

a, + by

(4) The set of all real-valued functions defined on a real line.




1.2 Basis and Dimension of the Vector Space 3

1.2 Basis and Dimension of the Vector Space

Definition 1.2 A set of vectors x1, x2, ..., X, is called linearly dependent if there
exists a set of corresponding scalars a1, aa, ..., o, € R, not all zero, such that

n
> aix; =0. (1.1)
i=1

Otherwise, the vectors x1, x3, ..., x, are called linearly independent. In this case,
none of the vectors x; is the zero vector (Exercise 1.2).

Definition 1.3 The vector

X = iaix,- (1-2)

i=1

is called linear combination of the vectors x,x3,...,Xx,, where ; € R (i =
1,2,...,n).
Theorem 1.1 The set of n non-zero vectors x1, X2, ..., X, is linearly dependent if

and only if some vector xj. (2 < k < n) is a linear combination of the preceding ones
xi(i=1,...,k—1).

Proof If the vectors x1, X2, ..., X, are linearly dependent, then

n
E ;X = 0,
i=1

where not all «; are zero. Let ay (2 < k < n) be the last non-zero number, so that
a =00 =k+1,...,n). Then,

k k—1
Zaixizo = Xp = —X;.
i=1 i1
Thereby, the case k = 1 is avoided because ayx; = 0 implies that x| = 0

(Exercise 1.1). Thus, the sufficiency is proved. The necessity is evident.

Definition 1.4 A basis in a vector space V is a set G C V of linearly independent
vectors such that every vector in V is a linear combination of elements of G. A vector
space V is finite-dimensional if it has a finite basis.

Within this book, we restrict our attention to finite-dimensional vector spaces.
Although one can find for a finite-dimensional vector space an infinite number of
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Theorem 1.2 All the bases of a finite-dimensional vector space V contain the same
number of vectors.

Proof LetG ={gy.gs.....9,}and F = {f . f1..... f,,} betwoarbitrary bases
of V with different numbers of elements, say m > n. Then, every vector in V is a
linear combination of the following vectors:

f1.91,92. .-, 9, (1.3)

These vectors are non-zero and linearly dependent. Thus, according to Theorem 1.1
we can find such a vector g;, which is a linear combination of the preceding ones.
Excluding this vector we obtain the set G’ by

fl?glvgzv"'7gk—l7gk+1’"'7gn

again with the property that every vector in V is a linear combination of the elements
of G'. Now, we consider the following vectors

fl,f2,91,92,---»Qk_17gk+1,---79n

and repeat the excluding procedure just as before. We see that none of the vectors
fi can be eliminated in this way because they are linearly independent. As soon as
allg; (i =1,2,...,n) are exhausted we conclude that the vectors

VAT F TR

are linearly dependent. This contradicts, however, the previous assumption that they
belong to the basis F.

Definition 1.5 The dimension of a finite-dimensional vector space V is the number
of elements in a basis of V.

Theorem 1.3 Every set F = { fi. oo f n} of linearly independent vectors in
an n-dimensional vectors space V forms a basis of V. Every set of more than n
vectors is linearly dependent.

Proof The proof of this theorem is similar to the preceding one. Let G = {gl, g7,

o gn} be a basis of V. Then, the vectors (1.3) are linearly dependent and non-
zero. Excluding a vector g, we obtain a set of vectors, say G’, with the property
that every vector in V is a linear combination of the elements of G’. Repeating this
procedure we finally end up with the set 7 with the same property. Since the vectors
fi (i=1,2,...,n) are linearly independent they form a basis of V. Any further
vectors in V, say f, ., f 12, ... are thus linear combinations of . Hence, any set
of more than n vectors is linearly dependent.

Theorem 1.4 Every set F = { fi:-fooo s f m} of linearly independent vectors in
3 1 0 V._can.be extended to a basis.
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Proof If m = n, then F is already a basis according to Theorem 1.3. If m < n,
then we try to find n — m vectors f,, 1, f,42, ..., f,,such that all the vectors f;,
thatis, fy, f2...., fims fms1s -+, [, are linearly independent and consequently
form a basis. Let us assume, on the contrary, that only k < n — m such vectors can
be found. In this case, for all x € V there exist scalars o, ay, a2, ..., G4k, not all
zero, such that

ax+arfi+afo+...tankfa =0,

where o # 0 since otherwise the vectors f; (i =1,2,...,m + k) would be
linearly dependent. Thus, all the vectors x of V are linear combinations of f;
(i=1,2,...,m+k). Then, the dimension of V is m + k < n, which contradicts
the assumption of this theorem.

1.3 Components of a Vector, Summation Convention

LetG = {gl, g2, .-, gn} be a basis of an n-dimensional vector space V. Then,

n
x:ingi, Vx e V. (1.4)

i=1

Theorem 1.5 The representation (1.4) with respect to a given basis G is unique.

Proof Let

n n
x=2xigi and x=Zyigi
i=1 i=l1

be two different representations of a vector x, where not all scalar coefficients x' and
y' (@ =1,2,...,n) are pairwise identical. Then,

n

0=+ (0 = x4 (Dx =Yg+ D (—r')a = 3 (5 — ')

i=1 i=1 i=1

where we use the identity —x = (—1) x (Exercise 1.1). Thus, either the numbers
x' and y' are pairwise equal x' = y’ (i = 1,2,...,n) or the vectors g; are lin-
early dependent. The latter one is likewise impossible because these vectors form a
basis of V.

The scalar numbers x' i = 1,2,...,n) in the representation (1.4) are called
C e ve ith respect to the basis G = {g1.9,.....9,}.
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The summation of the form (1.4) is often used in tensor algebra. For this reason
it is usually represented without the summation symbol in a short form by

n
x = ingi =xlg, (1.5)
i=1

referred to as Einstein’s summation convention. Accordingly, the summation is
implied if an index appears twice in a multiplicative term, once as a superscript and
once as a subscript. Such a repeated index (called dummy index) takes the values
from 1 to n (the dimension of the vector space in consideration). The sense of the
index changes (from superscript to subscript or vice versa) if it appears under the
fraction bar.

1.4 Scalar Product, Euclidean Space, Orthonormal Basis

The scalar product plays an important role in vector and tensor algebra. The properties
of the vector space essentially depend on whether and how the scalar product is
defined in this space.

Definition 1.6 The scalar (inner) product is a real-valued function x - y of two vectors
x and y in a vector space V, satisfying the following conditions.

C. (C.1) x-y=y-x (commutative rule),
(C2) x-(y+2) =x-y+x -z (distributive rule),

(C3) a(x-y) =(ax)-y =x-(ay) (associative rule for the multiplication
by a scalar), Vo € R, Vx, y,z € V,

(C4) x-x=>0VxeV, x-x=0 ifandonlyif x =0.

An n-dimensional vector space furnished by the scalar product with properties (C.1-
C.4) is called Euclidean space [E”. On the basis of this scalar product one defines the
Euclidean length (also called norm) of a vector x by

x| = Vx - x. (1.6)

A vector whose length is equal to 1 is referred to as unit vector.

Definition 1.7 Two non-zero vectors x and y are called orthogonal (perpendicular),
denoted by x Ly, if

(1.7)
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Definition 1.8 A basis £ = {ey, e2, ..., e,} of an n-dimensional Euclidean space
E” is called orthonormal if

e,--ej=5,~j, i,j=1,2,...,n, (1.8)
where
" ; 1 fori =j,
6,-,-=6’f=6;=[0 forl_#j, (1.9)

denotes the Kronecker delta.

Thus, the elements of an orthonormal basis represent pairwise orthogonal unit
vectors. Of particular interest is the question of the existence of an orthonormal
basis. Now, we are going to demonstrate that every set of m < n linearly inde-
pendent vectors in [E” can be orthogonalized and normalized by means of a linear
transformation (Gram-Schmidt procedure). In other words, starting from linearly

independent vectors x1, X2, ..., X;; one can always construct their linear combi-
nations ei, €z, ..., e, such that e¢; - e¢; = 5,-,- @i, j = 1,2,...,m). Indeed, since
the vectors x; (i = 1,2, ..., m) are linearly independent they are all non-zero (see

Exercise 1.2). Thus, we can define the first unit vector by

ey = —L1. (1.10)
llx il

Next, we consider the vector
eh=x7—(x2-€1)e (1.11)

orthogonal to ej. This holds for the unit vector e; = e’2 / || e/2 || as well. It is also seen
that ||e’2 || = ,/€) - €, # 0 because otherwise e, = 0 and thus x, = (x2-e1) e =

(x2 - ep) lx11I~" x;. However, the latter result contradicts the fact that the vectors
x1 and x; are linearly independent.
Further, we proceed to construct the vectors

!
e5=x3—(x3-e)er— (x3-e))e;, e3= ”Z—fH (1.12)
3

orthogonal to e; and e>. Repeating this procedure we finally obtain the set of ortho-
normal vectors ey, e3, . . ., e,,. Since these vectors are non-zero and mutually orthog-
onal, they are linearly independent (see Exercise 1.6). In the case m = n, this set
represents, according to Theorem 1.3, the orthonormal basis (1.8) in E”.
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With respect to an orthonormal basis the scalar product of two vectors x = x'e;
and y = y'e; in [E” takes the form

xoy=xyl x4 4 XY (1.13)

For the length of the vector x (1.6) we thus obtain the Pythagoras formula

Ixll = vVx'x! + x2x2 + ... 4 x"x", x € E". (1.14)

1.5 Dual Bases

Definition 1.9 LetG = {gl, 9oy gn} be a basis in the n-dimensional Euclidean
space E". Then, a basis G’ = {g/, 9> ..., g"} of E" is called dual to G, if

g9’ =06, i,j=12....n (1.15)
In the following we show that a set of vectors G’ = {gl, g ..., g”} satisfying the
conditions (1.15) always exists, is unique and forms a basis in E".

Let £ = {e1, €2, ..., e,} be an orthonormal basis in [E". Since G also represents
a basis, we can write

ei=alg gi=0le, i=12...n (1.16)

where aij and ﬂij (i =1,2,...,n)denote the components of e; and g;, respectively.
Inserting the first relation (1.16) into the second one yields

gi = plakg. = 0=(ﬂ{a’;—5f)gk, i=1,2,...,n. (1.17)

Since the vectors g; are linearly independent we obtain

Blok =6 ik=1.2...n (1.18)
Let further

g =aiel, i=12..n, (1.19)
where and henceforth we sete/ = e j ( =1,2,...,n)inorder to take the advantage

of Einstein’s summation convention. By virtue of (1.8), (1.16) and (1.18) one finally
finds

g;-9' = (BFer)- (o] ') =pFaldl =pfal =0/, i, j=1,2,...,n. (1.20)

1
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Next, we show that the vectors gi i=1,2,...,n) (1.19) are linearly independent
and for this reason form a basis of E”. Assume on the contrary that

a; gi =0,
where not all scalars a; i = 1,2,...,n) are zero. Multiplying both sides of this
relation scalarly by the vectors g j (j =1,2,...,n) leads to a contradiction. Indeed,

using (1.170) (see Exercise 1.5) we obtain

O:aigi “gj =ai6;- =aj, j=12,...,n
The next important question is whether the dual basis is unique. Let G’ = {gl, 9. ...,
g"}and H' = {hl, K, ..., h"} be two arbitrary non-coinciding bases in E”, both
dualto G = {g;,gs.....g,}. Then,

W =ng/, i=12,..n

Forming the scalar product with the vectors g j (j =1,2,...,n) we can conclude
that the bases G’ and ‘H’ coincide:

5j.=h"-gj=(h;;g")-gjzh;;é’;zh; = k=g, i=1,2...,n

Thus, we have proved the following theorem.

Theorem 1.6 To every basis in an Euclidean space E" there exists a unique dual
basis.

Relation (1.19) enables to determine the dual basis. However, it can also be obtained

without any orthonormal basis. Indeed, let gi beabasisdualtog; (i =1,2,...,n).
Then
g =4d"g;, gi=gsg’. i=12....n (1.21)

Inserting the second relation (1.21) into the first one yields

g =dlgugt, i=12....n (1.22)
Multiplying scalarly with the vectors g; we have by virtue of (1.15)

o :gijgjkéfzgijgjl, il=1,2,... n. (1.23)

Thus, we see that the matrices [g;] and [¢*/] are inverse to each other such that

[g"f] = [a;]". (1.24)
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Now, multiplying scalarly the first and second relation (1.21) by the vectors g/ and

gj (j = 1,2,...,n), respectively, we obtain with the aid of (1.15) the following
important identities:

gijzgiizgi -gj’ gijzgjizgi -gj, i,j = 1,2,...,}1. (125)
By definition (1.8) the orthonormal basis in E” is self-dual, so that
ei=¢, e-¢/ =06, i,j=12..,n (1.26)

With the aid of the dual bases one can represent an arbitrary vector in E” by

x=x'g, =xig', VxeE" (1.27)
where
xi=x-g, xi=x-g;, i=12...,n (1.28)

Indeed, using (1.15) we can write
x-g' = (xjgj) g =xj(5§~ =x',
x-g;, = (xjgj) - g; =xj5l-j =x;, i=1,2,...,n.
The components of a vector with respect to the dual bases are suitable for calculating
the scalar product. For example, for two arbitrary vectors x = x'g; = x;g' and
Yy =y'g; = yig' we obtain
x-y=x'ygi=xiyig" =x'yi = xiy'. (1.29)

The length of the vector x can thus be written by

x|l = \/xz'x]'g"f = \/x"xfgij = Vxixi. (1.30)

Example 1.1 Dual basis in E*. Let G = {g,,g,. g3} be a basis of the three-
dimensional Euclidean space and

9=1[919295]. (131)
where [e e o] denotes the mixed product of vectors. It is defined by

[abc]=(a xb)-c=(bxc)-a=(cxa)-b, (1.32)

where “x” denotes the vector (also called cross or outer) product of vectors. Consider
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d'=g'g:x935, ¥ =9"g9:xg,, 9 =9"9x9. (1.33)

It is seen that the vectors (1.33) satisfy conditions (1.15), are linearly independent
(Exercise 1.11) and consequently form the basis dual to g; (i = 1, 2, 3). Further, it
can be shown that

9% =gy, (1.34)

where |e| denotes the determinant of the matrix [e]. Indeed, with the aid of (1.16),
we obtain

9=1[919293] = [ﬂ’ieiﬁ{ejﬁé‘ek]
= 010155 [eieje] = 333 Be = | B

where e;;; denotes the permutation symbol (also called Levi-Civita symbol). It is
defined by

, (1.35)

eji = ¢ = [eeex]

1 if ijk is an even permutation of 123,
= { —1 if ijk is an odd permutation of 123, (1.36)
0 otherwise,

where the orthonormal vectors e, e; and e3 are numerated in such a way that they
form a right-handed system. In this case, [ejeze3] = 1.
On the other hand, we can write again using (1.16)

3
k ok
9j=9i"9; = Zﬁlﬁj
k=1
The latter sum can be represented as a product of two matrices so that

[oa] = [5/] [ &/ ]T- (1.37)

Since the determinant of the matrix product is equal to the product of the matrix
determinants we finally have

.12
|gii| = (ﬂi’ =g (1.38)

With the aid of the permutation symbol (1.36) one can write

(9:9;9:] = eijwg. i.j. k=123, (1.39)




12 1 Vectors and Tensors in a Finite-Dimensional Space

which by (1.28), yields an alternative representation of the identities (1.33) as

gixg;=ejngg", i.j=1223.

Similarly to (1.35) one can also show that (see Exercise 1.12)

[ gl gz 93] -1
and
97| =¢7*
Thus,
eijk

[d9'd]=" iik=125

which yields by analogy with (1.40)

. . elik
nggJ=7gkv 17]21’2,3

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

Relations (1.40) and (1. 44) permit a useful representatlon of the vector product.
Indeed, leta = a'g; = a;g' and b = b/ g i =bj gJ be two arbitrary vectors in E3.

Then, in view of (1.32)

a' a* a®

axb=(da'g)x(bg;) =a'blesgg =g|b' 0 |,
g'9’ g’
. R . ay az aj
axb=(ag) x (bg") = aibjeg g = — bn b2 b3
g1 92 93

For the orthonormal basis in [E? relations (1.40) and (1.44) reduce to
e xXej —e,]kek =e kek, i,j=1,2,3,
so that the vector product (1.45) can be written by
ay ay az

axb=|by bybs|,
€] e e3

where @ = a;e’ and b = bje’.

(1.45)

(1.46)

(1.47)
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1.6 Second-Order Tensor as a Linear Mapping

Let us consider a set Lin" of all linear mappings of one vector into another one within
[E". Such a mapping can be written as

y=Ax, yeE" VxeE' VAceLin" (1.48)

Elements of the set Lin” are called second-order tensors or simply tensors. Linearity
of the mapping (1.48) is expressed by the following relations:

A(x+y)=Ax+Ay, Vx,yeE"' VA €Lin", (1.49)

A(ax) =a(Ax), Vx €¢E", VaeR, VA cLin". (1.50)
Further, we define the product of a tensor by a scalar number a € R as

(aA)x = a(Ax) = A (ax), Vx e¢E" (1.51)
and the sum of two tensors A and B as

(A+B)x =Ax +Bx, Vx € E". (1.52)

Thus, properties (A.1), (A.2) and (B.1-B.4) apply to the set Lin". Setting in (1.51)
a = —1 we obtain the negative tensor by

“A=(—DA. (153)
Further, we define a zero tensor 0 in the following manner

0x =0, VxecE", (1.54)
so that the elements of the set Lin" also fulfill conditions (A.3) and (A.4) and accord-

ingly form a vector space.
The properties of second-order tensors can thus be summarized by

A+B =B+ A, (additionis commutative), (1.55)
A+ B+ C)=(A+B)+C, (addition is associative), (1.56)
0+A=A, (1.57)
A+ (—A) =0, (1.58)

a (BA) = (af) A, (multiplication by scalars is associative), (1.59)
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1A =A, (1.60)

a(A+B) = aA + aB, (multiplication by scalars is distributive
with respect to tensor addition), (1.61)

(a+ B)A =aA + A, (multiplication by scalars is distributive
with respect to scalar addition), VA, B, C € Lin", Vo, 3 € R. (1.62)

Example 1.2 Vector product in E3. The vector product of two vectors in E> repre-
sents again a vector in 3

z=wxx, zeBE, Vw xeE. (1.63)
According to (1.45) the mapping x — z is linear (Exercise 1.16) so that

w X (ax) =a(w x x),

wX@+y)=wxx+wxy, Vw,x,yeIE3, Yo € R. (1.64)
Thus, it can be described by means of a tensor of the second order by
wxx=Wx, WelLin’, VxeE>. (1.65)

The tensor which forms the vector product by a vector w according to (1.65) will be
denoted in the following by w. Thus, we write

WX X = wx. (1.66)
Clearly
0=0. (1.67)

Example 1.3 Representation of a rotation by a second-order tensor. A rotation of a
vector a in E? about an axis yields another vector 7 in E3. It can be shown that the
mapping @ — r (a) is linear such that

r(ca)=ar (@), r@a+b)y=r(a)+r@®), Vo eR, Va,b e E>. (1.68)
Thus, it can again be described by a second-order tensor as

r(a)=Ra, VacE? RelLin’. (1.69)

This tensor R is referred to as rotation tensor.
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Fig. 1.2 Finite rotation of a |
vector in |3 X

Let us construct the rotation tensor which rotates an arbitrary vector a € 3 about
an axis specified by a unit vector e € E3 (see Fig. 1.2). Decomposing the vector a by
a = a* + x in two vectors along and perpendicular to the rotation axis we can write

r(a) =a*+xcosw+ ysinw=a"*+ (a — a*) cosw + ysinw, (1.70)
where w denotes the rotation angle. By virtue of the geometric identities

a*=(a-e)e=(eQe)a, y=exx=ex (a—a")=exa=éa, (1.71)
where “®” denotes the so-called tensor product (1.83) (see Sect. 1.7), we obtain

r (a) = coswa + sinwea + (1 —cosw) (e @ e) a. (1.72)
Thus the rotation tensor can be given by

R = coswl +sinwe + (1 —cosw) e Q e, (1.73)
where I denotes the so-called identity tensor (1.92) (see Sect. 1.7).

Another useful representation for the rotation tensor can be obtained utilizing the
factthat x = y x e = —e x y. Indeed, rewriting (1.70) by

r@ =a+x(cosw—1)+ ysinw (1.74)

and keeping (1.71), in mind we receive

r(a) = a + sinwéa + (1 — cosw) (¢)° a. (1.75)
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Fig. 1.3 Cauchy stress vector

This leads to the expression for the rotation tensor
R =1+sinwé + (1 - cosw) (&)° (1.76)

known as the Euler-Rodrigues formula (see, e.g., [9]).

Example 1.4 The Cauchy stress tensoras a linear mapping of the unit surface normal
into the Cauchy stress vector. Let us consider a body B in the current configuration at
atime ¢. In order to define the stress in some point P let us further imagine a smooth
surface going through P and separating B into two parts (Fig. 1.3). Then, one can
define a force A p and a couple Am resulting from the forces exerted by the (hidden)
material on one side of the surface A A and acting on the material on the other side of
this surface. Let the area A A tend to zero keeping P as inner point. A basic postulate
of continuum mechanics is that the limit

. Ap

t= lim —

AA—0 AA
exists and is final. The so-defined vector ¢ is called Cauchy stress vector. Cauchy’s
fundamental postulate states that the vector ¢ depends on the surface only through
the outward unit normal n. In other words, the Cauchy stress vector is the same
for all surfaces through P which have r as the normal in P. Further, according to
Cauchy’s theorem the mapping n — ¢ is linear provided ¢ is a continuous function
of the position vector x at P. Hence, this mapping can be described by a second-order

tensor o called the Cauchy stress tensor so that

t =on. (1.77)
Example 1.5 Moment of inertia tensor. Let us consider a material particle with a

mass dm and velocity vector v. The rotational momentum (moment of momentum)
of this particle is defined with respect to some origin O by

dl=r x p=rx(vdm),
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Fig. 1.4 Rotation of a rigid
body

where r denotes the position vector of this particle with respect to O and p = vdm
represents its linear momentum. Let further v be a projection of v to the plane
orthogonal to r (see Fig. 1.4). Then, one can write

dl=dm@r xvy)=dm[r x (wxr)],
where w denotes the angular velocity vector. Using identity (1.171) we further obtain

dl=dm[(r- H"w—(@- -wrl=dn[r-nl-rerlw. (1.78)

All material particles within a rigid body (of the mass M) are characterized by
the same angular velocity w. Thus,

l=/[(r-r)I—r®r]dmd)=Jcb, (1.79)
M
where
J=/[(r-r)I—r®r]dm (1.80)
M

denotes the moment of inertia tensor. According to (1.79), it represents a linear
mapping of the angular velocity of a body to its rotational momentum.

On the basis of the “right” mapping (1.48) we can also define the “left” one by
the following condition

Lin". (1.81)
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First, it should be shown that for all y € E” there exists a unique vector yA € E”
satisfying the condition (1.81) for all x € E". Let G = {gy,9.....9,} and G’ =
{gl, g%, ..., g"} be dual bases in [E”. Then, we can represent two arbitrary vectors
x,y e E", by x = x;g' and y = y;g'. Now, consider the vector

yA = y; [gi : (Agj)]gj-

Itholds: (yA) -x = y;x;j [g' - (Ag’)]. On the other hand, we obtain the same result
also by

y-(Ax)=y- (xjAgj) = yiX; [gi : (Agj)] -

Further, we show that the vector yA, satisfying condition (1.81) for all x € E", is
unique. Conversely, let @, b € E" be two such vectors. Then, we have

a-x=b-x = (a—b)-x=0,VxcE" = (a—b)-(a—b) =0,

which by axiom (C.4) implies that a = b.
Since the order of mappings in (1.81) is irrelevant we can write them without
brackets and dots as follows

Y (Ax) = (yA) - x = yAx. (1.82)

1.7 Tensor Product, Representation of a Tensor with Respect
to a Basis

The tensor product plays an important role since it enables to construct a second-
order tensor from two vectors. In order to define the tensor product we consider two
vectors a, b € E". An arbitrary vector x € [E" can be mapped into another vector
a (b - x) € E". This mapping is denoted by symbol “®” as a ® b. Thus,

(@a®b)x =a(-x), a,bcE"' Vx cE". (1.83)

It can be shown that the mapping (1.83) fulfills the conditions (1.49)—(1.51) and for
this reason is linear. Indeed, by virtue of (B.1), (B.4), (C.2) and (C.3) we can write

@®b)(x+y)=alb-x+y)]=ab-x+b-y)
=@®b)x+@®>b)y, (1.84)

(@a®b)(ax)=alb-(ax)]=a((b-x)a
=a@®b)x, a,bekE"' Vx,ycE", VaeR. (1.85)
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Thus, the tensor product of two vectors represents a second-order tensor. Further, it
holds

cQ@+b)=cQa+c®b, (a+b)Qc=aQc+bRc, (1.86)
(aa) ® (Bb) =afB(@®b), a,b,ccE", Ya,3 €R. (1.87)
Indeed, mapping an arbitrary vector x € E" by both sides of these relations and
using (1.52) and (1.83) we obtain
cQ@a+b)x=ca-x+b-x)=c(a-x)+cb-x)
=(cQR®a)x+(c®b)x=(cQRa+cRb)x,

[@a+b)®clx =(a@a+b)(c-x)=a(c-x)+b(c-x)
=@ x+bRc)x=@Rc+bRc)x,

(@) ® (Bb) x = (o) (Bb - x)
=afa-x)=af@®b)x, VYx cE".
For the “left” mapping by the tensor a ® b we obtain from (1.81) (see Exercise 1.21)

y@®b)=(y-a)b, VyecE". (1.88)

We have already seen that the set of all second-order tensors Lin" represents a
vector space. In the following, we show that a basis of Lin” can be constructed with
the aid of the tensor product (1.83).

Theorem 1.7 Let F = {f, fo..... fo,} and G = {g1. 9. ....g,} be two arbi-
trary bases of B". Then, the tensors f; ® g; (i, j = 1,2, ..., n) represent a basis
of Lin". The dimension of the vector space Lin™ is thus n’.

Proof First, we prove that every tensor in Lin” represents a linear combination of the
tensors f; ® g j (i,j=1,2,...,n). Indeed, let A € Lin" be an arbitrary second-
order tensor. Consider the following linear combination

A =(r'ag’) fi @9

where the vectors f i and gi (i=1,2,...,n) form the bases dual to F and G,
respectively. The tensors A and A’ coincide if and only if

A'x =Ax, Vx eE". (1.89)

Letx = x;g’. Then

'Ag’) frudt = x; (f1A)) £
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On the other hand, Agc = x jAgj . By virtue of (1.27) and (1.28) we can rep-
resent the vectors Ag’ (j = 1,2,...,n) with respect to the basis F by Ag/ =

[fi : (Agj)]fi = (fiAgj) fi (G=1,2,...,n). Hence,
Ax =x; (f'Ad’) f:.

Thus, it is seen that condition (1.89) is satisfied for all x € E”. Finally, we show that
the tensors f; ® g; (i, j = 1,2,...,n) are linearly independent. Otherwise, there

would exist scalars o/ @i,j=1,2,...,n),notall zero, such that
A f® g;=0.

Let o/¥ be one of the non-zero scalars. The right mapping of g~ by both sides of the
above tensor equality yields: o/* f; = 0. This contradicts, however, the fact that the
vectors f; (i =1,2,...,n) form a basis and are therefore linearly independent.

For the representation of second-order tensors we will in the following use primarily
the basesg; ®g;.9' ®g’.9' ®g;org; ®g’ (i, j=1,2,...,n). With respect to
these bases a tensor A € Lin” is written as

A=Alg;®g;=Ajg ®g/ =A;g;®9' =A'gd ®g, (1.90)

with the components (see Exercise 1.22)

AT=g'Ag’, Aj=gAg;.

Al =g'Ag;. A/ =gAg/. i j=12...n (1.91)
Note, that the subscript dot indicates the position of the above index. For example,
for the components A’ I i is the first index while for the components A j’,, i is the

second index.
Of special importance is the so-called identity tensor I. It is defined by

Ix =x, VxeBE" (1.92)

With the aid of (1.25), (1.90) and (1.91) the components of the identity tensor can
be expressed by

1=glg/ =g g/ =¢". ly=g]lg; =g, 9; =gy
I, =1/ =1 =g'lg; =glg/ =g' -g; =g, -9’ =}, (1.93)
where i, j = 1,2,...,n. Thus,

I=gi9'®g' =¢'9;®9, =9 ®9;, =9, ®9'". (1.94)
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It is seen that the components (1.93);  of the identity tensor are given by relation
(1.25). In view of (1.30) they characterize metric properties of the Euclidean space
and are referred to as metric coefficients. For this reason, the identity tensor is fre-
quently called metric tensor. With respect to an orthonormal basis relation (1.94)
reduces to

n
I=Ze,~ ® e;. (1.95)
i=1

1.8 Change of the Basis, Transformation Rules

Now, we are going to clarify how the vector and tensor components transform with
the change of the basis. Let x be a vector and A a second-order tensor. According to
(1.27) and (1.90)

x=x'g, = xig', (1.96)

A=Alg ®g,=Ajg ®g' =A ;99 =A/g ®9,. (1.97)
With the aid of (1.21) and (1.28) we can write

X=x-g =x(4";)=x;d". xi=x-g;=x- (gijgj) =x/gi,  (1.98)
wherei = 1,2, ..., n. Similarly we obtain by virtue of (1.91)

Al=g'Ag/ =g'A (g”‘gk)

= (9"9)) A (901) = Alkg = g Aug", (1.99)

Aj=giAg; = g;A (gjkgk)
= (gug') A (919") = Al g = 9un" gy, (1.100)

where i, j = 1,2, ..., n. The transformation rules (1.98)—(1.100) hold not only for
dual bases. Indeed, let g; and g; (i = 1,2, ..., n) be two arbitrary bases in E”, so
that

x=x'g, =ig, (1.101)

A=Alg;®g;=A"g,®3;. (1.102)

By means of the relations

(1.103)
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one thus obtains

x=xlg;=xldlg, = I =xd, j=12..n, (1.104)

A=Alg @g; = A (dlg) ® (d)3)) = Alafdl g, @ 5

= Akl = Algkql

ia;, kiI=12....n (1.105)

1.9 Special Operations with Second-Order Tensors

In Sect. 1.6 we have seen that the set Lin” represents a finite-dimensional vector
space. Its elements are second-order tensors that can be treated as vectors in E"’
with all the operations specific for vectors such as summation, multiplication by a
scalar or a scalar product (the latter one will be defined for second-order tensors
in Sect. 1.10). However, in contrast to conventional vectors in the Euclidean space,
for second-order tensors one can additionally define some special operations as for
example composition, transposition or inversion.

Composition (simple contraction). Let A, B € Lin" be two second-order ten-
sors. The tensor C = AB is called composition of A and B if

Cx =A(Bx), VxeE" (1.106)
For the left mapping (1.81) one can write
y(AB) = (yA)B, Vy e E". (1.107)

In order to prove the last relation we use again (1.81) and (1.106):
Yy(AB)x =y -[(AB)x] =y - [A (Bx)]
= (yA)- (Bx) = [(yA)B] - x, Vx € E".
The composition of tensors (1.106) is generally not commutative so that AB %= BA.

Two tensors A and B are called commutative if on the contrary AB = BA. Besides,
the composition of tensors is characterized by the following properties (see Exercise

1.27):
AO=0A =0 AI=IA=A, (1.108)
AB+C)=AB+AC, (B+C)A=BA +CA, (1.109)
A (BC) = (AB) C. (1.110)
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For example, the distributive rule (1.109); can be proved as follows
[AB+O)]x=A[B+C)x]=ABx+Cx) =ABx)+A(Cx)
= (AB)x + (AC)x = (AB+ AC)x, Vx e E".
For the tensor product (1.83) the composition (1.106) yields

@a@a®b)(c®d)=b-c)a®d, a,b,c,d cE". (1.111)

Indeed, by virtue of (1.83), (1.85) and (1.106)
@®b)(c®d)x =@®b)[(c®d)x]=d-x)@®b)c
=d-x)(b-c)a=b-¢c)(axd)x
=[b-c)a®dlx, VYxcE".
Thus, we can write
AB=A"B/g;®g; = AuBYg' ®g,
= A Blg; ® g/ =A'Bijg' ® g/, (1.112)
where A and B are given in the form (1.90).

Powers, polynomials and functions of second-order tensors. On the basis of
the composition (1.106) one defines by

A" =AA... A, m=1,23..., A’=1I (1.113)

m times

powers (monomials) of second-order tensors characterized by the following evident
properties

I
AFAL = ARH (Ak) =AM, (1.114)
(@A) = A, k1=0.1,2... (1.115)
With the aid of the tensor powers a polynomial of A can be defined by

m
9 (A) =a)l+ ajA + ;A + ... +apA” =D qAL. (1.116)
k=0

g (A): Lin” —Lin" represents a tensor function mapping one second-order tensor
into another one within Lin”. By this means one can define various tensor functions.
Of special interest is the exponential one

o Ak
A

exp(A) = E o (1.117)
k=0 "
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Transposition. The transposed tensor AT is defined by:

ATx =xA, VxeE", (1.118)
so that one can also write

Ay = yAT, xAy=yATx, Vx,yecE" (1.119)
Indeed,

x-Ay)=xA)-y=y- (ATx) =yATx =x. (yAT), Vx,y e E".
Consequently,

(AT)T —A. (1.120)

Transposition represents a linear operation over a second-order tensor since

A+B)T=AT 4+ BT (1.121)
and
(@A)T = aAT, VaeR. (1.122)

The composition of second-order tensors is transposed by

(AB)T = BTAT. (1.123)
Indeed, in view of (1.107) and (1.118)

(AB)Tx = x (AB) = (xA)B =BT (xA) = BTATx, vx e E".

For the tensor product of two vectors a, b € E" we further obtain by use of (1.83)
and (1.88)

@®b=b®a. (1.124)
This ensures the existence and uniqueness of the transposed tensor. Indeed, every

tensor A in Lin” can be represented with respect to the tensor product of the basis
vectors in £ in the form (1.90). Hence, considering (1.124) we have

AT=Alg, 09, =Ajg’ ®g =A g/ ®g,=A/g; @7, (1.125)
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or
AT=A'g;®g;=Aig ®g/ =Ajg'®g;=A/g @9’ (1.126)

Comparing the latter result with the original representation (1.90) one observes that
the components of the transposed tensor can be expressed by

(AT)U = Aji. (AT)U — A, (1.127)

J ; : i , .
(A7), = a0 =" Alan, (A7) = A] = gl (1.128)

For example, the last relation results from (1.91) and (1.119) within the following
steps
i ) ) ) )

(AT) S g'A'g;=g;Ad' =g, (Aﬁgk ® g’) g' = guAlg".
According to (1.127) the homogeneous (covariant or contravariant) components of
the transposed tensor can simply be obtained by reflecting the matrix of the origi-
nal components from the main diagonal. It does not, however, hold for the mixed
components (1.128).

The transposition operation (1.118) gives rise to the definition of symmetric MT =

M and skew-symmetric second-order tensors WT = —W.
Obviously, the identity tensor is symmetric

I"=1 (1.129)
Indeed,

xIy=x-y=y-x=ylx =xI"y, Vx,yeE"
One can easily show that the tensor w (1.66) is skew-symmetric so that

W' = —w. (1.130)

Indeed, by virtue of (1.32) and (1.119) on can write
xw'y =yix =y (wxx) = [ywx] = — [xwy]

=-—x-(wxy =x(-w)y, VxyeE.

Inversion. Let

(1.131)
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A tensor A € Lin" is referred to as invertible if there exists a tensor A~! € Lin”
satisfying the condition

x=A"ly, vxeE" (1.132)
The tensor A~! is called inverse of A. The set of all invertible tensors Inv” =

{A € Lin" : EIA_I} forms a subset of all second-order tensors Lin".
Inserting (1.131) into (1.132) yields

x=Aly=A"1(Ax) = (A—IA) x, VxeRE"

and consequently

AT'A=1 (1.133)

Theorem 1.8 A fensor A is invertible if and only if Ax = 0 implies that x = 0.

Proof First we prove the sufficiency. To this end, we map the vector equation Ax = 0
by A~!. According to (1.133)ityields:0 = A~'Ax = Ix = x.To prove the necessity

we consider a basis § = {gl, 9oy s gn} in E". It can be shown that the vectors
hi=Ag;(i=1,2,...,n) form likewise a basis of E”. Conversely, let these vectors
be linearly dependent so that a’ h; = 0, where not all scalarsa' (i = 1,2, ...,n) are

zero. Then, 0 = a'h; = a'Ag; = Aa, where a = a'g; # 0, which contradicts
the assumption of the theorem. Now, consider the tensor A’ = g; ® hi, where the
vectors k' are dual to h; (i =1,2,...,n).0ne can show that this tensor is inverse to
A, such that A’ = A~!. Indeed, let x = x! g; be an arbitrary vector in E”. Then, y =
Ax =x'Ag; = x'h; and therefore A’y = g; ® h' (x/h;) = gixjéi- =xig, = x.

Conversely, it can be shown that an invertible tensor A is inverse to A~! and conse-
quently

AA" =1 (1.134)

FQr the proof we again consider the bases g; and Ag; (i = _1, 2,...,n). Lety =
y'Ag; be an arbitrary vector in E". Let further x = A~y = yig; in view of (1.133).
Then, Ax = y'Ag; = y which implies that the tensor A is inverse to A~

Relation (1.134) implies the uniqueness of the inverse. Indeed, if A~! and F
are two distinct tensors both inverse to A then there exists at least one vector y € E”
such that A=y £ A—!y. Mapping both sides of this vector inequality by A and
taking (1.134) into account we immediately come to the contradiction.

By means of (1.123), (1.129) and (1.134) we can write (see Exercise 1.40)

(1.135)
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The composition of two arbitrary invertible tensors A and B is inverted by

AB)"' =B 'A" L (1.136)
Indeed, let

y = ABx.

Mapping both sides of this vector identity by A~ and then by B~!, we obtain with
the aid of (1.133)

x =B 'A7ly vxeE"
On the basis of transposition and inversion one defines the so-called orthogonal

tensors. They do not change after consecutive transposition and inversion and form
the following subset of Lin":

Orth” = {Q cLin":Q= Q—T} . (1.137)
For orthogonal tensors we can write in view of (1.133) and (1.134)

QQT=QTQ =1, VQ € Orth". (1.138)
For example, one can show that the rotation tensor (1.73) is orthogonal. To this end,

we complete the vector e defining the rotation axis (Fig. 1.2) to an orthonormal basis
{e, q, p} such that e = g x p. Then, using the vector identity (see Exercise 1.15)

Pg-x)—q(p-x)=(qxp) xx, Vrxek (1.139)
we can write

e=pRq—qQp. (1.140)
The rotation tensor (1.73) takes thus the form

R=coswl+sinw(p®qg—q®p)+ (1 —cosw) (eQRe). (1.141)

Hence,
RR! = [cosz+sinw(p®q —q®p)+ (1 —cosw) (e®e)]
[coswIl —sinw(p®g—qg @ p)+ (1 —cosw) (e @ e)]
=cos’wl+sin*w(e®e)+sinw(pp+qeq) =L
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Alternatively one can express the transposed rotation tensor (1.73) by
RT = coswI + sinwe! + (1 —cosw)e®e
= cos (—w) I +sin(—w)e +[1 —cos (—w)]e R e (1.142)

taking (1.124), (1.129) and (1.130) into account. Thus, RT (1.142) describes the
rotation about the same axis e by the angle —w, which likewise implies that RTRx =
x, Vx € E3.

It is interesting that the exponential function (1.117) of a skew-symmetric tensors
represents an orthogonal tensor. Indeed, keeping in mind that a skew-symmetric
tensor W commutes with its transposed counterpart WT = —W and using the
identities exp (A + B) = exp (A) exp (B) for commutative tensors (Exercise 1.30)

and (A")T = (AT)k for integer k (Exercise 1.38) we can write
I =exp(0) =exp(W— W) =exp (W + WT)
— exp (W) exp (WT) = exp (W) [exp W)]", (1.143)

where W denotes an arbitrary skew-symmetric tensor.

1.10 Scalar Product of Second-Order Tensors

Consider two second-order tensors @ @ b and ¢ ® d given in terms of the tensor
product (1.83). Their scalar product can be defined in the following manner:

(@a®b):(c®d)=(a-c)(b-d), a,b,c,d € E". (1.144)
It leads to the following identity (Exercise 1.42):

c®d:A=cAd =dA"c. (1.145)
For two arbitrary tensors A and B given in the form (1.90) we thus obtain

A:B=A;B"=A/B;=A B/ =A/B. (1.146)

Similar to vectors the scalar product of tensors is a real function characterized by the
following properties (see Exercise 1.43)

D. (D.1) A:B =B : A (commutative rule),

(D.2) A: B+ C) =A:B+ A: C (distributive rule),

D.3) a(A:B) =(aA): B = A : (aB) (associative rule for multiplication by
ascalar), VA,B € Lin", Va € R,
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(D4) A:A>0VAeLin”, A:A=0 ifandonlyif A=0.

We prove for example the property (D.4). To this end, we represent an arbitrary tensor
A with respect to an orthonormal basis of Lin" as: A = Ale;@e; = Aje' ®e/, where
AV =A;, (i, j=1,2,...,n),sincee’ =e; (i =1,2,...,n)form an orthonormal
basis of E” (1.8). Keeping (1.146) in mind we then obtain:

n n
AsA= ATy = 3 AT = 3 (A1) 20
i,j=1 i,j=1
Using this important property one can define the norm of a second-order tensor by:

IAl = (A:A)Y?, A eLin". (1.147)

For the scalar product of tensors one of which is given by a composition we can write

A: (BC) = (BTA) C= (ACT) .B. (1.148)

We prove this identity first for the tensor products:
@®b) : [(c®d)(e® f)]=W -e)[a®b): (cR f)]
=d-e)a-c)-f),
[cod’@en]: conH=ldeo@ab]: o/
=@ 0[d®b): (e® f)]
=d-e)a-c)-f),

[(a®b)(e®f)T] c(e@d)=[@®b (f®e)]: (cd)
=0b-fila®e) : (c®d)]
=(d-e)(a-c)b-f).

For three arbitrary tensors A, B and C given in the form (1.90) we can write in view
of (1.112), (1.128) and (1.146)

; - : ; ko .
Al (BAC)) = (BAAT) ¢ = [(BT).,- Al j] ¢/,
AL (B/.‘Ck’:) - (Aijk’:) B} = [Af'j (CT)"J BX. (1.149)
Similarly we can prove that

A:B=AT:BT. (1.150)
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On the basis of the scalar product one defines the trace of second-order tensors by:

trA=A:L (1.151)
For the tensor product (1.83) the trace (1.151) yields in view of (1.145)

tr(a®b) =a-b. (1.152)
With the aid of the relation (1.148) we further write

tr(AB) = A :BT = AT . B. (1.153)
In view of (D.1) this also implies that

tr (AB) = tr (BA).. (1.154)

1.11 Decompositions of Second-Order Tensors

Additive decomposition into a symmetric and a skew-symmetric part. Every
second-order tensor can be decomposed additively into a symmetric and a skew-
symmetric part by

A = symA + skewA, (1.155)
where
_ 1 T _ 1 T
symA_E(A+A), skewA_E(A—A). (1.156)

Symmetric and skew-symmetric tensors form subsets of Lin" defined respectively by

Sym” = {M cLin": M= MT} , (1.157)
Skew” = {W €Lin": W = —WT} . (1.158)

One can easily show that these subsets represent vector spaces and can be referred
to as subspaces of Lin”". Indeed, the axioms (A.1-A.4) and (B.1-B.4) including
operations with the zero tensor are valid both for symmetric and skew-symmetric
tensors. The zero tensor is the only linear mapping that is both symmetric and skew-
symmetric such that Sym” N Skew” = 0.

For every symmetric tensor M = MYg; ® g it follows from (1.127) that MY =

M/ (i # j,i,j=1,2,...,n). Thus, we can write




1.11 Decompositions of Second-Order Tensors 31

n n
M=> Mg g+ > M(g®g;+g;®g). MeSym" (1159
< —
i lij>j

Similarly we can write for a skew-symmetric tensor

n
W=> Wi(g;®g,-g;®g;). W € Skew” (1.160)
i, j=1
i
taking into account that Wi = 0 and WY/ = —Wii G#£j,i,j=1,2,...,n).

Therefore, the basis of Sym” is formed by n tensors g; ® g; and %n (n — 1) tensors
gi ® g; +9g; ® g;, while the basis of Skew” consists of %n (n —1) tensors g; ®
gj—g;®g;,wherei > j =1,2,...,n. Thus, the dimensions of Sym" and Skew"
are %n (n+1) and %n (n — 1), respectively. It follows from (1.155) that any basis
of Skew” complements any basis of Sym” to a basis of Lin".

Taking (1.40) and (1.172) into account a skew symmetric tensor (1.160) can be
represented in three-dimensional space by

3
W=7 Wi(g®g; -9,8g)
i,4j241
l>_]
3
= > Wig xg, =i, W e Skew’, (1.161)
l',.j=.1
i>]
where
3 1 1
w= 3 Wig; xgi = Wiy, xg; = 50, x (We')
i, j=1
Y

1 ..
= Wienggh =g (W2g' + Wig? + W2lg?). (1.162)

Thus, every skew-symmetric tensor in three-dimensional space describes a cross
product by a vector w (1.162) called axial vector. One immediately observes that

Ww =0, W e Skew’. (1.163)

Obviously, symmetric and skew-symmetric tensors are mutually orthogonal such
that (see Exercise 1.47)

M:W=0, VM e Sym", VW € Skew". (1.164)

alled orthogonal.
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Additive decomposition into a spherical and a deviatoric part. For every
second-order tensor A we can write

A = sphA + devA, (1.165)
where
1 1
sphA = —tr(A)I, devA=A — —tr(A)I (1.166)
n n

denote its spherical and deviatoric part, respectively. Thus, every spherical tensor S
can be represented by S = al, where « is a scalar number. In turn, every deviatoric
tensor D is characterized by the condition trD = 0. Just like symmetric and skew-
symmetric tensors, spherical and deviatoric tensors form orthogonal subspaces of
Lin".

1.12 Tensors of Higher Orders

Similarly to second-order tensors we can define tensors of higher orders. For example,
a third-order tensor can be defined as a linear mapping from E” to Lin”. Thus, we
can write

Y =Ax, YeLin", VxeE" VA eLin", (1.167)

where Lin” denotes the set of all linear mappings of vectors in E” into second-order
tensors in Lin". The tensors of the third order can likewise be represented with respect
to a basis in Lin" e.g. by

A=A"g,®g;®g =Ajg @9’ ®g"
=A,9:®9' ®g" =A'd' ®g; 04" (1.168)
For the components of the tensor A (1.168) we can thus write by analogy with (1.149)
Ak _ Afj.'sgsk _ AfS,QSjgtk _ ArstgriQSjgtk’
A = Al gri = A3 grigsj = A" 9ri 9 gr- (1.169)
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Exercises

1.1 Provethatifx € Visavectorand o € R is ascalar, then the following identities
hold.

(@—-0=0, b)ad =0, (c)0x =0, (d) —x = (—1)x, (e)if ax = 0, then either
« = 0 or x = 0 or both.

1.2 Prove that x; # 0(i = 1,2,...,n) for linearly independent vectors x1, x2,
..., X,. In other words, linearly independent vectors are all non-zero.

1.3 Prove that any non-empty subset of linearly independent vectors x1, x2, ..., X,
is also linearly independent.

1.4 Write out in full the following expressions for n = 3: (a) 6j.aj . (b) §x'xd, ()

8, (d) 0f’ﬂ dx’.

axi

1.5 Prove that
0-x=0, Vx e E". (1.170)

1.6 Prove that a set of mutually orthogonal non-zero vectors is always linearly
independent.

1.7 Prove the so-called parallelogram law: ||x + y||2 = |x|? +2x - y+ ||y||2.

1.8 LetG = {gl, g, ..., gn} be a basis in E” and @ € E" be a vector. Prove that
a-g,=0@G=1,2,...,n)ifand only ifa = 0.

1.9 Prove thata = bifand onlyifa-x =b-x, Vx € E".

1.10 (a) Construct an orthonormal set of vectors orthogonalizing and normalizing
(with the aid of the procedure described in Sect. 1.4) the following linearly indepen-
dent vectors:

1

4
gi=11¢, g2=711¢, 93=12¢,
0 -2 1

where the components are given with respect to an orthonormal basis.

(b) Construct a basis in E? dual to the given above utilizing relations (1.16)3, (1.18)
and (1.19).

(c) As an alternative, construct a basis in E> dual to the given above by means of
(1.21)1, (1.24) and (1.25),.

(d) Calculate again the vectors g’ dual to g; (i =1,2,3) by using relations (1.33)
and (1.35). Compare the result with the solution of problem (b).

1.11 Verify that the vectors (1.33) are linearly independent.
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1.12 Prove identities (1.41) and (1.42) by means of (1.18), (1.19) and (1.24), respec-
tively.

1.13 Prove relations (1.40) and (1.44) by using (1.39) and (1.43), respectively.

1.14 Verify the following identities involving the permutation symbol (1.36) for
n=3:(a) 6% = 0, (b) e M ejy = 25;'., (c) el e = 6, (d) eMeyyy = 0L5] — 0157

1.15 Prove the following identities
(@axb)yxc=@-¢c)b—(b-¢)a, (1.171)
axb=b®a—a®b, Va b cekE. (1.172)

1.16 Prove relations (1.64) using (1.45).

1.17 Prove that A0 = 0A = 0, VA € Lin".

1.18 Prove that 0A = 0, VA < Lin".

1.19 Prove formula (1.58), where the negative tensor —A is defined by (1.53).

1.20 Prove that not every second order tensor in Lin” can be represented as a tensor
product of two vectors @, b € E" asa ® b.

1.21 Prove relation (1.88).
1.22 Prove (1.91) using (1.90) and (1.15).
1.23 Evaluate the tensor W = @ = wx, where w = w’ g;.

1.24 Evaluate components of the tensor describing a rotation about the axis e3 by
the angle a.

1.25 Express components of the moment of inertia tensor J = JVe; @ e ; (1.80),
where r = x'e; is represented with respect to the orthonormal basis e; (i = 1,2, 3).

1.26 Let A = Alg,; ® g, where

B 1
(7] -

- O O

0
0

(=i

and the vectors g; (i = 1, 2, 3) are given in Exercise 1.10. Evaluate the components
Ay, A jand A/

1.27 Prove identities (1.108) and (1.110).
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128 LetA=A’g;®g/,B=Bg;®9/,C=Cg;®g/ andD=D/;g; ® g/,
where

[a] = [000 | 5] = | 000 | [¢] = [ 000 .
1000 001 010
10 0
-

Find commutative pairs of tensors.

1.29 Let A and B be two commutative tensors. Write out in full (A + B)¥, where
k=2,3,...

1.30 Prove that
exp(A+B) =exp(A)exp(B), (1.173)
where A and B commute.
1.31 Evaluate exp (0) and exp (I).
1.32 Prove that exp (—A) exp (A) =exp (A)exp (—A) =L
1.33 Prove that exp (kA) = [exp (A)]k for all integer k.
1.34 Prove thatexp (A + B) = exp (A) +exp (B) —Lif AB = BA = 0.
1.35 Prove that exp (QAQT) = Qexp (A)QT, VQ € Orth”".

1.36 Compute the exponential of the tensors D = D 19 ® g/,E=F 19 ® g/ and
F= Ff'jgl~ ® g/, where

. 200 | 010 . 020
[D%j]z 030, [E;]=]000 |, [F;]=]000
001 000 001

1.37 Prove that (ABCD)T = DTCTBTAT.
1.38 Verify that (A¥)" = (AT)", where k = 1,2, 3, ...

1.39 Evaluate the components BY, By, Bf j and Blf. of the tensor B = AT, where A
is defined in Exercise 1.26.

1.40 Prove relation (1.135).
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1.41 Verify that (A~")" = (A6 ™' = A%, where k = 1,2,3, ...
1.42 Prove identity (1.145) using (1.90) and (1.144).

1.43 Prove by means of (1.144)—(1.146) the properties of the scalar product (D.1—
D.3).

1.44 Verify that [(a @ b) (c®d)] :1=(a-d) (b -c).
1.45 Express trA in terms of the components A’ It Ajj, AY,

146 LetW = Wig, ® g j» where
) 0-1-3
[Wi]=|1 0 1
3—-1 0
and the vectors g; (i = 1, 2, 3) are given in Exercise 1.10. Calculate the axial vector

of W.

1.47 Prove that M: W = 0, where M is a symmetric tensor and W a skew-
symmetric tensor.

1.48 Evaluate ter, where W is a skew-symmetric tensorand k = 1, 3,5, . ..
1.49 Verify that sym (skewA) = skew (symA) = 0, VA € Lin".

1.50 Prove that sph (devA) = dev (sphA) = 0, VA € Lin".




Chapter 2
Vector and Tensor Analysis in Euclidean
Space

2.1 Vector- and Tensor-Valued Functions, Differential
Calculus

In the following we consider a vector-valued function x (f) and a tensor-valued
function A (¢) of a real variable z. Henceforth, we assume that these functions are
continuous such that

lim [x () —x (fo))] = 0, lim [A(r) — A (t))] = 0 2.1)
t—1y 1—10

for all #y within the definition domain. The functions x (t) and A (¢) are called
differentiable if the following limits

dx o x(@+s)—x(@ dA Al +s)—A®
—=lim———-, — =1lm——-——= 2.2)
dt  s—0 s dr s—0 K

exist and are finite. They are referred to as the derivatives of the vector- and tensor-
valued functions x (¢) and A (¢), respectively.

For differentiable vector- and tensor-valued functions the usual rules of differen-
tiation hold.

(1) Product of a scalar function with a vector- or tensor-valued function:
% [u (1) x (1)] = iit‘x () +u () i—j, (2.3)
% [u () A ()] = %‘A () +u() %. 24
(2) Mapping of a vector-valued function by a tensor-valued function:
% [A 1) x ()] = i—?x ) +A®M ‘;—f 2.5

015 37
Engineers,
19-16342-0_2
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(3) Scalar product of two vector- or tensor-valued functions:

d dx
% [x@®)-y®)]= 3 YO+x0: (2.6)
d dA dB

GAOBOI= — BO+TAD: 2.7)

(4) Tensor product of two vector-valued functions:

Crneyn]l=Leoynt+xne 2 2.8)

dr YOI=4,%7 dr '
(5) Composition of two tensor-valued functions:

d dA dB

—[A@®)B =—B A@)—. 2.9

o [A () B ()] ” (1) +A() ” (2.9)
(6) Chain rule:

d dx du dA du

— = —— = ——. 2.1

dtx[U(t)] dudr’ Afu()] = du dr (2.10)

(7) Chain rule for functions of several arguments:

Ox du Oxdv
—x [u(®)v ()] = Pudr +EE’ 2.11)
d OAdu OAdv
_A[U @ .v(@0)]= udr + v (2.12)

where 0/0u denotes the partial derivative. It is defined for vector and tensor
valued functions in the standard manner by

Ox (u,v) —lim (ut+s,v)—x (U’V)’ (2.13)
ou s—0 N

OA (wy) _ . Alutsy) —Auy) (2.14)
ou 5—0 s

The above differentiation rules can be verified with the aid of elementary differential
calculus. For example, for the derivative of the composition of two second-order
tensors (2.9) we proceed as follows. Let us define two tensor-valued functions by

A _A®) dA B _B() dB
0, (s) = M -2 020 = M -1y

Bearing the definition of the derivative (2.2) in mind we have

lim Oy (s) =0, lim O, (s) = 0.
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Then,

AGt+s)B(t+s)—A@)B(@)
s

d .
T [A@®)B )] =S11_r>r(1)
1 dA dB
= sh_r)%; ”:A (1) +SE + 50 (s)] [B () +s5 + 507 (s)]
—A(t)B(t)]
dA dB
= lim [I:E + 0y (s)] B(@#)+AQ@) I:E + 0y (s)]]

_ [dA dB dA dB
+ lim 5 [E +0, (s)] [E +0, (s)] = BO+AD

2.2 Coordinates in Euclidean Space, Tangent Vectors

Definition 2.1 A coordinate system is a one to one correspondence between vectors
in the n-dimensional Euclidean space E” and a set of n real numbers ()c1 X2 x™.
These numbers are called coordinates of the corresponding vectors.

Thus, we can write

d=xr & r=r(x1,x2,...,x”), (2.16)
where re E” andx! e R (i =1,2,...,n). Henceforth, we assume that the func-
tions x' =x' (r) and r = r (x', x2, ..., x") are sufficiently differentiable.

Example 2.1 Cylindrical coordinates in E3. The cylindrical coordinates (Fig.2.1)
are defined by

r=r(p,z,r) =rcospe; +rsinye; + ze3 (2.17)

and

rz\/(r'el)2+("‘ez)2, Z=r-e3,

arccos ifr-e; >0,

= r ) (2.18)
27r—arccosr ‘1 ifr-e, <0,

where e; (i = 1,2, 3) form an orthonormal basis in E3.
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T~ =z
go
—~ - T T N
L/
\\ - ) /gl
T~
x
r g3
€3 A
—~ - -~
ya ~N
e
2
€1
3?1
Fig. 2.1 Cylindrical coordinates in three-dimensional space
The vector components with respect to a fixed basis, say H = {hy, ha, ..., hy},

obviously represent its coordinates. Indeed, according to Theorem 1.5 of the previous
chapter the following correspondence is one to one

r=x'hi & x=r-h, i=12,...,n, (2.19)
where r € E" and H' = {hl, K, ..., "} is the basis dual to H. The components
x! (2.19), are referred to as the linear coordinates of the vector r.

The Cartesian coordinates result as a special case of the linear coordinates (2.19)
where h; =e; (i =1,2,...,n) so that

r=xle, & x'=r-e, i=12 ... n. (2.20)

Let x' = x' (r) and y' = y' (r) (i =1,2,...,n) be two arbitrary coordinate
systems in [E”. Since their correspondences are one to one, the functions

,xz,...,x”),i=1,2,...,n 2.21)
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are invertible. These functions describe the transformation of the coordinate systems.
Inserting one relation (2.21) into another one yields

yi z)f\)i (xf\l (yl’y2"”’yn)’
£2 (yl,yz, ...,y”) oo x" (yl,yz,...,y")). (2.22)

The further differentiation with respect to y/ delivers with the aid of the chain rule

a0y oyt oxk
W= ,]=Wa—y], l,]=1,2,...,n. (223)

The determinant of the matrix (2.23) takes the form

o
oy’ |’

oy st
Oxk Oy’

oy

|0ij| =1= = |5k

(2.24)

The determinant |8y 1 Oxk | on the right hand side of (2 24) is referred to as Jacobian
determinant of the coordinate transformation y' = 3’ (x x2,. ") (i=1,2,
., n). Thus, we have proved the following theorem.

Theorem 2.1 If the transformation of the coordinates y' = 3! (xl, X2, ..., x")
admits an inverse form x' = %! (yl, v, ..., y") i=12,....,n)andif J and K
are the Jacobians of these transformations then JK = 1.

One of the important consequences of this theorem is that

81’
Jz‘i

55| £ 0 (2.25)

Now, we consider an arbitrary curvilinear coordinate system

o =0'r) & r=r(0".0%....0"), (2.26)
where r e E" and #' € R (i = 1,2, ..., n). The equations

0" =const, i=1,2,....k—1,k+1,....n (2.27)

define a curve in E” called #%-coordinate line. The vectors (see Fig. 2.2)

r+s)—r©) or
= li =—, k=1,2,..., 2.28
Ik sl—I>I(1) N 89k " ( )
are called the tangent vectors to the corresponding 6¥-coordinate lines (2.27).
One can Verlfy that the tangent vectors are linearly independent and form thus
ersely,let the ve 2.28) be linearly dependent. Then, there
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Fig. 2.2 Illustration of the
tangent vectors

are scala}rs ol e R (i=1,2,...,n), not all zero, such that o/g,- = 0. Let further
xt = x'(r) (i=1,2,...,n) be linear coordinates in " with respect to a basis
H ={hy, h;,...,h,}. Then,

: . or . Or Ox/ - Oxt
0=dlgi=ogm =50 ae = ot
Since the basis vectors k; (j = 1,2, ..., n) are linearly independent
OxJ .
alsz, j=1,2,...,n.

This is a homogeneous linear equation system with a non-trivial solution o/ (i =1,2,
e, n). Hence, |8xj / 06! | = 0, which obviously contradicts relation (2.25).

Example 2.2 Tangent vectors and metric coefficients of cylindrical coordinates in
E3. By means of (2.17) and (2.28) we obtain

or .
gy = — = —rsinpe; + r cos ey,
dp
or
= — = e3,
9> oz 3
or .
gz = = cos ey + sin pe;. (2.29)

The metric coefficients take by virtue of (1.24) and (1.25), the form

200 r200

ls]=lgi-g]=] 010|, [¢"]=[a]"'=| 0 10]. @30
001 001
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The dual basis results from (1.21); by

1 1 1, 1
g = 591 = —-sinpe| + —cosyes,
r r r

9 =g =e,
g’ = g3 = Cos e + sin pe;. (2.31)

2.3 Coordinate Transformation. Co-, Contra- and Mixed
Variant Components

Let¢! =0 (ryand@ =6 (r) i = 1,2, ...,n)betwo arbitrary coordinate systems
in E”. It holds

or  or 06/ 96/

glzﬁ_%ﬁzgjﬁ’ l=1,2,...,l’l. (232)
Ifgi is the dual basisto g; (i = 1,2, ..., n), then we can write

, 00"

_i_ jov

g =g 207 i=1,2,...,n. (2.33)

Y 90"\ 4 90" 9!
9795 =\9 a0k ) \50i ) =9 "9\ 6% 90

5 9l hi ok Di
:55(8_93_9): 9000 0 i i =12 n (234
00k 9pJ 00k 9pi i J

One can observe the difference in the transformation of the dual vectors (2.32) and
(2.33) which results from the change of the coordinate system. The transformation
rules of the form (2.32) and (2.33) and the corresponding variables are referred to as
covariant and contravariant, respectively. Covariant and contravariant variables are
denoted by lower and upper indices, respectively.

The co- and contravariant rules can also be recognized in the transformation of
the components of vectors and tensors if they are related to tangent vectors. Indeed,
let

x=xg =x'g; =55 =¥g (2.35)
A=Ajg ®g/ =AVg;0g;=Alg;®g
—Aig 05 =A"5,05,=A,5,07. (2.36)
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Then, by means of (1.28), (1.91), (2.32) and (2.33) we obtain

)Eizx-gizx-(gjgi;_j)zxjg;g, (2.37)
xi=x-gi=x-(gf%z)=xf§7i, (2.38)
Aij = g;Ag; = (gkg—g) A (gzg%) = Z_ZS_ZAH, (2.39)
AV = g'Ag’ = (gk S—Z)A( ! ZZ) = S—ZZL;ZA“ , (2.40)
A= gAg, = ( kgz;)A (g,%) - g_i%&;. (2.41)

Accordingly, the vector and tensor components x;, A;; and gci , AV are called covariant
and contravariant, respectively. The tensor components A’ . are referred to as mixed
variant. The transformation rules (2.37)—(2.41) can similarly be written for tensors
of higher orders as well. For example, one obtains for third-order tensors

= 06" 06° 06"

i nk
. sk _ 00 007 90

001 09 ook " 90" 005 oo T

(2.42)

From the very beginning we have supplied coordinates with upper indices which
imply the contravariant transformation rule. Indeed, let us consider the transformation
of a coordinate system 6’ = 6" (9',62,...,0") (i =1,2,...,n). It holds:

_ 00
dﬁl—wdek i=1,2,...,n. (2.43)

Thus, the differentials of the coordinates really transform according to the contravari-
ant law (2.33).

Example 2.3 Transformation of linear coordinates into cylindrical ones (2.17). Let
x' = x' (r) be linear coordinates with respect to an orthonormal basise; (i = 1, 2, 3)
in E3:

X =r-e & r=xie,~. (2.44)
By means of (2.17) one can write

x! =rcos v, x? =rsin v, =z (2.45)
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and consequently

Ax1 .
—— = —rsinp = —x
Oy 4

x? 1
— =rcosp=2x",

dp

ax3

=0,
Oy

ax3
0z

=1,

Ax1 x!
— =cCcosp = —,
or g r
Ox? . x2
— =sinp = —,
or 14 r
) 3

9o

or

45

(2.46)

The reciprocal derivatives can easily be obtained from (2.23) by inverting the matrix
[ 22 9 9 | s yields:

dp 0z

Op _ _1 sinp = - O _ 1cos = ! Op =0

axl . PP TET 52T YER 90T

0z 0z 0z

—= =0, —= =0, — =1, 247
Ox1 Ox? ox3 247
or x! or . x2 or

a1 S = g == 5a =0

It is seen that these derivatives coincide with the components of the dual vectors
(2.31) with respect to the orthonormal basis. This is in view of (2.33) and due to
the fact that the coordinate transformation is applied to the Cartesian coordinates
X (i =1,2,3).

2.4 Gradient, Covariant and Contravariant Derivatives

Let ® = @ (0',6%,...,0"),x = x (0',6%...,0") and A = A (', 6%, ...,0")
be, respectively, a scalar-, a vector- and a tensor-valued differentiable function of the
coordinates ' € R (i=1,2,...,n). Such functions of coordinates are generally
referred to as fields, as for example, the scalar field, the vector field or the tensor
field. Due to the one to one correspondence (2.26) these fields can alternatively be
represented by

=0 (r), x=x(r),

A=A(r). (2.48)

In the following we assume that the so-called directional derivatives of the functions
(2.48)
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d (e — @
9o tsa) =lm 2EFO—20)
ds s=0 $—0 s
d —
—Xx (r +sa) = lim X(rtsa)—x (r)’
ds s=0 ™0 s
d A —A
A tsa)| =limATTD-AD (2.49)
ds s=0 0 N

existforalla € E". Further, one can show that the mappings a — % D (r +sa) |S=O,

a — %x (r+ sa)|s=0 and a — %A (r +sa) |s=0 are linear with respect to the
vector a. For example, we can write for the directional derivative of the scalar function
D =@ (r)

d
= —@[r + sja + s2b] , (2.50)

d
—@[r+s(a+b)
s=0 ds s=0

ds

where 51 and s, are assumed to be functions of s such that s; = s and s, = 5. With
the aid of the chain rule this delivers

d
—® [r + s1a + spb]

ds s=0
0 ds; 0 dso

=1—9 bl — + — bl —

[8s1 [r + s1a + s> ]ds +8s2 [r +sia + s ]ds}szo

0 0
= —@ (r+sia+sb) + — @ (r + s1a + s2b)

8S1 51=0,520=0 852 51=0,50=0

d d
= —@(r+sa) + —® (r + sb)

ds s=0 ds 5=0

and finally
d d d
—@[r+s(a+b) = —@ (r+sa) + —@ (r +sb) (2.51)
ds s=0 ds s=0 ds s=0
for all @, b € E". In a similar fashion we can write
d D (r + saa) d D (r+ a)d(as)
— sau = — s
ds =0 d(as) ds |-
d
=a —o (r+sa) , Va e E", Yo € R. (2.52)
ds s=0
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Representing a with respect to a basis as @ = a’g; we thus obtain

i@ (r+sa)| = icp (r+saig-) =a icp (r+sg;)
ds s=0 ds l s=0 ds l s=0
_d i (g0
= a(b (r +sg;) s=0g . (a gj) , (2.53)

where gi form the basis dual to g; (i =1,2,...,n). This result can finally be
expressed by

d
—@ (r +sa)
ds

= grad® -a, Va € E", (2.54)
s=0

where the vector denoted by grad® € E” is referred to as gradient of the function
@ = & (r). According to (2.53) and (2.54) it can be represented by

g (2.55)

d
grad® = 505 (r + sg,-) »

Example 2.4 Gradient of the scalar function ||r||. Using the definition of the direc-
tional derivative (2.49) we can write

d d
— |Ir + sa|| = —/(r+sa) - (r+sa)
ds s=0 ds s=0
d
= —Jrr+2s(r-a)+s2(@a-a)
ds s=0
1 2(r-a)+2s(a-a) _r-a
2r-r+2s(r-a)+s2@-a =0 el
Comparing this result with (2.54) delivers
r
grad [[r|| = —. (2.56)

I

Similarly to (2.54) one defines the gradient of the vector function x = x (r) and the
gradient of the tensor function A = A (r):

d

—x (r + sa) = (gradx)a, Va cE", (2.57)
ds s=0

d

—A(r +sa) = (gradA)a, Va cE". (2.58)
ds $=0

Herein, gradx and gradA represent tensors of second and third order, respectively.
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In order to evaluate the above gradients (2.54), (2.57) and (2.58) we represent the
vectors r and a with respect to the linear coordinates (2.19) as

r=x'h;, a=dh;. (2.59)

With the aid of the chain rule we can further write for the directional derivative of
the function @ = @ (r):

d _ i i i\
dscb (r +sa) o = ds(p [(x + sa )h,] o
_ oD d(x' + sa’) _ 09
9 (x +sal) ds T Oxt
s=0

00 N\ (N (09 )
(axih)-(a h,)_(axih)-a, Va € B

Comparing this result with (2.54) and bearing in mind that it holds for all vectors a
we obtain

o .
grad® = 8—.h’. (2.60)
Ox!

The representation (2.60) can be rewritten in terms of arbitrary curvilinear coordi-
natesr = r (91, 6%, ..., 9") and the corresponding tangent vectors (2.28). Indeed,
in view of (2.33) and (2.60)

ob ;0P 99", 00

do = —h' = — ——h' = —g'. 2.61
S =0 T ook o T 00'Y (26D
Comparison of the last result with (2.55) yields
d 0P .
£q§(r+sg,~) S=0=ﬁ, i=1,2,...,n. (2.62)

According to the definition (2.54) the gradient is independent of the choice of
the coordinate system. This can also be seen from relation (2.61). Indeed, tak-
ing (2.33) into account we can write for an arbitrary coordinate system 6§ =
o (0", 6%,...,0") (i=1,2,...,n):

0P 0P 00, 0P _;
grad® = 2079 = 95 80ig = aéjg . (2.63)

Similarly torelation (2.61) one can express the gradients of the vector-valued function
x = x (r) and the tensor-valued function A = A (r) by

(2.64)
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Example 2.5 Deformation gradient and its representation in the case of simple shear.
Let x and X be the position vectors of a material point in the current and reference
configuration, respectively. The deformation gradient F € Lin® is defined as the
gradient of the function x (X) as

F = gradx. (2.65)

For the Cartesian coordinates in E3 where x = x’e; and X = X'e; we can write by
using (2.64);

ox . Ox! . . .
= W@ef = We,- e’ =Ffje,~®ef, (2.66)

where the matrix [F’ j] is given by

et st ol T
ox!T ox2 0x3
. 2 2 2
[F{.]: Ox” Ox” Ox” | (2.67)
/ oX' 0x2 0x3
LoxT ox2 ox3

In the case of simple shear it holds (see Fig.2.3)
=x"44x2 2=x% P =X (2.68)

A

X2 22 Mk_

X2

1 ,.1
Xl 61 X ,.'L‘
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where v denotes the amount of shear. Insertion into (2.67) yields

. 1~v0
[Ff j] —lo10]. (2.69)
001
Henceforth, the derivatives of the functions ® = @ (6',62,...,0"), x = x(0',
0%, ....0") and A = A (0!, 6%, ..., 0") with respect to curvilinear coordinates ¢’

will be denoted shortly by

0P Ox 0A
@ | — | — A | = - 2.
)l 801 ’ x:l 801 ’ )l 801 ( 70)

They obey the covariant transformation rule (2.32) with respect to the index i since

o 0P 9k ox  ox 908 OA  OA 9 071
001 T 9pk 0017 00 9ok 0017 90T 9k ! ’
and represent again a scalar, a vector and a second-order tensor, respectively. The

latter ones can be represented with respect to a basis as

x,i =xig; =xjli g,

A=A g, 09, =Auli g ®d =Ar)i g ®d, (2.72)

where (o) |; denotes some differential operator on the components of the vector x
or the tensor A. In view of (2.71) and (2.72) this operator transforms with respect
to the index i according to the covariant rule and is called covariant derivative. The
covariant type of the derivative is accentuated by the lower position of the coordinate
index.

On the basis of the covariant derivative we can also define the contravariant one.
To this end, we formally apply the rule of component transformation (1.98); as
(®)|' = g'/ (e)|j. Accordingly,

= g* I, Xl = g% xl,
AN = gAML Akl = g Ak, AN = g AR (2.73)

For scalar functions the covariant and the contravariant derivative are defined to be
equal to the partial one so that:

D=2 =, . (2.74)

In view of (2.63)-(2.70), (2.72) and (2.74) the gradients of the functions @ =
e} (01,02,...,0"), X = x(01,02,...,0") and A = A(91,92,...,9") take the
form
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gradd = @|; ¢' = | g;,
gradx =x7|; g, ®g' =xjli ¢/ ®g' =x/I'g;®9;, =x;I' g’ ® g;.
gradA =AY g, ® g9, ®g =Aulig* @9 ®@g =A'ligi®d ®g
=A" g, ®g ®g =Aulg"®gd ®g =A" I g.®d ®g;.
(2.75)

2.5 Christoffel Symbols, Representation of the Covariant
Derivative

In the previous section we have introduced the notion of the covariant derivative but
have not so far discussed how it can be taken. Now, we are going to formulate a
procedure constructing the differential operator of the covariant derivative. In other
words, we would like to express the covariant derivative in terms of the vector or
tensor components. To this end, the partial derivatives of the tangent vectors (2.28)
with respect to the coordinates are first needed. Since these derivatives again represent
vectors in [E”, they can be expressed in terms of the tangent vectors g; or dual vectors

gi (i =1,2,...,n) both forming bases of E". Thus, one can write
gij=Ting" =Tfgr. i.j=12,....n, (2.76)
where the components I';j; and l"f. @i, j,k=1,2,...,n) are referred to as the

Christoffel symbols of the first and second kind, respectively. In view of the rela-
tion g = ¢M g, (k=1,2,...,n) (1.21) these symbols are connected with each
other by

Ffj =", i jk=1,2,...,n. (2.77)
Keeping the definition of tangent vectors (2.28) in mind we further obtain

gistr,ij=r7ji=gj,i7 i7j=1729"',n‘ (2‘78)
With the aid of (1.28) the Christoffel symbols can thus be expressed by

Uik =Tjik =0i,j -G =9Gji - Gr» (2.79)

I =T =gi;-d"=gj-d" ijk=12...n (2.80)

For the dual basis g’ (i =1,2,...,n)onefurther gets by differentiating the identities
g9 -g;= 5;. (1.15):
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:glvk 'gj +gl : (Fikgl) =glvk 'g] +F‘l,k7 i?jak: 1727"'1’1'

Hence,

I =T, =—9x-9;=-9.j g iLik=12..,n (2.81)
and consequently

g u=-Thg' =-T,g/, k=12 n (2.82)
By means of the identities following from (2.79)

Gijok= (9 - 9;) k=Girk -9; +9; - 9jsk = Tirj + Ui (2.83)

where i, j,k =1,2,...,n and in view of (2.77) we finally obtain

1

Cijk = 3 (gkivj + Gkjsi — Gijok ) » (2.84)
1

Fll‘clzzgkl (gli7j+glj’i_gijsl)7 i7j7k=132,--~7n- (285)

Itis seen from (2.84) and (2.85) that all Christoffel symbols identically vanish in the
Cartesian coordinates (2.20). Indeed, in this case

gij=e-ej =20 i,j=1,2,...,n (2.86)
and hence
Tije=T5 =0, i jk=12...n (2.87)

Example 2.6 Christoffel symbols for cylindrical coordinates in B3 (2.17). By
virtue of relation (2.30); we realize that g11,3 = 2r, while all other derivatives
Giksj (i, Jok=1,2, 3) (2.83) are zero. Thus, Eq.(2.84) delivers

FCizir =T =r, Tz=-r (2.88)

while all other Christoffel symbols of the first kind I';jx (i, j, k =1, 2,3) are
likewise zero. With the aid of (2.77) and (2.30), we further obtain
I‘ilj = gllrijl = r_zr‘ijly F,-Zj = 9221-'1‘]'2 = Tj2,

F?j =gPTij3="Tys i,j=12.3. (2.39)
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By virtue of (2.88) we can further write
1 1 1 3

while all remaining Christoffel symbols of the second kind Flkj (i, j,k=1,2,3)
(2.85) vanish.

Now, we are in a position to express the covariant derivative in terms of the vector
or tensor components by means of the Christoffel symbols. For the vector-valued
function x = x (6,62, ..., 6") we can write using (2.76)

X, j= (xigi) =X g +x'gij
=x'jg; +x'T}g, = (xi,j +xkF,ij) gi. (2.91)
or alternatively using (2.82)
X, = (xz'gi) sj = Xisj gi +xi9i’j
= Xi, j gi — xiF,ijgk = (xi,j — xkl"ll‘j) gi. (2.92)
Comparing these results with (2.72) yields

X'y =x' —I—xkl“,’(j, xilj = xi.j — T}

koij=12...n (2.93)

Similarly, we treat the tensor-valued function A = A (01, 0%, ..., 0"):
Ay = (A”gi ®gj) y
=AY 1g;®g; +A7g;.1®g; +AVg; ® g,k
=AY g, ®g;+AY (kagz) ®g;,+A%g; ® (Fﬂ-kgz)
- (Aif,k + AUTI 4 AT r{}() 9:®g;. (2.94)
Thus,
Al = AV + AVTE 4 AT 0k =1,2,. 0. (2.95)
By analogy, we further obtain

I !
Aijlk = Aij.k — AT — ATy,

Aljle = Al + AT = AT i k=12, 0. (2.96)




54 2 Vector and Tensor Analysis in Euclidean Space

From (2.87), (2.93), (2.95) and (2.96) it is seen that the covariant derivative taken
in Cartesian coordinates (2.20) coincides with the partial derivative:

xj=x' . xilj=xi,

A= AT 4, Ajjle=Aijor s ALlk= Al k=120 (297)
Formal application of the covariant derivative (2.93) and (2.95), (2.96) to the tangent
vectors (2.28) and metric coefficients (1.93)1 2 yields by virtue of (2.76), (2.77),
(2.82) and (2.84) the following identities referred to as Ricci’s Theorem:

gli=gi;—all; =0, glj=4d.;+4g'T}; =0, (2.98)

Gijlk = Gijok — 9T — gizl“é-k =Gij.k —Likj —Tjri =0, (2.99)

9 = g7k + ¢ T0 4+ ') = ¢ g7 (—gimok + Tkt + Tikm) = 0, (2.100)

where 7, j,k = 1,2, ...,n. The latter two identities can alternatively be proved
by taking (1.25) into account and using the product rules of differentiation for the
covariant derivative which can be written as (Exercise 2.7)

A,-j|k=a,~|kbj+aibj|k for A,-j=a,-bj, (2.101)
Al =d' | b +a' by for AV =a'bl, (2.102)
Ay =d'lebj+a'bjl for Ab=d'bj, i jk=1,2,...n (2.103)

2.6 Applications in Three-Dimensional Space: Divergence
and Curl

Divergence of a tensor field. One defines the divergence of a tensor field S (r) by

1
divS = lim —/SndA, (2.104)
V-0V
A

where the integration is carried out over a closed surface area A with the volume V
and the outer unit normal vector n illustrated in Fig.2.4.

For the integration we consider a curvilinear parallelepiped with the edges formed
by the coordinate lines 8', 62, 63 and ' + AQ', 62 + A6%, 63 + AB? (Fig.2.5). The
infinitesimal surface elements of the parallelepiped can be defined in a vector form by
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v

Fig. 2.4 Definition of the divergence: a closed surface with the area A, volume V and the outer
unit normal vector n

93

s1(0" + AGY)
92

dAM (9 + AGY)

AM

91

Fig. 2.5 Derivation of the divergence in three-dimensional space

dA® = + (dafgj) x (dekgk) — +gg'doidet, i=1,2,3, (2.105)

where g = [glgzg3] (1.31) and i, j, k is an even permutation of 1, 2, 3. The corre-
sponding infinitesimal volume element can thus be given by (no summation over i)
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dv = da®. (def g,.) - [d@lgl d6g, d93g3]
= [919293] d0'a6*do® = gdo'do*ae*. (2.106)
‘We also need the identities

9.4=[919205] & = Tt [919295) + Ty [919:95] + Ty [919291]
=T [919295] = Ti9. (2.107)

(gg") =09 +9g.i=Thag' —Tigg' =0, (2.108)

following from (1.39), (2.76) and (2.82). With these results in hand, one can express
the divergence (2.104) as follows

divS = lim 1 / SndA
Vv

V—0
A
= lim — Z / 9' + AO‘) da® (0' + AO’) +S (0") da® (9)]

1A(t)

Keeping (2.105) and (2.106) in mind and using the abbreviation

N (9") =S (9") g (9") g (9") L i=1,2,3 (2.109)

we can thus write

3 0 +n6k o/ +At9/
L i i st (o i 10k
divS = hm IZ: 9/ / 0 + A6 ) (9 )] do’/de

3 O°+AG% 01+ A0 0T+ A0

ast ..
—_do'de’ do*
0!

Il
<=
L8
<[~

iM

=gk 0J oi
— lim Z/s"”dv (2.110)
- V>0V ’ ’

where i, j, k is again an even permutation of 1, 2, 3. Assuming continuity of the
integrand in (2.110) and applying (2.108) and (2.109) we obtain

. 1 1 , 1 . . .
divs = —s'; = — [Sgg'| i = =[S 99’ +8(99) .« | =849’ 11D
g g g
which finally yields by virtue of (2.72);

divS§ =S.,ig' =S/l g/ =5 g;. (2.112)
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Example 2.7 The momentum balance in Cartesian and cylindrical coordinates. Let
us consider a material body or a part of it with a mass m, volume V and outer
surface A. According to the Euler law of motion the vector sum of external volume
forces fdV and surface tractions ¢td A results in the vector sum of inertia forces ¥dm,
where x stands for the position vector of a material element dm and the superposed
dot denotes the material time derivative. Hence,

/x'dm =/tdA+/de. (2.113)
m A 14

Applying the Cauchy theorem (1.77) to the first integral on the right hand side and
using the identity dm = pdV it further delivers

/ p¥dV = / ondA + / fav, (2.114)
\%4 A \%4

where p denotes the density of the material. Dividing this equation by V and con-
sidering the limit case V — 0 we obtain by virtue of (2.104)

px =dive + f. (2.115)
This vector equation is referred to as the momentum balance.

Representing vector and tensor variables with respect to the tangent vectors
g; (i =1, 2,3) of an arbitrary curvilinear coordinate system as

i=dg;, o=0'9;®9; f=/fg

and expressing the divergence of the Cauchy stress tensor by (2.112) we obtain the
component form of the momentum balance (2.115) by

pal =ol|;+ f1, i=1,2,3. (2.116)

With the aid of (2.95) the covariant derivative of the Cauchy stress tensor can further
be written by

ol =0y + oVTi + o'T), i jk=1,2,3 (2.117)
and thus,
ol’f|j=a"f,j+a’fr;'j+a”r;}., i=1,2,3. (2.118)

By virtue of the expressions for the Christoffel symbols (2.90) and keeping in mind
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) 3031
1 11 12 13
O']|j:0' 7<P+U ,Z+U ,r+—r s

32

g
21’<p+0'22az+0'23’r+ ,
r

o2 =0
. o33
o =0+ 0P B, —rol 4 —. (2.119)
r
The balance equations finally take the form

1 11 12 13 307! 1
pa- =0 o+ o ko —— + /.

2 21 22 23 o 2
pa”=0",,+0",;+0o "+_r + f-,
3 31 32 33 11 o 3
pa =0 ,@+0' ,Z+O' sy —Fo +T+f (2120)

In Cartesian coordinates, where g; = e; (i = 1, 2, 3), the covariant derivative coin-
cides with the partial one, so that

0'”|j=0’”,j=0’,‘j,j. (2.121)
Thus, the balance equations reduce to

pX1 =o11,1 +o12,2 + 013,3 + f1,
p¥r = o21,1 + 02,2+ 023,33+ f2,
p¥3 = 031,1 + 032.2 + 033.3 + f3, (2.122)

where X; = a; (i =1, 2, 3).

Divergence and curl of a vector field. Now, we consider a differentiable vec-
tor field £ (9!, 62, 63). One defines the divergence and curl of ¢ (6", 6%, 6*) respec-
tively by

1
divt = lim — . A 2.12
ivt Vll‘[)lov/(t n)dA, ( 3)
A
.1 o1
curlt = lim —/(n X t)dA = — lim —/(t x n)dA, (2.124)
V-0V VoV
A A

where the integration is again carried out over a closed surface area A with the volume
V and the outer unit normal vector n (see Fig.2.4). Considering (1.66) and (2.104),
the curl can also be represented by

1 [. N
curlt = — lim —/tndA = —divt. (2.125)
V>0V
A
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Treating the vector field in the same manner as the tensor field we can write

divt =t,; - g' =1'; (2.126)
and in view of (2.75); (see also Exercise 1.45)

divt = tr (grad?) . (2.127)
The same procedure applied to the curl (2.124) leads to

curlt =g’ xt,;. (2.128)

By virtue of (1.36), (2.72)1, (2.80), (2.93), and (1.44) we further obtain (see also
Exercise 2.8)

S o 1 1
curlt =1|; g’ xg' =ti,;9’ xg' = e”kgmj gi = ef’kgt,',j i (2.129)

With respect to the Cartesian coordinates (2.20) with g; = e; (i =1, 2, 3) the
divergence (2.126) and curl (2.129) simplify to

divt =t =1'  + 20+ 25 =111 + 0o+ 1.3, (2.130)
curlt = ejikti,j er

= (t3,0—Nn,3)e1+ (t1,3 —13,1) e2 + (t2,1 —11,2) e3. (2.131)

Now, we are going to discuss some combined operations with a gradient, divergence,
curl, tensor mapping and products of various types (see also Exercise 2.12).

(1) Curl of a gradient:

curl grad® = 0. (2.132)
(2) Divergence of a curl:

div curlt = 0. (2.133)
(3) Divergence of a vector product:

div(u x v) =v - curlu — u - curly. (2.134)
(4) Gradient of a divergence:

grad divt = div (gradt)T, (2.135)
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grad divt = curl curl? 4 div grad¢ = curl curlt 4+ At, (2.136)

where the combined operator
At = div grad¢ (2.137)

is known as the Laplacian.
(5) Laplacian of a gradient and of a curl

A grad® = grad A®@, A curlt = curl At. (2.138)

(6) Skew-symmetric part of a gradient
1 —
skew (gradt) = Ecurlt. (2.139)

(7) Divergence of a (left) mapping
div (tA) = A : gradt 4 ¢ - divA. (2.140)

(8) Divergence of a product of a scalar-valued function and a vector-valued function

div (Dt) =t - grad® + @divt. (2.141)

(9) Divergence of a product of a scalar-valued function and a tensor-valued function

div (@A) = Agrad® + @divA. (2.142)
(10) Curl of a product of a scalar-valued function and a vector-valued function
curl (@t) = —tgrad® + dcurlt. (2.143)

We prove, for example, identity (2.132). To this end, we apply (2.75)1, (2.82) and
(2.128). Thus, we write
curl grad® = gj X (cDIi gi) i = D@,ij gj X gi + d’,igj X gi’j
=09/ xg —®,T},9' xg" =0 (2.144)
taking into account that @,;; = @, i, l"fj = Féi and ¢' x g/ = —g/ x g’
@#j,i,j=1,2,3).

Example 2.8 Balance of mechanical energy as an integral form of the momentum

balance. Using the above identities we are now able to formulate the balance of

mechanical energy on the basis of the momentum balance (2.115). To this end, we
i is ve elati e velocity vector v = X
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v-(pX)=v-divo+v- f.

Using (2.140) we can further write
v-(pX)+ o :gradv =div(va) +v- f.

Integrating this relation over the volume of the body V yields

d 1
m (§v~v) dm+/a':gradvdV =/div(vo-)dV—|—/v-de,
m 1% \%4 |4

where again dm = pdV and m denotes the mass of the body. Keeping in mind
the definition of the divergence (2.104) and applying the Cauchy theorem (1.77)
according to which the Cauchy stress vector is given by £ = on, we finally obtain
the relation

d 1
m (Ev-v)dm+/0':gradvdV:/v-tdA+/v‘de (2.145)
m \% A \4

expressing the balance of mechanical energy. Indeed, the first and the second integrals
on the left hand side of (2.145) represent the time rate of the kinetic energy and the
stress power, respectively. The right hand side of (2.145) expresses the power of
external forces i.e. external tractions ¢ on the boundary of the body A and external
volume forces f inside of it.

Example 2.9 Axial vector of the spin tensor. The spin tensor is defined as a skew-
symmetric part of the velocity gradient by

w = skew (gradv). (2.146)

By virtue of (1.161) we can represent it in terms of the axial vector

W=, (2.147)
which in view of (2.139) takes the form:

1
w= zcurlv. (2.148)

Example 2.10 Navier-Stokes equations for a linear-viscous fluid in Cartesian and
cylindrical coordinates. A linear-viscous fluid (also called Newton fluid or Navier-
Poisson fluid) is defined by a constitutive equation

o=—pl+2nd+ \(trd) I, (2.149)
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where

1
d = sym (gradv) = 2 [gradv + (gradv)T] (2.150)

denotes the rate of deformation tensor, p is the hydrostatic pressure while 77 and A
represent material constants referred to as shear viscosity and second viscosity coef-
ficient, respectively. Inserting (2.150) into (2.149) and taking (2.127) into account
delivers

o= —pl41 [gradv n (gradv)T] + A (div) L. (2.151)

Substituting this expression into the momentum balance (2.115) and using (2.135)
and (2.142) we obtain the relation

pv = —gradp + ndiv gradv + (n + A) grad divy + f (2.152)

referred to as the Navier-Stokes equation. By means of (2.136) it can be rewritten as

pv = —gradp + (2n + N) grad divv — necurl curly + f. (2.153)

For an incompressible fluid characterized by the kinematic condition trd = divv = 0,
the latter two equations simplify to

pv = —gradp + nAv + f, (2.154)

pv = —gradp — ncurl curly + f. (2.155)
With the aid of the identity Av = v,;|’ (see Exercise 2.15) we thus can write

pv = —gradp + v, {' + f. (2.156)
In Cartesian coordinates this relation is thus written out as

pvi =—pi+n0in+vin+viz)+fi, =123 (2.157)

For arbitrary curvilinear coordinates we use the following representation for the
vector Laplacian (see Exercise 2.17)

Av = gV (vk,ij +2rfvl,; — l"{;?vk,m + Tk v + I’fnjl"l’;’vl - l"{'}l"lkmvl) gk
(2.158)

For the cylindrical coordinates it takes by virtue of (2.30) and (2.90) the following
form
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Av = (r_zvl,u vl vl +3r s+ 2r_3v3,1) 91
+ (r‘2v2,11 +Vm + 73+ r_lvz,s) 9
+ (r_2v3,11 v ey =2 e — r_2V3) g3-

Inserting this result into (2.154) and using the representations v = v'g; and f = fg;
we finally obtain

e
ap 1022 052 92?2 1 ov?
2 2 . i
= 5‘z+ (r20902+812+8r2+r8r)’
ap 1053 9% o»3 200wt 1o VP
o T T et a2 T ran T 2
or rs 0y 0z or rop ror r
(2.159)

'l—fl_a_p+ l82v1+82v1+82v1+§3_\11+£8_v3
= "2 Opr  0z2 o2 ror  r3oyp)’

pi? = f?

Example 2.11 Compression and shear waves in an isotropic linear-elastic medium.
The isotropic linear-elastic medium is described by the generalized Hooke’s law
written by (see also (5.92))

o =2Ge+ Mr(e)l, (2.160)
where G and A denote the so-called Lamé constants while € represents the Cauchy

strain tensor. It is defined in terms of the displacement vector w similarly to
(2.150) by

1
€ = sym (gradu) = 3 [gradu + (gradu)T] . (2.161)
Substitution of this expression into (2.160) yields in analogy to (2.151)
o=G [gradu + (gradu)T] + A (divw) 1. (2.162)

Inserting this result into the momentum balance (2.115) and assuming no volume
forces we further obtain

G G+
U =—Au+ *
P

grad divu (2.163)

taking (2.135), (2.137) and (2.142) into account.
We look for solutions of this equation in the form

u=fmn-x—vt)m, (2.164)
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where n and m denote constant unit vectors which define the directions of wave
propagation and polarization, respectively. f is a twice differentiable scalar valued
function of the argument n - x — vt, where v represents the wave speed and # denotes
time. First, we express the directional derivative of f (n - x — vt) as

d d
—fln-(x +sa) —vt] = —f[n-x+sn-a—uvt =f'n-a,
ds =0 ds §=0
(2.165)

which leads to the identities
gradf = f'n, gradu = f'm @ n. (2.166)
By means of (2.141) and (2.142) one can also write

Au = div grad (fm) = div (f'm ® n)

=men)gradf' = men) f'n=f"m, (2.167)
divu = div (fm) =m - gradf = (m -n) f/, (2.168)
graddivu = grad (m - n f') = (m - n) gradf' = " (m - n) n. (2.169)

Utilizing these equalities by inserting (2.164) into (2.163) we obtain:

G G+ A
4+

P f'm==f"m f"(m-n)n. (2.170)
P

We consider non-trivial solutions of this equation if f” # 0. These solutions are
possible if m is either parallel or orthogonal to n. Inserting into (2.170) eitherm = n
for the first case or m - n = 0 for the second one yields the speeds

V1=‘/2G+)\, l/2=‘/E (2.171)
P P

of the compression and shear waves, respectively. One can show that the compression
waves do not propagate in an incompressible material characterized by the condition

dive = 0. (2.172)

Indeed, in this case (2.163) reduces to

i = EAu, (2.173)
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resulting in (2.171);. Inserting further (2.164) into the incompressibility condition
(2.172) yields in view of (2.168) alsom - n = 0.

Alternatively, equation (2.163) can be satisfied by means of the following repre-
sentation for the displacement field

u = grad® + curl¥y, (2.174)

where @ = & (r)yand ¥ = v (r) are a scalar and a vector field, respectively.

Inserting this representation into (2.163) and using (2.171) we can write by virtue of
(2.133) and (2.138)

vigrad A® + vicurl AW = gradd 4 curl¥. (2.175)

Keeping in mind that @ and ¥ are independent of each other we obtain the equations
of the form

AP — 2P =0, AW — v W =0, (2.176)

which yield a nontrivial solution of (2.163) and thus describe propagation of compres-
sion and shear waves in a linear elastic medium. The coefficients of these equations
represent the corresponding wave speeds. Finally, one can show that the solution of
these differential equations in the form

D=gm-x—wt), Y=h(@n -x—wt)l 2.177)

lead to the same representation (2.164). Indeed, inserting (2.177) into (2.174) yields
by virtue of (2.143) and (2.166);

u=¢gm-x—vin—h (m-x —wt)l xn. (2.178)

Exercises

2.1 Evaluate tangent vectors, metric coefficients and the dual basis of spherical
coordinates in E? defined by (Fig.2.6)

r (p, ¢, 1) = rsinsin ge + r cos ¢ez + r cos p sin ges. (2.179)

hi
2.2 Evaluate the coefficients 0% (2.43) for the transformation of linear coordinates
in the spherical ones and vice versa.
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A

Fig. 2.6 Spherical coordinates in three-dimensional space

2.3 Evaluate gradients of the following functions of r:

(a) ﬁ, ®)r-w, (c)rAr, (d)Ar, e)w xr,

where w and A are some vector and tensor, respectively.

2.4 Evaluate the Christoffel symbols of the first and second kind for spherical coor-
dinates (2.179).

2.5 Verify relations (2.96).
2.6 Prove identities (2.99) and (2.100) by using (1.94).

2.7 Prove the product rules of differentiation for the covariant derivative (2.101)-
(2.103).

2.8 Verify relation (2.129) applying (2.112), (2.125) and using the results of Exercise
1.23.

2.9 Write out the balance equations (2.116) in spherical coordinates (2.179).
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2.10 Evaluate tangent vectors, metric coefficients, the dual basis and Christoffel
symbols for cylindrical surface coordinates defined by

s s
r(r,s,z) =rcos—ey +rsin—ep + zes. (2.180)
r r

2.11 Write out the balance equations (2.116) in cylindrical surface coordinates
(2.180).

2.12 Prove identities (2.133)—(2.143).

2.13 Write out the gradient, divergence and curl of a vector field ¢ (r) in cylindrical
and spherical coordinates (2.17) and (2.179), respectively.

2.14 Consider a vector field in E3 given by ¢ (r) = e3 x r. Make a sketch of ¢ (r)
and calculate curl# and divt.

2.15 Prove that the Laplacian of a vector-valued function # (r) can be given by
At =t,;|'. Specify this identity for Cartesian coordinates.

2.16 Write out the Laplacian A® of a scalar field @ (r) in cylindrical and spherical
coordinates (2.17) and (2.179), respectively.

2.17 Write out the Laplacian of a vector field ¢ (r) in component form in an arbitrary
curvilinear coordinate system. Specify the result for spherical coordinates (2.179).




Chapter 3
Curves and Surfaces in Three-Dimensional
Euclidean Space

3.1 Curves in Three-Dimensional Euclidean Space

A curve in three-dimensional space is defined by a vector function
r=r(t), rek’, 3.1

where the real variable ¢ belongs to some interval: t; < t < t,. Henceforth, we
assume that the function r(¢) is sufficiently differentiable and

r o (3.2)
dr )
over the whole definition domain. Specifying an arbitrary coordinate system (2.16) as

0 =0'(r), i=1273, (3.3)
the curve (3.1) can alternatively be defined by

0 =0(@), i=123. (3.4)
Example 3.1 Straight line. A straight line can be defined by

r()=a+bt, abek. 3.5)

With respect to linear coordinates related to a basis H = {hy, h;, h3} it is equiva-
lent to

rit)y=d +bit, i=1,2,3, (3.6)

where r = r'h;,a = a'h; and b = b'h;.

015 69
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Fig. 3.1 Circular helix

2rce
D
€9 .’1?2
€1
.’1?1
Example 3.2 Circular helix. The circular helix (Fig.3.1) is defined by
r(t)=Rcos(t)e; + Rsin(t)ex +ctez, c #0, 3.7

where ¢; (i = 1,2, 3) form an orthonormal basis in E3. For the definition of the
circular helix the cylindrical coordinates (2.17) appear to be very suitable. Indeed,
alternatively to (3.7) we can write

F=R o=t z=ct. (3.8)

In the previous chapter we defined tangent vectors to the coordinate lines. By
analogy one can also define a vector tangent to the curve (3.1) as

dr

- (3.9)

9;
It is advantageous to parametrize the curve (3.1) in terms of the so-called arc length.
To this end, we first calculate the length of a curve segment between the points
corresponding to parameters ¢ and ¢ as
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r(t)
s(t) = / Vdr -dr. (3.10)

r(t)
With the aid of (3.9) we can write dr = g,dt and consequently

t

t t
s(t)z/mdfz/ug,” df=/ gu (7)di. (3.11)
f 141

4]

Using this equation and keeping in mind assumption (3.2) we have

d
&= Vo ) #0. (3.12)

This implies that the function s = s (¢) is invertible and

N N
1. ds
1(s) = / lg: |~ ds = / - (3.13)
sn) sy V9 ()
Thus, the curve (3.1) can be redefined in terms of the arc length s as
r=r(()=r(). (3.14)

In analogy with (3.9) one defines the vector tangent to the curve 7 (s) (3.14) as

dr _drdr g,

ag=—=——=-"— 3.15
S T dds g G-19)
being a unit vector: ||a;| = 1. Differentiation of this vector with respect to s further
yields
da; d°r
= — = ——. 3.16
al S ds dsz ( )

It can be shown that the tangent vector a; is orthogonal to a1, provided the latter
one is not zero. Indeed, differentiating the identity @| - @; = 1 with respect to s we
have

a-ay,s=0. (3.17)
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The length of the vector aj,;
2 (s) = llais |l (3.18)

plays an important role in the theory of curves and is called curvature. The inverse
value

(3.19)

is referred to as the radius of curvature of the curve at the point r (s). Henceforth,
we focus on curves with non-zero curvature. The case of zero curvature corresponds
to a straight line (see Exercise 3.1) and is trivial.

Next, we define the unit vector in the direction of a,

_ a17S _ a17S
lav.sl s (s)

a (3.20)

called the principal normal vector to the curve. The orthogonal vectors a; and a;
can further be completed to an orthonormal basis in 3 by the vector

a3y =aj; X ay 3.21)
called the unit binormal vector. The triplet of vectors a1, @ and a3 is referred to as
the moving trihedron of the curve.

In order to study the rotation of the trihedron along the curve we again consider
the arc length s as a coordinate. In this case, we can write similarly to (2.76)

ais=Tkay, i=1,23, (3.22)

where Ff‘s =aj,s-ar (i,k=1,2,3).From(3.17),(3.20) and (3.21) we immediately
observe that I" %S = s and Flls = l"fs = 0. Further, differentiating the identities

az-az =1, ay-az;=0 (3.23)
with respect to s yields
a3-a3,;=0, ajs-az+a;-a3;=0. (3.24)

Taking into account (3.20) this results in the following identity
ai- asz,, = —aj,s- a3 = —»ap - a3 = 0. (3.25)

Relations (3.24) and (3.25) suggest that

asz,s = —T (S) a, (326)
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where the function

T(S) = —az,s-a 3.27)
is called torsion of the curve at the point 7 (s). Thus, F%x = —7 and F;s = F;‘S =0.
The sign of the torsion (3.27) has a geometric meaning and remains unaffected by
the change of the positive sense of the curve, i.e. by the transformation s = —s’ (see

Exercise 3.2). Accordingly, one distinguishes right-handed curves with a positive
torsion and left-handed curves with a negative torsion. In the case of zero torsion the
curve is referred to as a plane curve.

Finally, differentiating the identities

a-a1 =0, a-a =1, a-a3=0

with respect to s and using (3.20) and (3.27) we get

ay,s -] = —Q - Q1,5 = —xa) - Ay = —, (3.28)
ay-a,; =0, a),-a3=—ar-az;=r, (3.29)
so that F%s = —u, F%s = 0 and F%S = 7. Summarizing the above results we can
write
) 0 %0
[ri]={-» o (3.30)
0—-—70
and
alaS - J{a21
az,s = —xaj +Tas, (3.31)
az,s = —Ta;.

Relations (3.31) are known as the Frenet formulas.

A useful illustration of the Frenet formulas can be gained with the aid of a skew-
symmetric tensor. To this end, we consider the rotation of the trihedron from some
initial position at so to the actual state at s. This rotation can be described by an
orthogonal tensor Q (s) as (Fig.3.2)

a; (s) =Q(s)ai(so), =123 (3.32)
Differentiating this relation with respect to s yields

a;,5(s) =Q,5(s)a;(so), =123 (3.33)
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a3(80)

Fig. 3.2 Rotation of the moving trihedron

Mapping both sides of (3.32) by QT (s) and inserting the result into (3.33) we further
obtain

ais () = Qs Q" (N ai(s), i=1,2,3. (3.34)
Differentiating the identity (1.138) Q (s) QT (s) = I with respect to s we have
Qs (5)QT(s) + Q(5)QT,s(s) = 0, which implies that the tensor W (s) =
Q.; (5)QT (s) is skew-symmetric. Hence, Eq.(3.34) can be rewritten as (see also
(3D

ai (s) = W(s)ai(s), WeSkew’, i=1,23, (3.35)
where according to (3.31)

W) =7()(@3®a;—arx®az) +x(s) (a2 ®a; —a; Qaz). (3.36)
By virtue of (1.139) and (1.140) or alternatively by (1.162) we further obtain

W = 1a; + »as (3.37)

and consequently

ai,=dxa; =da;, i=123, (3.38)
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where
d=ra;+ »a3 (3.39)

is referred to as the Darboux vector.

Example 3.3 Curvature, torsion, moving trihedron and Darboux vector for a circu-
lar helix. Inserting (3.7) into (3.9) delivers

d
%=é=—mmMm+Mmmq+m, (3.40)
so that
gt =G;-9;, = R2 + c2 = const. (3.41)

Thus, using (3.13) we may set
s

VRZE 2

Using this result, the circular helix (3.7) can be parametrized in terms of the arc
length s by

t(s) = (3.42)

~ s s cs
r(s) = Rcos (—) e1+Rsin( )ez—l- es.
VR?+¢? VR?+¢? VR? +¢?
(3.43)
With the aid of (3.15) we further write
dr 1 [ Rsi ( s )
aj=— = ———— | —Rsin| ———— ) e;
ds VR +c? VR? +¢?
s
+ R cos (—) e + 093] , (3.44)
VR? +c?
R s s
al,g = — cos el +sin| ————) e |. 3.45
b R2+02[ («/R2+cz) ! (\/R2+c2) 2] G4
According to (3.18) the curvature of the helix is thus
R
(3.46)

H= .
R2 +¢?
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By virtue of (3.20), (3.21) and (3.27) we have

al,s s : S
a) = =—cos [ ———= ) e; —sin | —) e, (3.47)
P («/RZ—FCZ) («/R2+c2)
1 . N
az =a) Xa) = ————= | CcSIN| ——— ) €]
VR? + ¢? [ («/R2+c2)
s
—ccos{ ————=)er + Re3i| . (3.48)
(VR2+62)
a ¢ S er + si u e (3.49)
s = cos sin | ——— , .
358 R2+62 /R2+C2 1 /R2+cz 2
c
= i (3.50)

It is seen that the circular helix is right-handed for ¢ > 0, left-handed for ¢ < 0 and
becomes a circle for ¢ = 0. For the Darboux vector (3.39) we finally obtain

1

——e3. 3.51
R (3.5D)

d=r1a; + »a3 =

3.2 Surfaces in Three-Dimensional Euclidean Space

A surface in three-dimensional Euclidean space is defined by a vector function
r =r(t1,t2), reks, (3.52)

of two real variables 7! and 12 referred to as Gauss coordinates. With the aid of the
coordinate system (3.3) one can alternatively write

o — Gi(tl,t2), i=1,2,3. (3.53)

In the following, we assume that the function r (tl , t2) is sufficiently differentiable
with respect to both arguments and

dr
@750, a=1,2 (3.54)

over the whole definition domain.

Example 3.4 Plane. Let us consider three linearly independent vectors x; (i =0,
1,2) specifying three points in three-dimensional space. The plane going
through these points can be defined by
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1,2\ _ 1 2
r(t ,t)_xo—i—t (X1 —x0)+1t"(x2 —x0). (3.55)

Example 3.5 Cylinder. A cylinder of radius R with the axis parallel to e3 is defined by

r(tl, t2) = Rcostle; + Rsintle;, + t2e3, (3.56)

where e; (i = 1,2, 3) again form an orthonormal basis in [E3. With the aid of the
cylindrical coordinates (2.17) we can alternatively write

o=t', z=1> r=R. (3.57)
Example 3.6 Sphere. A sphere of radius R with the center at » = 0 is defined by

r(tl, t2) = Rsint'sinr’e; + Rcost’es + Rcost! sinr’e3, (3.58)
or by means of spherical coordinates (2.179) as

o=t', ¢=1>, r=R. (3.59)

Using a parametric representation (see, e.g., [28])

th=t@), F=r 0 (3.60)
one defines a curve on the surface (3.52). In particular, the curves t! = const and

t? = const are called 1> and 1! coordinate lines, respectively (Fig.3.3). The vector
tangent to the curve (3.60) can be expressed by

Fig. 3.3 Coordinate lines on /

the surface, normal section
and tangent vectors

normal
section

normal plane
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_dr Ordi' O de? dr! dr?

=—=——4+ ——=g;— —_, 3.61
=% Tama Tora TVw T (3-61)
where
or
ga=%=r,a, a=1’2 (362)

represent tangent vectors to the coordinate lines. For the length of an infinitesimal
element of the curve (3.60) we thus write

(ds)2 =dr - dr = (g,dr) - (g,dr) = (gldtl + gZdt2) : (gldtl + gzdtz) .

(3.63)
With the aid of the abbreviation
9o = 9pa =90 93 & B=12, (3.64)
it delivers the quadratic form
(ds)? = gy (olrl)2 +2g12di'dr® + g (dt2)2 (3.65)

referred to as the first fundamental form of the surface. The latter result can briefly
be written as

(ds)? = gapdr®de?, (3.66)

where and henceforth within this chapter the summation convention is implied for
repeated Greek indices taking the values from 1 to 2. Similarly to the metric coeffi-
cients (1.93)1 > in n-dimensional Euclidean space g, (3.64) describe the metric on
a surface. Generally, the metric described by a differential quadratic form like (3.66)
is referred to as Riemannian metric.

The tangent vectors (3.62) can be completed to a basis in E3 by the unit vector

gs = g1 X g (3.67)

T ||91 x 92||

called principal normal vector to the surface.

In the following, we focus on a special class of surface curves called normal sec-
tions. These are curves passing through a point of the surface r (tl, t2) and obtained
by intersection of this surface with a plane involving the principal normal vector.
Such a plane is referred to as the normal plane.

In order to study curvature properties of normal sections we first express the deriv-
atives of the basis vectors g; (i = 1,2, 3) with respect to the surface coordinates.
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Using the formalism of Christoffel symbols we can write

dg

Giva = 67; =Tikg =Tk gy, i=1,2,3, (3.68)
where
Tiok = Giva -Gt T, =gia-g5 i=1,2,3, a=1,2. (3.69)

Taking into account the identity g; = g¢> resulting from (3.67) we immediately
observe that

Tia3=T3, i=1,23 a=1,2 (3.70)
Differentiating the relations

90-93=0, g3-g3=1 (3.71)
with respect to the Gauss coordinates we further obtain

9ap 93 = 9o 935 93a-g =0, af=12 (3.72)
and consequently

Fog=-T3p, I3, =0, a.f=12 (3.73)
Using in (3.68) the abbreviation

bap =bga =Tih5=—T305 =ga-p 93 = 9o - 935, @B=12, (374
we arrive at the relations

9or3=Tlhpg, +bapgs, o, =12 (3.75)
called the Gauss formulas.

Similarly to a coordinate system one can notionally define the covariant derivative

also on the surface. To this end, relations (2.93), (2.95) and (2.96) are specified to
the two-dimensional space in a straight forward manner as

5= "8+ f'Tpg  falg= fa; = fllp (3.76)

FL, = F . + FPT0 + F¥T) . Fagly =Fagy —Fppl%, — Fopll.,

Foly=Flyy + I —FOT0 . o, fy=12. (3.77)



http://dx.doi.org/10.1007/978-3-319-16342-0_2
http://dx.doi.org/10.1007/978-3-319-16342-0_2
http://dx.doi.org/10.1007/978-3-319-16342-0_2

80 3 Curves and Surfaces in Three-Dimensional Euclidean Space

Thereby, with the aid of (3.76), the Gauss formulas (3.75) can alternatively be given
by (cf. (2.98))

9olp=bapgs, «,B=1,2. (3.78)
Further, we can write

bg = bapgpﬂ = _F3ongpﬁ = _Fﬂ

3a

o, f=1,2. (3.79)

Inserting the latter relation into (3.68) and considering (3.73), as well as (3.74), this
yields the identities

930 = Gsla = —bapg’ = —bhg,. a=12 (3.80)

referred to as the Weingarten formulas. Keeping (2.64); in mind we conclude
that b5, (p, & = 1, 2) represent components of a second order tensor in the two-
dimensional space

b = —gradg; (3.81)

called curvature tensor.

Now, we are in a position to express the curvature of a normal section. It is called
normal curvature and denoted in the following by s,. At first, we observe that the
principal normals of the surface and of the normal section coincide in the sense that
ay = £gs. Using (3.13), (3.28), (3.61), (3.72); and (3.74) and assuming for the
moment that @y = g3 we get

_ . 9; ( dt) 9; 9;
oy = —@y.5 - @1 = —G3. 0 T g3 ~g3.1 0 ——
lg: " ”gt H lg:|

= (9205 (05 ok 2 = s 2 g
T \Irey 9o7q; )09 bas g 19:1

By virtue of (3.63) and (3.66) this leads to the following result

= M , (3.82)
Gapdrde?
where the quadratic form
bapdt®dr’? = —dr - dg; (3.83)
is referred to as the second fundamental form of the surface. In the case a; = —gj;

the sign of the expression for s, (3.82) must be changed. Instead of that, we assume
that the normal curvature can, in contrast to the curvature of space curves (3.18),
e.ne e eve e 82) has no geometrical meaning. Indeed, it
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depends on the orientation of g5 with respect to @, which is immaterial. For example,
g5 changes the sign in coordinate transformations like 7! = 2 2=t

Of special interest is the dependence of the normal curvature sz, on the direction
of the normal section. For example, for the normal sections passing through the
coordinate lines we have

b1 bxn
%n|t2=const = %n|t1=const = —- (384)
a1 922

In the following, we are going to find the directions of the maximal and minimal
curvature. Necessary conditions for the extremum of the normal curvature (3.82) are
given by

0,

or«

=0, a=1,2. (3.85)

Rewriting (3.82) as

(bag — #ngap) d1%dt” = 0 (3.86)
and differentiating with respect to t* we obtain

(bag — stngap)dt’ =0, a=1,2 (3.87)

by keeping (3.85) in mind. Multiplying both sides of this equation system by g
and summing up over « we have with the aid of (3.79)

(bg — %,,5;;) a’ =0, p=1,2. (3.88)
A nontrivial solution of this homogeneous equation system exists if and only if

1 1
by — s, b,

=0. (3.89)
b? b3 — 55

Writing out the above determinant we can also write
5 = by + || = 0. (3.90)

The maximal and minimal curvatures s] and s« resulting from this quadratic equa-
tion are called the principal curvatures. One can show that directions of principal
curvatures are mutually orthogonal (see Theorem 4.5, Chap.4). These directions are
called principal directions of normal curvature or curvature directions (see also [28]).

According to the Vieta theorem the product of principal curvatures can be
expressed by
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b
K = 530 = ‘bg) =, (3.91)
g
where
b1 bz 2
b= |bos| = = b11by — (b12)*, 3.92
|bas| byy by 11022 — (b12) (3.92)
5 , |99 0 )
9" =[919293]" = | 921 922 0| = g11922 — (g12)". (3.93)
0 01
For the arithmetic mean of the principal curvatures we further obtain
1 1,
H = 3 (31 +12) = Eba. (3.94)

The values K (3.91) and H (3.94) do not depend on the direction of the normal
section and are called the Gaussian and mean curvatures, respectively. In terms of K
and H the solutions of the quadratic Eq. (3.90) can simply be given by

x1p=H+VH*-K. (3.95)

One recognizes that the sign of the Gaussian curvature K (3.91) is defined by the
sign of b (3.92). For positive b both s1 and s, are positive or negative so that sz, has
the same sign for all directions of the normal sections at r(tl, tz). In other words,
the orientation of @, with respect to g5 remains constant. Such a point f the surface
is called elliptic.

For b < 0, principal curvatures are of different signs so that different normal
sections are characterized by different orientations of @ with respect to g5. There
are two directions of the normal sections with zero curvature. Such normal sections
are referred to as asymptotic directions. The corresponding point of the surface is
called hyperbolic or saddle point.

In the intermediate case b = 0, s, does not change sign. There is only one
asymptotic direction which coincides with one of the principal directions (of ¢ or
7). The corresponding point of the surface is called parabolic point.

Example 3.7 Torus. A torus is a surface obtained by rotating a circle about a coplanar
axis (see Fig.3.4). Additionally we assume that the rotation axis lies outside of the
circle. Accordingly, the torus can be defined by

r(tl, tz) = (Ro + R cos t2) costlel
+ (Ro + Rcos t2) sin tlez + Rsin t2e3, (3.96)

where R is the radius of the circle and Ry > R is the distance between its center and
he rotation.axis. By means.o 62) and .67)Weobtain
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Fig. 3.4 Torus
g, =— (Ro + R cos t2) sinr'e; + (Ro + R cos t2) costles,
g, =—R cost! sin t2e1 — Rsint!sin t2e2 + R cos t2e3,
g3 = cos t' cost?ey + sint! cost2es + sin t2e3. (3.97)
Thus, the coefficients (3.64) of the first fundamental form (3.65) are given by
2\? 2
gn = (RO + Rcost ) , g12=0, gn=R". (3.98)

In order to express coefficients (3.74) of the second fundamental form (3.83) and
Christoffel symbols (3.69) we first calculate derivatives of the tangent vectors

3.9N1,2

gi,1 = — (Ro + R cos t2) costlel — (Ro + R cos t2) sintlez,

2 =4gy1=R sint! sintzel — Rcost!sin t2e2,
g1 9>

,2 = —Rcos t! cos t2e1 — Rsint' cos t2e2 — Rsin t2e3. (3.99)
9>

Inserting these expressions as well as (3.97)3 into (3.74) we obtain

by = — (R() + RCOStZ) COStZ, bip =by1 =0, by =—R. (3.100)
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The Christoffel symbols (3.69) result to

[Fu] = 0 —R (Ro + Rcost?)sint?
apl] = —R (Ro + Rcost?)sint? 0 ’
R (Ro + Rcost?)sint? 0
[Cap] =[ (Ro 0 ) 0], (3.101)
Rsin > .
o] 0 —RoiReos? 2] (&Rl—l—costz) sint? 0
af| = | __ Rsins? 0 I 0 0 ’
Ro+Rcost?
(3.102)

In view of (3.79) and (3.98) b% = b% = 0. Thus, the solution of the equation system
(3.89) delivers

b 12 b
_oun_ s o =b}="2 =R (3.103)

g1 Ro + Rcost g2

Comparing this result with (3.84) we see that the coordinate lines of the torus (3.96)
coincide with the principal directions of the normal curvature. Hence, by (3.91)

Cos t2

K = = .
= (Ro + R cos?)

(3.104)

Thus, points of the torus for which —7/2 < 1> < 7/2 are elliptic while points for
which 7/2 < 12 < 371/2 are hyperbolic. Points of the coordinates lines 1> = —/2
and 1> = 7/2 are parabolic.

3.3 Application to Shell Theory

Geometry of the shell continuum. Let us consider a surface in the three-dimensional
Euclidean space defined by (3.52) as

r=r(tl,t2), r ekl (3.105)

and bounded by a closed curve C (Fig.3.5). The shell continuum can then be
described by a vector function

rt = r*(tl, 2t ) = r(tl, tz) +g3t3, (3.106)
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where the unit vector g3 is defined by (3.62) and (3.67) while —h/2 < 3 < h)2.
The surface (3.105) is referred to as the middle surface of the shell. The thickness
of the shell 4 is assumed to be small in comparison to its other dimensions as for

example the minimal curvature radius of the middle surface.
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Every fixed value of the thickness coordinate 13 defines a surface r* (tl , t2) whose

geometrical variables are obtained according to (1.39), (3.62), (3.64), (3.79), (3.80),
(3.91), (3.94) and (3.106) as follows.

g =10 =00 +950= (04— 10) g, a=12, (3.107)
g1 X g5
g =1 r=ra=g. (3.108)
lgt > g3
2
!J;ﬁ =g, .gz = gup — 2t3bag + (t3) bapbg, a,B=1,2, (3.109)

g = lgigsas] = [ (o = r'¢f) 9, (63 — 1*3) 995

= (o7 = £%07) (6 = £*6]) gepns = 9|05 — b5

_y [1 C2H + (z3)21<] . (3.110)

The factor in brackets in the latter expression

g 3 3\?
,u=—=1—2tH—|—(t)K (.111)
g

is called the shell shifter.

Internal force variables. Let us consider an element of the shell continuum (see
Fig.3.6) bounded by the coordinate lines t* and t* + At® (a = 1, 2). One defines
the force vector f and the couple vector m® relative to the middle surface of the
shell, respectively, by

h/2
fo= / pog*de,
—h/2
h/2 h/2
me = / " (g3t3) x (0g™) d® = g5 x / 1 (og™) de, (3.112)
—h)2 —h)2

where o = 1, 2 and o denotes the Cauchy stress tensor on the boundary surface A(®
spanned on the coordinate lines > and t? (3 # o). The unit normal to this boundary
surface is given by

*Qu

@__9

gL =1,2, (3.113)

B g B g* g
T gl oo *
g1 ~ Vo g
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Fig. 3.6 Force variables related to the middle surface of the shell

where we keep in mind that g*¢ - gg = g** - g3 = 0 and (see Exercise 3.10)

g*
gioa =28 5012 (3.114)

9*2 ’

Applying the Cauchy theorem (1.77) and bearing (3.111) in mind we obtain

h/2 h/2

o -1 *td3 a -1 *t3d3 3115

ff=y Ghatdt”, m® =g~ g3 x gptr-dr’, (3.115)
—h/2 —h/2

where again 3 # a = 1,2 and ¢ denotes the Cauchy stress vector. The force and
couple resulting on the whole boundary surface can thus be expressed respectively by

P+ AP )2 PN

/tdA(Oé)z / /t/g;ﬂdﬂdtﬂ: / gfdi®, (3.116)

Al B —h)2 e



http://dx.doi.org/10.1007/978-3-319-16342-0_1

88 3 Curves and Surfaces in Three-Dimensional Euclidean Space

P+ AP h/2
/ (r* X t) dA@ = / / (r +g3t3) Xt gzﬁdﬁdtﬂ
Alo) B —h)2
RN h/2 RN h/2
- / rx / t@dt3dt’3+ / g3 X / t@ﬁdﬁdtﬁ
t —~h/2 (8 —h/2
04 Arf
- / g(rx fA4m)dt’, BAa=1,2, (3.117)
e

where we make use of the relation

dA(Oz) — g* /g*aadtﬂdt3 — /gz(?ﬂdtﬂdt3’ /6 7& a=1,2 (3.118)

following immediately from (2.105) and (3.114).
The force and couple vectors (3.112) are usually represented with respect to the
basis related to the middle surface as (see also [1])

[ =1"g5+q%g5. m*=m""gy x gs=gess,m*’g’. (3.119)

In shell theory, their components are denoted as follows.

£ components of the stress resultant tensor,

a components of the transverse shear stress vector,

q
m®?  components of the moment tensor.

External force variables. One defines the load force vector and the load moment
vector related to a unit area of the middle surface, respectively by

p=r'g. c=c’g3xg, (3.120)

The load moment vector ¢ is thus assumed to be tangential to the middle surface.
The resulting force and couple can be expressed respectively by

P24 A2 AL P24A2 AL

/ /pgdtldtz, / /cgdtldtz, (3.121)
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keeping in mind that in view of (2.105) the area element of the middle surface is
given by dA®) = gdr'ds?.

Equilibrium conditions. Taking (3.116) and (3.121) into account the force equi-
librium condition of the shell element can be expressed as

5 tPtar?

S oAy e ar) < g () £ ()]0

a,ﬂ:l lﬂ

o

24 A2 - Art

+/ /pgdtldt2=0. (3.122)

12 t!
Rewriting the first integral in (3.122) we further obtain

2+A2 1 Ar!
[(9f*).a+gp]dt'di* = 0. (3.123)

2 il
Since the latter condition holds for all shell elements we infer that

(9f%) . a+gp=0, (3.124)
which leads by virtue of (2.107) and (3.73); to

fYa+p=0, (3.125)
where the covariant derivative is formally applied to the vectors f® according to
(3.76)1.

In a similar fashion we can treat the moment equilibrium. In this case, we utilize
(3.117) and (3.121);, and thus obtain instead of (3.124) the following condition

[9(m*+rx f*)].a+ grx p+gc=0. (3.126)
With the aid of (3.62) and keeping (3.125) in mind, it finally delivers

m®o+g,x f*+c=0. (3.127)
In order to rewrite the equilibrium conditions (3.125) and (3.127) in component
form we further utilize representations (3.119), (3.120) and apply the product rule of

differentiation for the covariant derivative (see, e.g., (2.101)—(2.103), Exercise 3.11).
By virtue of (3.78) and (3.80) it delivers (see also Exercise 3.12)
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(F "l = b2a” + ) g, + (£ b + 4l +") 95 =0, (3.128)
(m*lo —q” +c") g3 x g, + g caps f*g5 =0 (3.129)

with a new variable
F = 4 blm a,f=1.2 (3.130)

called pseudo-stress resultant. Keeping in mind that the vectors g; (i =1, 2, 3) are
linearly independent we thus obtain the following scalar force equilibrium conditions

fPla =bbg“+p" =0, p=1,2, (3.131)

basgf +¢%a +p* =0 (3.132)
and moment equilibrium conditions

m*y —q"+c" =0, p=1,2, (3.133)

fP=f a,B=12 a8 (3.134)

With the aid of (3.130) one can finally eliminate the components of the stress resultant
tensor f o8 from (3.131) and (3.132). This leads to the following equation system

F = @m0 )0 —blg® + p* =0, p=1,2, (3.135)
bapfOP — baﬂbgmw +¢%a +p> =0, (3.136)
m*ly —q’+c" =0, p=1,2, (3.137)

where the latter relation is repeated from (3.133) for completeness.

Example 3.8 Equilibrium equations of plate theory. In this case, the middle surface
of the shell is a plane (3.55) for which

bag=b3 =0, a,f=12 (3.138)
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Thus, the equilibrium equations (3.135)—(3.137) simplify to

fa+p’=0 p=1.2, (3.139)
q%a+p=0, (3.140)
map,oz - qp + Cp = 07 P = 17 25 (3141)

where in view of (3.130) and (3.134) f*% = fP (a £ 3 =1, 2).

Example 3.9 Equilibrium equations of membrane theory. The membrane theory
assumes that the shell is moment free so that

mP =0 =0 ap=1,2 (3.142)

In this case, the equilibrium equations (3.135)—(3.137) reduce to

fPla+p’=0, p=12, (3.143)
bap f’ + p* =0, (3.144)
g’ =0, p=12, (3.145)

where again [’ = 9 (a # = 1,2).

Example 3.10 Thin membranes under hydrostatic pressure: Laplace law. In the case
of hydrostatic pressure loading p! = p? = 0, p> = p the equilibrium equations
(3.143) and (3.144) can be simplified by

f*la=0.p=12 blf§+p=0. (3.146)

Choosing further the Gauss coordinates along the principal directions of normal
curvature such that

[bg] = [”l 0 ] , (3.147)

0 2
the last equation (3.146) can be rewritten as
s fl+afi+p=0. (3.148)

For thin membranes the force variables f (o = 1,2) in (3.148) can simply be
expressed in terms of the physical stress components ¢(®) = ¢ - n(®)_ To this end,
we utilize (3.115) and assume that all the shell continuum variables (specified by
asterisk) are constant over the membrane thickness and can be calculated at the
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[ =9 't Jg55, B#a=12.

Multiplying scalarly both sides of this vector equation by n(® (3.113) and taking
(3.118) into account we further get

feo (—jﬂﬂga) = a(a)g_IMh, B#£a=1,2.

Since g'? = ¢?! = 0 for the normal curvature coordinates, we can write in view of
(3.114)

g
gazgaaga:%ga’ B#OZ=1,2,

which further yields
c@h=fo a=1,2, (3.149)

where & = f- g, (o = 1, 2). Inserting this result into (3.148) we finally obtain
the equation

510V + 300®@ 4 % —0 (3.150)
referred to as the Laplace law. In the special case of a spherical surface with s =
) = —% this equation yields the well-known result

R
M _,0_,= 3.151
o o P ( )

Example 3.11 Toroidal membrane under internal pressure. We consider a thin wall
vessel of the torus form subject to the internal pressure p. Due to the rotational
symmetry of the structure and loading with respect to x3-axis (see Fig.3.7) f12 =0
and all derivatives with respect to ¢! disappear. Thus, in view of (3.77); and (3.102)
the first balance equation (3.146) (p = 1) is identically satisfied. The second (p = 2)
and the third one can be written out by using (3.77)1, (3.100) and (3.102) as

R sin 12
Ro + Rcost?

_n (Ro + Rcos t2) cost? — Rf2 4+ p=0. (3.152)

R
f,222—f22 + 1 (?O—Fcostz) sint?> =0,
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Fig. 3.7 Equilibrium of the torus segment under the internal pressure and the wall stresses

Expressing 22 from the last Eq. (3.152) as

R
PN (?0 + costz) cosi? 4 2 (3.153)

and inserting into the first one we obtain
R R
—f}; (?0 + cos tz) cost? + 2f11 (?0 + costz) sin 12
sin ¢2

S L —
Ro + Rcost?
(3.154)

+2f M sinr?cost? — p
Multiplying both side of this equation by —R (Ro + R cost?) cos t* and taking the
identity
2
=g+ 2 = 1 (Ro + Rcos t2) (3.155)
into account yield

(fll cos? t2) ,= —pRsin 1% cos 1% (3.156)
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The solution of this differential equation can be represented by
1201 2.2
ficos = EpRcos t“+C, (3.157)

where C denotes an integration constant. In order to avoid singularity of this solution
at 1> = /2 we set C = 0. Thus, by (3.155)

1

fil=5pR, fl=

PR
2 (Ro + Rcos t2)2 .

(3.158)

By virtue of (3.153) and (3.98) it yields

PR 2Ry + Rcost?

. p 2Ry + Rcost?
2 Ro+ Rcost?’

" 2R Ro+ Rcost?’
(3.159)

=190+ fPon =

Thus, in view of (3.149) the physical stress components in the wall of the toroidal
vessel take the from

R o _ PR2Ry+ Reosi™ 3.160
w7 2h R+ Rcost? ( )

o = p

where / denotes the thickness of the vessel wall assumed to be small in comparison
to R.

Alternatively, the hoop stress o®) can be expressed on the basis of the equilibrium
condition (see also [14]) for a part of the vessel cut out by a vertical cylinder of radius
Ry and a conical surface specified in Fig. 3.7 by a dashed line. The force equilibrium
condition of this part can be written for the vertical direction by

2
p [(Ro + R cos t2) — R(2):| —oPDn2r (RO + Rcos t2) cost? =0, (3.161)

which immediately leads to (3.160),. Applying further the Laplace law (3.150) where
the principal curvatures are given by (3.103) we finally obtain (3.160);.

Exercises

3.1 Show that a curve r (s) is a straight line if s (s) = O for any s.

3.2 Show that the curves r (s) and r’ (s) = r (—s) have the same curvature and
torsion.
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3.3 Show that a curve r (s) characterized by zero torsion 7 (s) = 0 for any s lies in
a plane.

3.4 Evaluate the Christoffel symbols of the second kind, the coefficients of the first
and second fundamental forms, the Gaussian and mean curvatures for the cylinder
(3.56).

3.5 Evaluate the Christoffel symbols of the second kind, the coefficients of the first
and second fundamental forms, the Gaussian and mean curvatures for the sphere
(3.58).

3.6 For the so-called hyperbolic paraboloidal surface defined by
1,2

't
r(tl, zz) —ile; +1%) + ——e3, >0, (3.162)
C

evaluate the tangent vectors to the coordinate lines, the Christoffel symbols of the
second kind, the coefficients of the first and second fundamental forms, the Gaussian
and mean curvatures.

3.7 For a cone of revolution defined by
r(tl, t2) = ct? costlel +ct? sintlez + t2e3, c#0, (3.163)

evaluate the vectors tangent to the coordinate lines, the Christoffel symbols of the
second kind, the coefficients of the first and second fundamental forms, the Gaussian
and mean curvatures.

3.8 An elliptic torus is obtained by revolution of an ellipse about a coplanar axis.
The rotation axis is also parallel to one of the ellipse axes the lengths of which are
denoted by 2a and 2b. The elliptic torus can thus be defined by

r(tl, tz) = (Ro + acos tz) costle; + (Ro + acos tz) sint'es + bsin t2e3.
(3.164)
Evaluate the vectors tangent to the coordinate lines, the Christoffel symbols of the

second kind, the coefficients of the first and second fundamental forms, the Gaussian
and mean curvatures.

3.9 Using the results of Exercise 3.8 calculate stresses in a thin wall vessel of the
elliptic torus form (3.164) subject to the internal pressure p.

3.10 Verify relation (3.114).

3.11 Prove the product rule of differentiation for the covariant derivative of the
vector £ (3.119); by using (3.76) and (3.77).
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3.12 Derive relations (3.128) and (3.129) from (3.125) and (3.127) utilizing (3.78),
(3.80), (3.119), (3.120) and (2.101)—(2.103).

3.13 Write out equilibrium Egs. (3.143) and (3.144) of the membrane theory for a
cylindrical shell and a spherical shell.
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Chapter 4
Eigenvalue Problem and Spectral
Decomposition of Second-Order Tensors

4.1 Complexification

So far we have considered solely real vectors and real vector spaces. For the purposes
of this chapter an introduction of complex vectors is, however, necessary. Indeed, in
the following we will see that the existence of a solution of an eigenvalue problem
even for real second-order tensors can be guaranteed only within a complex vector
space. In order to define the complex vector space let us consider ordered pairs (x, y)
of real vectors x and y € E". The sum of two such pairs is defined by [17]

(1, y1) 4 (x2, y2) = (x1 +x2, 3, + o). 4.1
Further, we define the product of a pair (x, y) by a complex number « + i3 by
(a+ip) (x, y) = (ax — By, fx + ay), (4.2)

where o, f € R and i = +/—1. These formulas can easily be recovered assuming
that

(x,y) =x+1y. 4.3)

The definitions (4.1) and (4.2) enriched by the zero pair (0, 0) are sufficient to ensure
that the axioms (A.1-A.4) and (B.1-B.4) of Chap. 1 are valid. Thus, the set of all pairs
z = (x, y) characterized by the above properties forms a vector space referred to as
complex vector space. Every basis G = { 91,92, ---» gn} of the underlying Euclidean
space E” represents simultaneously a basis of the corresponding complexified space.
Indeed, for every complex vector within this space

z=Xx 41y, “4.4)

Engineers,
19-16342-0_4
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where x, y € E” and consequently

x=x'gi y=yg. 4.5)
we can write

z= (x" + iy") gi. (4.6)

Thus, the dimension of the complexified space coincides with the dimension of the
original real vector space. Using this fact we will denote the complex vector space
based on E” by C”. Clearly, E” represents a subspace of C".

For every vector z € C" given by (4.4) one defines a complex conjugate counter-
part by

zZ=x—1iy. “4.7)

Of special interest is the scalar product of two complex vectors, say z; = x| +1iy;
and 2o = x2 + 1y,, which we define by (see also [4])

(x1+iy) - (k2 +iyy) =x1-x2—y; - yo+i(x1-yo+y; - x2). (4.8)

This scalar product is commutative (C.1), distributive (C.2) and linear in each factor
(C.3). Thus, it differs from the classical scalar product of complex vectors given in
terms of the complex conjugate (see, e.g., [17]). As a result, the axiom (C.4) does
not generally hold. For instance, one can easily imagine a non-zero complex vector
(for example e 4 ie2) whose scalar product with itself is zero. For complex vectors
with the scalar product (4.8) the notions of length, orthogonality or parallelity can
hardly be interpreted geometrically.
However, for complex vectors the axiom (C.4) can be reformulated by

z2:-2>0, z-2=0 ifandonlyif z =0. 4.9)

Indeed, using (4.4), (4.7) and (4.8) we obtainz-Z = x -x + y - y. Bearing in mind that
the vectors x and y belong to the Euclidean space this immediately implies (4.9).

As we learned in Chap. 1, the Euclidean space E” is characterized by the existence
of an orthonormal basis (1.8). This can now be postulated for the complex vector
space C" as well, because C” includes E” by the very definition. Also Theorem 1.6
remains valid since it has been proved without making use of the property (C.4).
Thus, we may state that for every basis in C" there exists a unique dual basis.

The last step of the complexification is a generalization of a linear mapping on
complex vectors. This can be achieved by setting for every tensor A € Lin”

A(x +iy) =Ax +i(Ay). (4.10)
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4.2 Eigenvalue Problem, Eigenvalues and Eigenvectors

Let A € Lin" be a second-order tensor. The equation
Aa=Xa, a#0 4.11)

is referred to as the eigenvalue problem of the tensor A. The non-zero vector a € C"
satisfying this equation is called an eigenvector of A; A € C is called an eigenvalue
of A. It is clear that any product of an eigenvector with any (real or complex) scalar
is again an eigenvector.

The eigenvalue problem (4.11) and the corresponding eigenvector @ can be
regarded as the right eigenvalue problem and the right eigenvector, respectively.
In contrast, one can define the left eigenvalue problem by

bA = )\b, b #0, (4.12)

where b € C" is the left eigenvector. In view of (1.118), every right eigenvector of A

represents the left eigenvector of AT and vice versa. In the following, unless indicated

otherwise, we will mean the right eigenvalue problem and the right eigenvector.
Mapping (4.11) by A several times we obtain

Afa=Xa, k=1,2,... (4.13)

This leads to the following (spectral mapping) theorem.

Theorem 4.1 Let \ be an eigenvalue of the tensor A and let g (A) = Y[, arA¥
be a polynomial of A. Then g (\) = > ax NF is the eigenvalue of g (A).

Proof Let a be an eigenvector of A associated with A. Then, in view of (4.13)
m m m
gA)a = ZakAka = Zak)\ka = (Zak)\k)a =g\ a.
k=0 k=0 k=0

In order to find the eigenvalues of the tensor A we consider the following repre-
sentations:

A=Afjgi®gj, a:aigi, b:bigi, 4.14)

where G ={g,,95.....9,} and G’ = {g', g*, ..., g"} are two arbitrary mutually
dual bases in E” and consequently also in C". Note that we prefer here the mixed
variant representation of the tensor A. Inserting (4.14) into (4.11) and (4.12) further
yields

Alialg; = \d'g;. Albig/ = \bjg/,
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and therefore

(Af'jaf' - )\ai) g, =0, (Af'jb,- - ,\bj) g =0 (4.15)
Since both the vectors g; and g’ (i = 1,2, ..., n) are linearly independent the asso-

ciated scalar coefficients in (4.15) must be zero. This results in the following two
linear homogeneous equation systems

(A = A0)al =0, (A} =) b =0, i=1.2.....n (4.16)

with respect to the components of the right eigenvector a and the left eigenvector b,
respectively. A non-trivial solution of these equation systems exists if and only if

Afj — Aaj. =0, 4.17)
or equivalently
Al - A ZA}Z . A;n
A AamAe 4.18)
Af’l Aflz . A 2

where |e| denotes the determinant of a matrix. Equation (4.17) is called the charac-
teristic equation of the tensor A. Writing out the determinant on the left hand side of
this equation one obtains a polynomial of degree n with respect to the powers of \

pAO) = (D" N+ (=D 4
(=D RN 1) (4.19)

referred to as the characteristic polynomial of the tensor A. Thereby, it can easily be
seen that

I = A=A, 1Y) = Al (4.20)
The characteristic Eq. (4.17) can briefly be written as

pa () = 0. 421

According to the fundamental theorem of algebra, a polynomial of degree n
has n complex roots which may be multiple. These roots are the eigenvalues
i (i =1,2,...,n) of the tensor A.
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Factorizing the characteristic polynomial (4.19) yields
n
pay =[] =N. (4.22)
i=1
Collecting multiple eigenvalues the polynomial (4.22) can further be rewritten as
N
pay =[] =N, (4.23)
i=1

where s (1 < s < n) denotes the number of distinct eigenvalues, while r; is referred
to as an algebraic multiplicity of the eigenvalue \; (i =1,2,...,s). It should for-
mally be distinguished from the so-called geometric multiplicity #;, which represents
the number of linearly independent eigenvectors associated with this eigenvalue.

Example 4.1 Eigenvalues and eigenvectors of the deformation gradient in the case of
simple shear. In simple shear, the deformation gradient can be given by F = F* jei®

e/, where the matrix [F’ j] is represented by (2.69). The characteristic Eq. (4.17) for
the tensor F takes thus the form

1—X 0
0 1-Xx 0 |=0.
0 0 1-2AX
Writing out this determinant we obtain
(1=»*=0,
which yields one triple eigenvalue

AMl=X=A=1.

The associated (right) eigenvectors @ = a’e; can be obtained from the equation
system (4.16); i.e.

F.—\')a/ =0, i=1,2,3.
(F, %)

In view of (2.69) it reduces to the only non-trivial equation

az'y = 0.
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Hence, all eigenvectors of F can be given by @ = a'e; 4+ a’e3. They are linear com-
binations of the only two linearly independent eigenvectors e and e3. Accordingly,
the geometric and algebraic multiplicities of the eigenvalue 1 are #{ = 2 and r; = 3,
respectively.

4.3 Characteristic Polynomial

By the very definition of the eigenvalue problem (4.11) the eigenvalues are inde-
pendent of the choice of the basis. This is also the case for the coefficients
IX) (i =1,2,...,n) of the characteristic polynomial (4.19) because they uniquely
define the eigenvalues and vice versa. These coefficients are called principal invari-
ants of A. Writing out (4.22) and comparing with (4.19) one obtains the following
relations between the principal invariants and eigenvalues

) =M+ 4+ A
Iff) =X+ XN+ -+ Mo,

n

0= > XAa e
01<02<-+<0g
1 = Ao s (4.24)
referred to as the Vieta theorem. The principal invariants can also be expressed
in terms of the so-called principal traces trA* (k=1,2,...,n). Indeed, by use of

(4.13), (4.20); and (4.24); we first write

wAf =X N N k=12, (4.25)

Then, we apply Newton’s identities (also referred to as the Newton-Girard formulas)
relating coefficients of a polynomial to its roots represented by the sum of the powers
(see e.g. [10]) in the form of the right hand side of (4.25). Taking (4.25) into account,
Newton’s identities can thus be written as
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1
9 = 3 (Iff)trA — 1 uA? + trA3) ,

1 e -
= (4" =18 PrA? 4+ (DR rat)

k
1 _ P
= > (=D Al
i=1

igﬂ = detA, (4.26)
where we set Ig)) = 1and

detA = ‘Afj’ - )A;’.‘ 4.27)
is called the determinant of the tensor A.

Example 4.2 Three-dimensional space. For illustration, we consider a second-order
tensor A in three-dimensional space. In this case, the characteristic polynomial (4.19)
takes the form

pA (A) = =23 + 1407 — A\ + M1, (4.28)
where

Iy =10 = A,

1
=19 =3 [@a)? —ua?],

1 3 1
my =19 = 3 [trA3 - 5trAZtrA +3 (trA)3] = detA (4.29)

are the principal invariants (4.26) of the tensor A. They can alternatively be expressed
by the Vieta theorem (4.24) in terms of the eigenvalues as follows

Ia=2A+X4+ 23, 1A =AA24+ A3+ 32, A = A1 A3, (4.30)

The roots of the cubic polynomial (4.28) can be obtained in a closed form by means
of the Cardano formula (see, e.g. [5]) as

1 5 1
Ne= 3 [IA +2/1} — 3llx cos 3 [0 +2m (k — 1)]] . k=1,2,3, (431
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where

213 — 9IaIl + 271114
2(13 —314)*?

¥ = arccos [ } , I3 =3l #0. (4.32)

In the case Ii — 3II54 = 0, the eigenvalues of A take another form
1 1 3\!/3 2 Lo (2
o= 3la+ 5 (278 = 1) [eos (k) +isin (3r0)] (4.33)
where k = 1, 2, 3.

4.4 Spectral Decomposition and Eigenprojections

The spectral decomposition is a powerful tool for the tensor analysis and tensor
algebra. It enables to gain a deeper insight into the properties of second-order tensors
and to represent various useful tensor operations in a relatively simple form. In the
spectral decomposition, eigenvectors represent one of the most important ingredients.

Theorem 4.2 The eigenvectors of a second-order tensor corresponding to pairwise
distinct eigenvalues are linearly independent.

Proof Suppose that these eigenvectors are linearly dependent. Among all possible
nontrivial linear relations connecting them we can choose one involving the minimal

number, say r, of eigenvectors a; # 0 (i =1,2,...,r). Obviously, | < r < n.
Thus,
-
> aai =0, (4.34)
i=1
where all ; (i = 1,2, ..., r) are non-zero. We can also write
Aaiz)\,-a,-, i=l,2,...,r, (4.35)

where \; # \;, (i #j =1,2,...,r). Mapping both sides of (4.34) by A and taking
(4.35) into account we obtain

r r
> aiAa; =" aidia; =0. (4.36)
i=1 i=1
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Multiplying (4.34) by A\, and subtracting from (4.36) yield

r r—1
0= Zai N —A)a; = Zai i — A a.
i=1 i=1

In the latter linear combination none of the coefficients is zero. Thus, we have a
linear relation involving only r — 1 eigenvectors. This contradicts, however, the
earlier assumption that r is the smallest number of eigenvectors satisfying such a
relation.

Theorem 4.3 Let b; be a left and a; a right eigenvector associated with distinct
eigenvalues \; # \; of a tensor A. Then,

bi-a; =0. (4.37)
Proof With the aid of (1.81) and taking (4.11) into account we can write
biAaj =b; - (Aaj) =b; - (\ja;) = \;b; - a;.
On the other hand, in view of (4.12)
bjAa; = (bjA) -a; = (b)) -a; =\b; -a;.
Subtracting one equation from another one we obtain
(N = Xj)bi-a;=0.
Since A\; # A; this immediately implies (4.37).

Now, we proceed with the spectral decomposition of a second-order tensor A.
First, we consider the case of n simple eigenvalues. Solving the equation systems
(4.16) one obtains for every simple eigenvalue ); the components of the right eigen-
vector a; and the components of the left eigenvector b; (i = 1,2, ...,n). n right
eigenvectors on the one hand and n left eigenvectors on the other hand are linearly
independent and form bases of C". Obviously, b; -a; #0 (i = 1,2, ..., n) because
otherwise it would contradict (4.37) (see Exercise 4.5). Normalizing the eigenvectors
we can thus write

b,-~aj=6ij, i,j=12,...,n. (4.38)

Accordingly, the bases a; and b; are dual to each other such that al = b; and
b = a; i = 1,2,...,n). Now, representing A with respect to the basis a; ®
bj (i,j=1,2,...,n)as A = Ala; ® b; we obtain with the aid of (1.91), (4.11)
and (4.38)
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Aij = aiAbj = biAaj = b,‘ . (Aaj) = b,‘ . ()\jaj) = )\j5,‘j,
where i, j = 1,2, ..., n. Thus,
n
A=> Na;®b;. (4.39)
i=1

Next, we consider second-order tensors with multiple eigenvalues. We assume, how-
ever, that the algebraic multiplicity r; of every eigenvalue )\; coincides with its
geometric multiplicity #;. In this case we again have n linearly independent right
eigenvectors forming a basis of C" (Exercise 4.4). We will denote these eigenvectors
by afk) i=12,....8;k=1,2,...,r;) where s is the number of pairwise distinct
eigenvalues. Constructing the basis b;l) dual to agk) such that

a b =gyt i =12, s k=12, L= 1.2,y (440)

we can write similarly to (4.39)

A=i)\,~

i=1 k=

ri

a® @b®. (4.41)
1

The representations of the form (4.39) or (4.41) are called spectral decomposition
in diagonal form or, briefly, spectral decomposition. Note that not every second-
order tensor A € Lin" permits the spectral decomposition. The tensors which can be
represented by (4.39) or (4.41) are referred to as diagonalizable tensors. For instance,
we will show in the next sections that symmetric, skew-symmetric and orthogonal
tensors are always diagonalizable. If, however, the algebraic multiplicity of at least
one eigenvalue exceeds its geometric multiplicity, the spectral representation is not
possible. Such eigenvalues (for which r; > ;) are called defective eigenvalues.
A tensor that has one or more defective eigenvalues is called defective tensor. In
Sect.4.2 we have seen, for example, that the deformation gradient F represents in
the case of simple shear a defective tensor since its triple eigenvalue 1 is defective.
Clearly, a simple eigenvalue (r; = 1) cannot be defective. For this reason, a tensor
whose all eigenvalues are simple is diagonalizable.

Now, we look again at the spectral decompositions (4.39) and (4.41). With the
aid of the abbreviation

i
Pi=Z“§k)®b§k)’ i=1,2,....s (4.42)
=1

ol LElUMN Zyl_i.lbl
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they can be given in a unified form by
N
A=>" AP (4.43)
i=1

The generally complex tensors P; (i =1,2,...,s) defined by (4.42) are called
eigenprojections. It follows from (4.40) and (4.42) that (Exercise 4.6)

Pin =5ijPi9 i,j=1,2,...,s (4.44)
and consequently
PiAZAP,'Z)\,'Pi, i=1,2,...,s. (4.45)

Bearing in mind that the eigenvectors ale) (i=12,...,5k=1,2,...,r;) form
a basis of C" and taking (4.40) into account we also obtain (Exercise 4.7)

s
Z P, =1 (4.46)
i=1

Due to these properties of eigenprojections (4.42) the spectral representation (4.43) is
very suitable for calculating tensor powers, polynomials and other tensor functions
defined in terms of power series. Indeed, in view of (4.44) powers of A can be
expressed by

N
AF= NP k=0.1.2,... (4.47)

i=1

For a tensor polynomial it further yields
s
gAY =D g\)Pi. (4.48)
i=1
For example, the exponential tensor function (1.117) can thus be represented by

exp (A) = > exp () Pi. (4.49)

i=1

For an invertible second-order tensor we can also write

S
Al = Z AP, AeInv, (4.50)
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which implies that \; £ 0 (i = 1, 2, ..., s). The latter property generally character-
izes all (not necessarily diagonalizable) invertible tensors (see Exercise 4.9).

With the aid of (4.44) and (4.46) the eigenprojections can be obtained without
solving the eigenvalue problem in the general form (4.11). To this end, we first

consider s polynomial functions p; (A) (i =1,2,...,s) satisfying the following
conditions
pi (Nj) =05, i, j=12,....s. (4.51)

Thus, by use of (4.48) we obtain

pi (A) = Zp, )P; _Za,,P =P, i=12,. (4.52)
j=1

Using Lagrange’s interpolation formula (see, e.g., [5]) and assuming that s # 1 one
can represent the functions p; (\) (4.51) by the following polynomials of degree
s —1:

PPy
A=A

pi(\) = i=1,2,...,s > 1 (4.53)

j=1
J#

Considering these expressions in (4.52) we obtain the so-called Sylvester formula as

LA-NT
Pi:fl_lzl)\i—A" i=1,2,...,5s > 1. (4.54)
j#

Note that according to (4.46), Py = I in the case of s = 1. With this result in hand
the above representation can be generalized by

A— )\
P_6131+H)\_)\ i=1,2,...,s. (4.55)
J#l

Writing out the product on the right hand side of (4.55) also delivers (see, e.g., [50])

1
=— D iy p 1Al i=1,2,..5, (4.56)
i
=0
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where tjg = 1,

ip= (D" DT Aoy Ao, (L= 0i0)) -+ (1= 6o, )

1<o1==o0p=<s

N

Di=di+ (M=), p=1L2....s—1 i=12...5s
=1
i

4.57)

=Y

4.5 Spectral Decomposition of Symmetric
Second-Order Tensors

We begin with some useful theorems concerning eigenvalues and eigenvectors of
symmetric tensors.

Theorem 4.4 The eigenvalues of a symmetric second-order tensor M € Sym” are
real, the eigenvectors belong to E".

Proof Let X be an eigenvalue of M and a a corresponding eigenvector such that
according to (4.11)

Ma = )\a.

The complex conjugate counterpart of this equation is

Ma=)\a.
Taking into account that M is real and symmetric such that M = M and MT = M
we obtain in view of (1.118)

aM=)\a.
Hence, one can write

0=aMa —aMa = a - (Ma) — (@aM) - a

=Mam—X@ap{xég@ﬂy

Bearing in mind that @ # 0 and taking (4.9) into account we conclude thata -a > 0.
Hence, A = . The components of @ with respect to a basis G = {gl, gos---s gn}

in E" are real since they represent a solution of the linear equation system (4.16);
with real coefficients. Therefore, a € E".

Theorem 4.5 Eigenvectors of a symmetric second-order tensor corresponding to
distinct eigenvalues are mutually orthogonal.
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Proof According to Theorem 4.3 scalar product of a right and a left eigenvector
associated with distinct eigenvalues is zero. However, for a symmetric tensor every
right eigenvector represents the left eigenvector associated with the same eigenvalue
and vice versa. Taking also into account that the eigenvectors are real we infer that
right (left) eigenvectors associated with distinct eigenvalues are mutually orthogonal.

Theorem 4.6 Let \; be an eigenvalue of a symmetric second order tensor M. Then,
the algebraic and geometric multiplicity of \; coincide.

Proof Let ay € E" (k=1,2,...,t) be all linearly independent eigenvectors
associated with )\;, while #; and r; denote its geometric and algebraic multiplic-
ity, respectively. Every linear combination of a; with not all zero coefficients
ar (k=1,2,...,1t) is again an eigenvector associated with );. Indeed,

14
M Z aray = Z ar May) = Z Qi = N\ Z opay. (4.58)
k=1 k=1

According to Theorem 1.4 the set of vectors ay (k =1,2,...,¢) can be completed
to a basis of [E”. With the aid of the Gram-Schmidt procedure described in Chap. 1
(Sect. 1.4) this basis can be transformed to an orthonormal basise; (I = 1,2, ..., n).
Sincethe vectorse; (j = 1,2, ..., ;) arelinear combinationsofay (k =1,2,...,1)
they likewise represent eigenvectors of M associated with \;. Further, we rep-
resent the tensor M with respect to the basis ¢ ® e, (I,m =1,2,...,n) as
M = M™e; @ e,,. In view of the identities Me; = exM = Nex (k =1,2,...,1)
and keeping in mind the symmetry of M we can write using (1.91)

M = )\Zek®ek+ Z M), e ® en (4.59)

I,m=t;+1
and
"X 0...0 7
0N...O
; . oo
(M| =[eMe| = | o o ... 5, . (4.60)
0 M’

Thus, the characteristic polynomial of M can be given as

M N = M}, — A | (N — V', (4.61)

ol LElUMN Zyl_i.lbl
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Now, we consider the vector space E" ' of all linear combinations of the vectors
e; (I=t +1,...,n). The tensor

n
M= > M,eQen
I,m=t;+1

represents a linear mapping of this space into itself. The eigenvectors of M’ are
linear combinations of ¢; (I =t; 4+ 1, ..., n) and therefore are linearly independent
ofer (k=1,2,...,1).Consequently, \; is not an eigenvalue of M. Otherwise, the
eigenvector corresponding to this eigenvalue )\; would be linearly independent of
er (k=1,2,...,t) which contradicts the previous assumption. Thus, all the roots
of the characteristic polynomial of this tensor

pmr (V) = [M},, — Adm|
differ from ;. In view of (4.61) this implies that r; = ;.

As aresult of this theorem and in view of (4.41) and (4.43), the spectral decomposition
of a symmetric second-order tensor can be given by

s ri s
M=>A\>a"®a” => AP, MeSym", (4.62)
i=1 k=l i=1
in terms of the real symmetric eigenprojections
Ti
Pi=>agal, (4.63)
k=1
where the eigenvectors algk) form an orthonormal basis in E” so that
a -a =501, (4.64)
wherei, j =1,2,...,s; k=1,2,...,r;5 [ =1,2,...,rj.

Of particular interest in continuum mechanics are the so-called positive-definite
second-order tensors. They are defined by the following condition

xAx >0, VxeE", x#0. (4.65)
For a symmetric tensor M the above condition implies that all its eigenvalues are
positive. Indeed, let a; be a unit eigenvector associated with the eigenvalue \; (i =

1,2,...,n). In view of (4.65) one can thus write

(4.66)
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This allows to define powers of a symmetric positive-definite tensor with a real
exponent as follows

s
M® =D MP;, acR (4.67)
i=1

4.6 Spectral Decomposition of Orthogonal
and Skew-Symmetric Second-Order Tensors

We begin with the orthogonal tensors Q € Orth” defined by the condition (1.138).
For every eigenvector a and the corresponding eigenvalue A we can write

Qa=)X\a, Qa=)\a, (4.68)

because Q is by definition a real tensor such that Q = Q. Mapping both sides of
these vector equations by QT and taking (1.118) into account we have

aQ=X)""a, aQ=X\" a. (4.69)
Thus, every right eigenvector of an orthogonal tensor represents its left eigenvector

associated with the inverse eigenvalue.
Now, we consider the product aQa. With the aid of (4.68); and (4.69), we obtain

@Qa=X\@-a)=X\ '@-a). (4.70)
Since, however, @ - @ = a - a > 0 according to (4.8) and (4.9) we infer that
A= 1. 4.71)

Thus, all eigenvalues of an orthogonal tensor have absolute value 1 so that we can
write

A= el = cosw + isinw. (4.72)
By virtue of (4.71) one can further rewrite (4.69) as

aQ =)a, aQ=)\a. (4.73)
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If further A # A=) or, in other words, A is neither +1 nor —1, Theorem 4.3
immediately implies the relations

a-a=0, a-a=0, £\ (4.74)

indicating that @ and consequently a@ are complex (definitely not real) vectors. Using
the representation

1
a=—(p+iq), p,qecBE" 4.75
ﬁ(p 9, p.q (4.75)

and applying (4.8) one can write

Ipl =gl =1, p-q=0, (4.76)

sothata-a=1/2(p-p+q-q)=1.

Summarizing these results we conclude that every complex (definitely not real)
eigenvalue \ of an orthogonal tensor comes in pair with its complex conjugate coun-
terpart A\ = A~'. If a is a right eigenvector associated with \, then @ is its left
eigenvector. For X, a is, vice versa, the left eigenvector and a the right one.

Next, we show that the algebraic and geometric multiplicities of every eigenvalue
of an orthogonal tensor Q coincide. Let a; (k = 1,2, ..., 1) be all linearly inde-
pendent right eigenvectors associated with an eigenvalue ;. According to Theorem
1.4 these vectors can be completed to a basis of C". With the aid of the Gram-
Schmidt procedure (see Exercise 4.17) a linear combination of this basis can be
constructed in such a way that a; - @; = &g (k,l = 1,2, ..., n). Since the vectors
ay (k=1,2,...,t;) are linear combinations of ay (k =1,2,...,¢t) they likewise
represent eigenvectors of Q associated with );. Thus, representing Q with respect
tothe basisay ® a; (k,l =1,2,...,n) we can write

1 n
Q=>\izak®5k+ Z Qats ® .
k=1

I,m=t;+1

Comparing this representation with (4.59) and using the same reasoning as applied
for the proof of Theorem 4.6 we infer that \; cannot be an eigenvalue of Q' =
Z;’ m=ti+1 Q,,,@1 ® @y,. This means that the algebraic multiplicity r; of A; coincides
with its geometric multiplicity #;. Thus, every orthogonal tensor Q € Orth” is charac-
terized by exactly n linearly independent eigenvectors forming a basis of C". Using
this fact the spectral decomposition of Q can be given by

ol LElUMN Zyl_i.lbl
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k k ! 1
Q- zau o zao a®
+ Z{A Za(k) ®a + X Za(k) ®a(k)] (4.77)
i=l1 k=1

where r11 and r_; denote the algebraic multiplicities of real eigenvalues +1 and
—1, respectively, while afi k=1,2,...,r41) and ag)l (l=1,2,...,r_1)arethe
corresponding orthonormal real eigenvectors. s is the number of complex conjugate
pairs of eigenvalues \; = cosw; =+ isinw; with distinct arguments w; each of mul-
tiplicitiy r;. The associated eigenvectors a ( ) and @ _(k) obey the following relations
(see also Exercise 4.18)

a -} =0, a"-a") =0, o @) =50 a - a™ =0, @78)
wherei, j=1,2,...,s; kym=1,2,...,r;; I =1,2,...,rj; 0=1,2,...,7141;
p=1,2,...,r_1. Using the representations (4.75) and (4.72) the spectral decom-
position (4.77) can alternatively be written as

T+1

k k k (k k k
Q:za;;®a;;+zcmz( P epl +al 0qb)
— k_
za(b] ®a’, +ZSlnw z( ©) @ g — g ®p(k)) (4.79)
k=1

Now, we turn our attention to skew-symmetric tensors W € Skew” as defined in
(1.158). Instead of (4.69) and (4.70) we have in this case

aW = —)a, aW = -)\a, (4.80)
aWa=\@-a)=—-\(@-a) (4.81)

and consequently

A= —X\ (4.82)

Thus, the eigenvalues of W are either zero or imaginary. The latter ones come in
pairs with the complex conjugate like in the case of orthogonal tensors. Similarly to
(4.77) and (4.79) we thus obtain

s T
W=>wiy (aVead -z eal)
i=1 k=1
s T
=>w> (rV e -a e p?). (4.83)

i=1 k=1
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where s denotes the number of pairwise distinct imaginary eigenvalues w;i while the

associated eigenvectors agk) and a_l(k) are subject to the restrictions (4.78)3 4.

Orthogonal tensors in three-dimensional space. In three-dimensional case Q €
Orth?, at least one of the eigenvalues is real, since complex eigenvalues of orthogonal
tensors appear in pairs with the complex conjugate. Hence, we can write

AN =241, M=e“=cosw+isinw, M=e ¥ =cosw—isinw. (4.84)

In the case sinw = 0 all three eigenvalues become real. The principal invariants
(4.30) take thus the form

I =AM +2cosw ==£1+2cosw,
g =2Acosw + 1 = A\l = £,
Mg = A1 = £1. (4.85)

The spectral representation (4.77) takes the form
Q==4a; ®a; + (cosw +isinw)a®a + (cosw —isinw)a R a, (4.86)

where a; € E? and a € C3 is given by (4.75) and (4.76). Taking into account that
by (4.78)

aj-ra=a;-p=a;-q=0 4.87)
we can set
ap=4q xp. (4.88)

Substituting (4.75) into (4.86) we also obtain

Q=+4a;@a; +cosw(p®p+qRq) +tsinw(p®qg—-—q@p). (489
By (1.140), (1.95) and (4.88) this finally leads to

Q =coswI + sinwd] + (£1 —cosw) a; V a;. (4.90)
Comparing this representation with (1.73) we observe that any orthogonal tensor
Q € Orth? describes a rotation in three-dimensional space if g = Ay = 1. The

eigenvector a| corresponding to the eigenvalue 1 specifies the rotation axis. In this
case, Q is referred to as a proper orthogonal tensor.
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Skew-symmetric tensors in three-dimensional space. For a skew-symmetric
tensor W € Skew> we can write in view of (4.82)

A1=0, =wi, A\3=-—uwi (4.91)
Similarly to (4.85) we further obtain (see Exercise 4.19)

Iw=0, Ilw= % W[ = w?, Iy = 0. (4.92)
The spectral representation (4.83) takes the form

W=uvi@®a—a®a)=w(p®q—qQp), (4.93)

where a, p and ¢ are again related by (4.75) and (4.76). With the aid of the abbrevi-
ation

wW=way =wqg xXp (4.94)
and bearing (1.172) in mind we finally arrive at the representation (1.161)

W=1w. (4.95)
Thus, the axial vector w (4.94) of the skew-symmetric tensor W (4.93) in three-

dimensional space represents its eigenvector corresponding to the zero eigenvalue in
accordance with (1.163).

4.7 Cayley-Hamilton Theorem

Theorem 4.7 Let pa (M) be the characteristic polynomial of a second-order tensor
A € Lin". Then,

n
paA) =D (1" FIPA k=0, (4.96)
k=0
Proof As a proof (see, e.g., [13]) we show that
pa(A)x =0, Vx cE". (4.97)

For x = 0 it is trivial, so we suppose that x # 0. Consider the vectors

y,=A"lx, i=12 ... (4.98)
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Obviously, there is an integer number k such that the vectors y, y,,..., y; are
linearly independent, but

a1y1+a2y2+...+akyk—|-Akx:0, (4.99)
Note that 1 < k < n. If k # n we can complete the vectors y; (i=1,2,...,k) to

abasisy, i =1,2,...,n)of E". Let A = Aiji ® y/, where the vectors y’ form
the basis dual to y; (i = 1,2, ..., n). By virtue of (4.98) and (4.99) we can write

yi+1 if i < k,
= k
A=Ak == S agy, ifi=k (100
j=1
The components of A can thus be given by
00...0 —ay
10...0 —a2
[aG]=[van] =] i 0 || @101
00...1 —ax
0 |A//

where A’ and A” denote some submatrices. Therefore, the characteristic polynomial
of A takes the form

A 0...0 —a
1 =X...0 —a
paN)=par N . : ; (4.102)
0 0...1 —ar—AX
where par (A) = det (A/ " — AI). By means of the Laplace expansion rule (see, e.g.,
[5]) we expand the determinant in (4.102) along the last column, which yields

A ) = par A (=1 (a1 Far+ a4 )\k) . (4.103)
Bearing (4.98) and (4.99) in mind we finally prove (4.97) by
Pa)x = (=1 par (&) (@] + @A+ + AT+ AY) x
= (=¥ par (A) (alx +amAx + -+ AT e + Akx)

= (=1 par (&) (@13) +a2y; + - +ayy +A'x) = 0.
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Exercises

4.1 Evaluate eigenvalues and eigenvectors of the right Cauchy-Green tensor C =
FTF in the case of simple shear, where F is defined by (2.69).

4.2 Let g; (i = 1,2,3) be linearly independent vectors in E3. Prove that for any
second order tensor A € Lin?

Ag,Ag, A
dera — [A91A92A05] (4.104)
[919293]
4.3 Prove identity (4.29)3 using Newton’s identities (4.26).
4.4 Prove that eigenvectors al(k) (i=1,2,...,8;k=1,2,...,1t;) of a second

order tensor A € Lin" are linearly independent and form a basis of C" if for
every eigenvalue the algebraic and geometric multiplicities coincide so that r; =
i (i=1,2,...,5).

4.5 Generalize the proof of Exercise 1.8 for complex vectors in C".
4.6 Prove identity (4.44) using (4.40) and (4.42).

4.7 Prove identity (4.46) taking (4.40) and (4.42) into account and using the results
of Exercise 4.4.

4.8 Prove the identity det [exp (A)] = exp (trA).

4.9 Prove that a second-order tensor is invertible if and only if all its eigenvalues
are non-zero.

4.10 Let )\; be an eigenvalue of a tensor A € Inv”. Show that /\i_1 represents then
the eigenvalue of A~

4.11 Show that the tensor MN is diagonalizable if M, N € Sym” and at least one
of the tensors M or N is positive-definite.

4.12 Verify the Sylvester formula for s = 3 by inserting (4.43) and (4.46) into
(4.55).

4.13 Represent eigenprojections of the right Cauchy-Green tensor in the case of
simple shear using the results of Exercise 4.1 by (4.42) and alternatively by the
Sylvester formula (4.55). Compare both representations.

4.14 Calculate eigenvalues and eigenprojections of the tensor A = A;ei ® e/,

where
. -222
[A’j —| 214
241

vester formula (4.55).
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4.15 Calculate the exponential of the tensor A given in Exercise 4.14 using the
spectral representation in terms of eigenprojections (4.43).

4.16 Calculate eigenvectors of the tensor A defined in Exercise 4.14. Express eigen-
projections by (4.42) and compare the results with those obtained by the Sylvester
formula (Exercise 4.14).

417 Lete; i =1,2,...,m) € C" be a set of linearly independent complex vec-
tors. Using the (Gram-Schmidt) procedure described in Chap. 1 (Sect. 1.4), construct
linear combinations of these vectors, say a; (i = 1, 2, ..., m), again linearly inde-
pendent, in such a way thata; -@; =d; (i, j =1,2,...,m).

4.18 Let al(k) (k=1,2,...,t) be all linearly independent right eigenvectors of an
orthogonal tensor associated with a complex (definitely not real) eigenvalue );. Show
thata® - a” =0 (k,1=1,2,...,15).

4.19 Evaluate principal invariants of a skew-symmetric tensor in three-dimensional
space using (4.29).

4.20 Evaluate eigenvalues, eigenvectors and eigenprojections of the tensor describ-
ing the rotation by the angle « about the axis e3 (see Exercise 1.24).

4.21 Verify the Cayley-Hamilton theorem for the tensor A defined in Exercise 4.14.

4.22 Verify the Cayley-Hamilton theorem for the deformation gradient in the case
of simple shear (2.69).
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Chapter 5
Fourth-Order Tensors

5.1 Fourth-Order Tensors as a Linear Mapping

Fourth-order tensors play an important role in continuum mechanics where they
appear as elasticity and compliance tensors. In this section we define fourth-order
tensors and learn some basic operations with them. To this end, we consider a set
Lin" of all linear mappings of one second-order tensor into another one within Lin".
Such mappings are denoted by a colon as

Y=A:X, Aecclin”, YeLin", VX € Lin". (5.1)

The elements of £in" are called fourth-order tensors.

Example 5.1 Elasticity and compliance tensors. A constitutive law of a linearly
elastic material establishes a linear relationship between the Cauchy stress tensor
o and Cauchy strain tensor €. Since these tensors are of the second-order a linear
relation between them can be expressed by fourth-order tensors like

oc=C:€e or e=H:o0. 5.2)

The fourth-order tensors € and JH describe properties of the elastic material and are
called the elasticity and compliance tensor, respectively.

Linearity of the mapping (5.1) implies that
A: X+Y)=A:X+A:Y, (5.3)

A:@X)=aA:X), VX, Y cLin”, Ya e R, A e Lin". (5.4)

Similarly to second-order tensors one defines the product of a fourth-order tensor
with a scalar

(5.5)

015 121
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and the sum of two fourth-order tensors by

A+B): X=A:X+B:X, VXelLin" (5.6)
Further, we define the zero-tensor O of the fourth-order by

0:X=0, VvXelLin" 5.7)

Thus, summarizing the properties of fourth-order tensors one can write similarly to
second-order tensors

A+ B =3B+ A, (additioniscommutative), (5.8)
A+ (B+C =(A+B)+C, (addition is associative), (5.9)
O+A=A, (5.10)
A+ (-A) =0, (5.11)
a (BA) = (af) A, (multiplication by scalars is associative), (5.12)
IA=A, (5.13)
a(A+ B) =aA+ aB, (multiplication by scalars is distributive

with respect to tensor addition), (5.14)
(a+B) A =aA+ A, (multiplication by scalars is distributive

with respect to scalar addition), V.A, B, € € Lin", Vo, 8 € R. (5.15)

Thus, the set of fourth-order tensors £in” forms a vector space.
On the basis of the “right” mapping (5.1) and the scalar product of two second-
order tensors (1.146) we can also define the “left” mapping by

Y:A):X=Y:(A:X), YelLin", vXeLin" (5.16)

5.2 Tensor Products, Representation of Fourth-Order
Tensors with Respect to a Basis

For the construction of fourth-order tensors from second-order ones we introduce
two tensor products as follows

A®B:X=AXB, AOB:X=AB:X), VXeLin", (5.17)

where A, B € Lin". Note, that the tensor product “®” (5.17); applied to second-
order tensors differs from the tensor product of vectors (1.83). One can easily show
that the mappings described by (5.17) are linear and therefore represent fourth-order
tensors. Indeed, we have, for example, for the tensor product “®” (5.17);
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A®B: (X+Y)=AX+Y)B
=—AXB+AYB=AQ®B:X+A®B:Y, (5.18)

A®B: (aX) = A (aX)B = a (AXB)
=a(A®B:X), VX, Y e€Lin", Yo eR. (5.19)

With definitions (5.17) in hand one can easily prove the following identities
AB+C)=A®B+A®C, B+CO)RA=BA+C®A, (520
AOB+C)=A0B+A060C, B+CO)OGA=BOA+COA. (521

For the left mapping (5.16) the tensor products (5.17) yield
Y:AQB=ATYB", Y:AOB=(Y:A)B. (5.22)

As fourth-order tensors represent vectors they can be given with respect to a basis in
Lin".

Theorem 5.1 Let F = {Fl, Fo, ..., Fnz} and G = {Gl, Go, ..., an} be two
arbitrary (not necessarily distinct) bases of Lin". Then, fourth-order tensors F; ©
G; (i, j=12..., n2) form a basis of Lin". The dimension of Lin" is thus n*.

Proof See the proof of Theorem 1.7.

A basis in Lin" can be represented in another way as by the tensors F; ©
G; (i,j =1,2,...,n?%). To this end, we prove the following identity

@d)ObRc)=al0b®c®d, (5.23)
where we set
@b)R(c®d) =a®®bRc®d. (5.24)

Indeed, let X € Lin" be an arbitrary second-order tensor. Then, in view of (1.145)
and (5.17),

@®d) Ob®c): X=0Xc) (a®d). (5.25)
For the right hand side of (5.23) we obtain the same result using (5.17) and (5.24)

a®bRc®d:X=a®b)®(C®d) : X=0bXc)@ed. (5.26)
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For the left mapping (5.16) it thus holds
Y a®®b®c®d =(aYd) bRc). (5.27)

Now, we are in a position to prove the following theorem.

Theorem 5.2 Let€ ={ey, ea,....ex, F={f1. f2.....[0,}.G= {91.90. ...
gn} and finally H = {hy, ha, ..., h,} be four arbitrary (not necessarily distinct)
bases of E". Then, fourth-order tensors e; ® fj ®grQh (i, j,k,1=1,2,...,n)
represent a basis of Lin".

Proof In view of (5.23)
¢ ®f;®g@h=(®h)O(f; ®gy).

According to Theorem 1.7 the second-order tensors ¢; ® h; (i,/ =1,2,...,n) on
the one hand and fj ® gy (j,k=1,2,...,n) on the other hand form bases of
Lin”. According to Theorem 5.1 the fourth-order tensors (¢; ® k) © (f; ® gy) and
consequently e; ® fj ®gryQh; (i,j,k,1=1,2,...,n) represent thus a basis of
Lin".

As a result of this Theorem any fourth-order tensor can be represented by
A=AMg @9, ®g,®g =Ajug ®9' ©g" @4
—A g 09, 0d ®g =... (5.28)
The components of A appearing in (5.28) can be expressed by

A — gl @ g : A:g) @ g, Aijt =9 ® 9, A g; ® gy,
Al =g ®g :A:g'®gp i jkl=12 . n (5.29)

By virtue of (1.112), (5.17); and (5.22); the right and left mappings with a second-
order tensor (5.1) and (5.16) can thus be represented by

A:X = (A"jklgi g, ®g® gl) L (Xgpg? ® g7) = AMXjg; ® gy,

X: A= (X9 ®g"): (Aijklg,- ®g; Qg ® gl) = AMX;9; ® gi. (5.30)

We observe that the basis vectors of the second-order tensor are scalarly multiplied
either by the “inner” (right mapping) or “outer” (left mapping) basis vectors of the
fourth-order tensor.
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5.3 Special Operations with Fourth-Order Tensors

Similarly to second-order tensors one defines also for fourth-order tensors some
specific operations which are not generally applicable to conventional vectors in the
Euclidean space.

Composition. In analogy with second-order tensors we define the composition
of two fourth-order tensors A and B denoted by A : B as

A:B): X=A:(B:X), VXelLin". (5.31)
For the left mapping (5.16) one can thus write
Y:(A:B)=(Y:A):B, VYelLin" (5.32)

For the tensor products (5.17) the composition (5.31) further yields

(A®B) : (C®D) =(AC) ® (DB), (5.33)
(A®B): (COD) = (ACB) © D, (5.34)
(AOB): (C®D)=A O (CTBDT) , (5.35)
(AOB): (COD)=B:C)AOD, A,B,C,D e Lin". (5.36)

For example, the identity (5.33) can be proved within the following steps
A®B): (C®D): X=(A®B): (CXD)
= ACXDB = (AC) ® (DB) : X, VX € Lin",
where we again take into account the definition of the tensor product (5.17).
For the component representation (5.28) we further obtain
A:B= (ﬂ’jklgi ®Y;®Y® 91) D (Bpgrg”’ ® g7 @9 ®4')
= ANBj19, 09709 ©g;. (5.37)

Note that the “inner” basis vectors of the left tensor A are scalarly multiplied with
the “outer” basis vectors of the right tensor B.

The composition of fourth-order tensors also gives rise to the definition of
powers as

AK=A:A:.. A k=12,..., A'=1, (5.38)
———— ————

k times




126 5 Fourth-Order Tensors

where J stands for the fourth-order identity tensor to be defined in the next section.
By means of (5.33) and (5.36) powers of tensor products (5.17) take the following
form

A®Bf=A"@B* AOBf=A:B'AOB, k=1,2,... (539

Simple composition with second-order tensors. Let D be a fourth-order tensor
and A, B two second-order tensors. One defines a fourth-order tensor ADB by

(ADB) : X=A(D:X)B, VX eLin" (5.40)
Thus, we can also write by using (5.31)
ADB=(A®B):D. (5.41)

This operation is very useful for the formulation of tensor differentiation rules to be
discussed in the next chapter.
For the tensor products (5.17) we further obtain

ABX®C)D=(AB)® (CD)=(A®D): (B C), (5.42)
ABOC)D=(ABD)OC=(A®D): (BOC). (5.43)

With respect to a basis the simple composition can be given by
ADB = (Aj9” ® g) (D”"lgi ®9;®9 09 (Brg ®9')
= ADMB g’ © g, ® g, ® g’ (5.44)

It is seen that expressed in component form the simple composition of second-order
tensors with a fourth-order tensor represents the so-called simple contraction of the
classical tensor algebra (see, e.g., [44]).

Transposition. In contrast to second-order tensors allowing for the unique trans-
position operation one can define for fourth-order tensors various transpositions. We
confine our attention here to the following two operations (e)T and (e)! defined by

AT:X=X:A, A':X=A:X", VX eLin" (5.45)
Thus we can also write

Y:A'=(Y: AT, (5.46)
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Indeed, a scalar product with an arbitrary second order tensor X yields in view of
(1.150) and (5.16)

(Y:.At):X=Y:(At:X)=Y:(.A:XT)
=(Y:A):X"'=(Y:AT:X, VXeLin"

Of special importance is also the following symmetrization operation resulting from
the transposition (e)":

F = % (F+7F. (5.47)
In view of (1.156)1, (5.45), and (5.46) we thus write

F . X=F:symX, Y:F =sym (Y:F). (5.48)
Applying the transposition operations to the tensor products (5.17) we have

ABT=AT®BT, A0BT=BOA, (5.49)

(A®B)=A0B", A BeLin". (5.50)
With the aid of (5.26) and (5.27) we further obtain

@beced)'=ba®d®c, (5.51)
@bRc®d)'=alcbod. (5.52)

It can also easily be proved that

AT =A, A'=A, VA e Lin" (5.53)
Note, however, that the transposition operations (5.45) are not commutative with
each other so that generally DTt £ DT

Applied to the composition of fourth-order tensors these transposition operations
yield (Exercise 5.6):

A:BT=BT.4T U:B)!=A:B. (5.54)
For the tensor products (5.17) we also obtain the following relations (see Exercise 5.7)
t

A®B)' : (C®D) = [(ADT) ® (CTB)] (5.55)
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(A®B)' : (COD) = (ACTB) oD. (5.56)
Scalar product. Similarly to second-order tensors the scalar product of fourth-

order tensors can be defined in terms of the basis vectors or tensors. To this end, let

us consider two fourth-order tensors A ® B and C ® D, where A, B, C, D € Lin".

Then, we set
AGOB) = (COD)=A:O)B:D). (5.57)

As a result of this definition we also obtain in view of (1.144) and (5.23)
@Rb@c®d)::(eQf@gQh)=(a-e)(b-f)(c-g)d-h). (5.58)

For the component representation of fourth-order tensors it finally yields
AxB=(alg 09,09, ®)

2 (Brgng” ® g © 9" @ g') = AN By, (5.59)

Using the latter relation one can easily prove that the properties of the scalar product
(D.1-D.4) hold for fourth-order tensors as well.

5.4 Super-Symmetric Fourth-Order Tensors

On the basis of the transposition operations one defines symmetric and super-
symmetric fourth-order tensors. Accordingly, a fourth-order tensor € is said to be
symmetric if (major symmetry)

e'=e (5.60)
and super-symmetric if additionally (minor symmetry)

¢'=c (5.61)
In this section we focus on the properties of super-symmetric fourth-order tensors.
They constitute a subspace of Lin” denoted in the following by Ssym”. First, we
prove that every super-symmetric fourth-order tensor maps an arbitrary (not neces-

sarily symmetric) second-order tensor into a symmetric one so that

€:X)T=e:X, VeeS8sym", VX eLin". (5.62)
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Indeed, in view of (5.45), (5.46), (5.60) and (5.61) we have
T
(e:X)Tz(X:GT) —x:eT=x:e=x:e=x:€"T=¢:Xx.

Next, we deal with representations of super-symmetric fourth-order tensors and study
the properties of their components. Let 7 = {Fl, Fo, ..., Fnz} be an arbitrary basis

of Lin"” and F' = {Fl, F, ..., F"z} the corresponding dual basis such that

F, F =6, pqg=12...n" (5.63)
According to Theorem 5.1 we first write

C=C"F,OF,. (5.64)
Taking (5.60) into account and in view of (5.49), we infer that

P =@, p#gq; p.g=12,...,n". (5.65)
Letnow F, = M, (p=1,2,....m)and F; = Wy, (g=m+1,...,n%) be

bases of Sym” and Skew” (Sect. 1.9), respectively, where m = %n (n 4+ 1). In view
of (5.45), and (5.61)

e:W=e:W=¢: (W) =-e:W=o, t=1,2,...,%n(n—1)
(5.66)
so that
CPFr =@P=F:C:F =0, p=12,....n% r=m+1,....n°> (5.67)
and consequently

m
1
C= E CPiM M,, == 1. 5.68
p.q=1 p® ! " zn(n+) ( )

Keeping (5.65) in mind we can also write by analogy with (1.159)

m m
€=>C’rM,OM,+ > €M (M,O0M,+M,OM,). (5.69)

p=1 p.q=1
P>q
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Therefore, every super-symmetric fourth-order tensor can be represented with
respect to the basis § (M, © M, + My, ©M,,), where M, € Sym” and p > g =
1,2,..., %n (n + 1). Thus, we infer that the dimension of Ssym” is %m m+1) =
%nz (n+ 1>+ }1" (n + 1). We also observe that Ssym” can be considered as the set
of all linear mappings within Sym”.

Applying Theorem 5.2 we can also represent a super-symmetric tensor by € =
Gijklg,- ®9g; ® gi ® g;- In this case, (5.51) and (5.52) require that (Exercise5.8)

eijkl — ejilk — eikjl — eljki — eklij‘ (5.70)
Thus, we can also write
e=ci (9:®9) 0 (gj ® gr)
1 .
=" (0,09, +9/©9,) 0 (9, ® 9 +9: ® 9))

1 ..
= ZGW (9/®9+9:®9;)0(9: @9 +9,®9) - (5.71)

Finally, we briefly consider the eigenvalue problem for super-symmetric fourth-order
tensors. It is defined as

C:M=AM, €CeS8sym", M#DO, (5.72)
where A and M € Sym” denote the eigenvalue and the corresponding eigentensor,

respectively. The spectral decomposition of € can be given similarly to symmetric
second-order tensors (4.62) by

m
€=> AM,0M,, (5.73)
p=1

where again m = %n (n+1)and

M,:M; =0, p,g=12,...,m. (5.74)

5.5 Special Fourth-Order Tensors

Identity tensor. The fourth-order identity tensor J is defined by

J:X=X, VvXelLin". (5.75)

It is seen that J is a symmetric (but not super-symmetric) fourth-order tensor such
that 97 = 9. Indeed,
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X:3=X, VvXelLin". (5.76)

With the aid of (5.17); the fourth-order identity tensor can be represented by
J=1IQL (5.77)

Thus, with the aid of (1.94) or alternatively by using (5.29) one obtains
3=gi®gi®gj®gj. (5.78)

An alternative representation for J in terms of eigenprojections P; (i = 1,2,...,s)
of an arbitrary second-order tensor results from (5.77) and (4.46) as

N
I=> P ®P; (5.79)
i,j=1

For the composition with other fourth-order tensors we can also write

J:-A=A:J=A, VAeLin (5.80)

Transposition tensor. The transposition of second-order tensors represents a
linear mapping and can therefore be expressed in terms of a fourth-order tensor. This
tensor denoted by J is referred to as the transposition tensor. Thus,

J:X=XT", vXeLin" (5.81)
One can easily show that (Exercise 5.9)

Y:T=Y', VYelLin. (5.82)

Hence, the transposition tensor is symmetric such that 7 = JT. By virtue of (5.45),
and (5.75), T can further be expressed in terms of the identity tensor by

T =9 (5.83)
Indeed,
9 X=9:X"T=X"=9:X, VXeLin".

Considering (5.52) and (5.77)—(5.79) in (5.83) we thus obtain

s
T=aeD'=> (P,®P) =g,89,8g ®@g’. (5.84)
i, j=1
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The transposition tensor can further be characterized by the following identities (see
Exercise 5.10)

A:T=A", T-A=A"T, 7:7=9, VA e Lin". (5.85)

Super-symmetric identity tensor. The identity tensor (5.77) is symmetric but not
super-symmetric. For this reason, it is useful to define a special identity tensor within
Ssym”. This super-symmetric tensor maps every symmetric second-order tensor into
itself like the identity tensor (5.77). It can be expressed by

T=%G+%=G®DV (5.86)

However, in contrast to the identity tensor J (5.77), the super-symmetric identity
tensor J° (5.86) maps any arbitrary (not necessarily symmetric) second-order tensor
into its symmetric part so that in view of (5.48)

I :X=X:9=symX, VX € Lin". (5.87)

Spherical, deviatoric and trace projection tensors. The spherical and deviatoric
part of a second-order tensor are defined as a linear mapping (1.166) and can thus be
expressed by

SphA = Poph t A, devA = Pgey 1 A, (5.88)

where the fourth-order tensors Pgpn and P ey are called the spherical and deviatoric
projection tensors, respectively. In view of (1.166) they are given by

Psph = %I OL Piey =3I — %I ol (5.89)
where I © I represents the so-called trace projection tensor. Indeed,

IoI: X=IuX, VX eLin". (5.90)
According to (5.49), and (5.50), the spherical and trace projection tensors are super-
symmetric. The spherical and deviatoric projection tensors are furthermore charac-

terized by the properties:

Pev : Paev = Pdev,  Psph : Psph = Psph,
Paev : Tsph = :Psph i Phev = 0. (5.91)
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Example 5.2 Elasticity tensor for the generalized Hooke’s law. The generalized
Hooke’s law is written as

2
o =2Ge+ Mr(e)I = 2Gdeve + ()\ + EG) tr(e) 1, (5.92)

where G and A\ denote the Lamé constants. The corresponding super-symmetric
elasticity tensor takes the form

€ =2GT + M OI1=2GP5, + GA+2G) Py (5.93)

Exercises

5.1 Prove relations (5.20) and (5.21).

5.2 Prove relations (5.22).

5.3 Prove relations (5.42) and (5.43).

5.4 Prove relations (5.49)—(5.52).

5.5 Prove that AT £ AT for A=a®bQc®d.
5.6 Prove identities (5.54).

5.7 Verify relations (5.55) and (5.56).

5.8 Prove relations (5.70) for the components of a super-symmetric fourth-order
tensor using (5.51) and (5.52).

5.9 Prove relation (5.82) using (5.16) and (5.81).

5.10 Verify the properties of the transposition tensor (5.85).

5.11 Prove that the fourth-order tensor of the form
C=M; @M; +M; ® M))*

is super-symmetric if M1, My € Sym”.

5.12 Calculate eigenvalues and eigentensors of the following super-symmetric
fourth-order tensors for n = 3: (a) 3° (5.86), (b) Psph (5.89)1, (c) P, (5.89)2, (d)
€ (5.93).




Chapter 6
Analysis of Tensor Functions

6.1 Scalar-Valued Isotropic Tensor Functions

Let us consider a real scalar-valued function f (Aj, Az, ..., A;) of second-order
tensors Ay € Lin" (k = 1,2, ...,[). The function f is said to be isotropic if

7 (QA1Q". QAxQ", ... QAQ")
= f (A1, A2, ..., A, VQ € Orth". (6.1)

Example 6.1 Consider the function f (A, B) = tr (AB). Since in view of (1.138)
and (1.154)

7 (QAQ", @BQ") = ir (QAQQBQ")
=tr (QABQT) =tr (ABQTQ)
—tr(AB) = f (A,B), VQ € Orth",

this function is isotropic according to the definition (6.1). In contrast, the function
f (A) = tr (AL), where L denotes a second-order tensor, is not isotropic. Indeed,

f (QAQT) =tr (QAQTL) #tr (AL).

Scalar-valued isotropic tensor functions are also called isotropic invariants of the
tensors Ay (k =1,2,...,[).Forsuchatensor system one can construct, in principle,
an unlimited number of isotropic invariants. However, for every finite system of
tensors one can find a finite number of isotropic invariants in terms of which all other
isotropic invariants can be expressed (Hilbert’s theorem). This system of invariants
is called functional basis of the tensors A, (k = 1,2, ...,1). For one and the same
system of tensors there exist many functional bases. A functional basis is called
irreducible if none of its elements can be expressed in a unique form in terms of the
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First, we focus on isotropic functions of one second-order tensor
f (QAQT) — f(A), VQeOrth", A eLin" (6.2)

One can show that the principal traces trAX, principal invariants Il(f) and eigenvalues
Mk, (k=1,2,...,n)of the tensor A represent its isotropic tensor functions. Indeed,
for the principal traces we can write by virtue of (1.154)

r (QAQT)k — [ QAQTQAQT...QAQT | = r (QAkQT)
k times

—tr (AkQTQ) — A, VQ € Orth”. (6.3)

The principal invariants are uniquely expressed in terms of the principal traces by
means of Newton’s identities (4.26), while the eigenvalues are, in turn, defined by
the principal invariants as solutions of the characteristic equation (4.21) with the
characteristic polynomial given by (4.19).

Further, we prove that both the eigenvalues A, principal invariants Il(\l,}) and prin-
cipal traces trM¥ (k = 1,2, ...,n) of one symmetric tensor M € Sym” form its
functional bases (see also [48]). To this end, we consider two arbitrary symmetric
second-order tensors M, My € Sym” with the same eigenvalues. Then, the spectral
representation (4.62) takes the form

n n
M; = Z)\i”i ®n;, M= ZAimi ® m;, (6.4)
i=1

i=1

where according to (4.64) both the eigenvectors n; and m; form orthonormal bases
suchthatn; -n; =d;andm; -m; =9d; (i, j =1,2,...,n). Now, we consider the
orthogonal tensor

szmi ®n;. (6.5)
i=1

Indeed,

QQ" =(Zmi ®n,~) > nj@m;
i=1 j=1

n n
= Z 5,~jmi Qm; =Zm,~ Qm; =1.
i,j=1 i=1
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By use of (1.124), (6.4) and (6.5) we further obtain

oM, Q" = (Zml ®n,~) ZAjnj Qn; (an ®mk)
i=1 j=1 k=1

= z 0jj0jAjm; @ my = Z)\,-mi QX m; = M. (6.6)
i\ k=1 i=1
Hence,
f o) = 7 (QvQ") = £ (V). ©.7)

Thus, f takes the same value for all symmetric tensors with pairwise equal eigenval-
ues. This means that an isotropic tensor function of a symmetric tensor is uniquely
defined in terms of its eigenvalues, principal invariants or principal traces because
the latter ones are, in turn, uniquely defined by the eigenvalues according to (4.24)
and (4.25). This implies the following representations

SO0 = (I I0 ) = Qe A
=7 (trM, aM?, ..., trM”) , M e Sym". (6.8)

Example 6.2 Strain energy function of an isotropic hyperelastic material. A material
is said to be hyperelastic if it is characterized by the existence of a strain energy v
defined as a function, for example, of the right Cauchy-Green tensor C. For isotropic
materials this strain energy function obeys the condition

" (QCQT) — 4 (C), VQ e Orth’. (6.9)
By means of (6.8) this function can be expressed by
¥ (C) = 3 (g, e, Me) = (A1, A, A3) = 9 (trC, wC?, trc3) , (6.10)

where )\; denote the so-called principal stretches. They are expressed in terms of the
eigenvalues A; (i = 1,2, 3) of the right Cauchy-Green tensor C = Z?:l A;iP; as
Ai = +/A;. For example, the strain energy function of the so-called Mooney-Rivlin
material is given in terms of the first and second principal invariants by

P (C) =c1 (¢ —3)+c2lc —3), (6.11)

where ¢ and ¢; represent material constants. In contrast, the strain energy function
of the Ogden material [32] is defined in terms of the principal stretches by

m
P (C) = Z Z— AT+ A+ 27 =3), (6.12)

r=1 "

terial constants.
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For isotropic functions (6.1) of a finite number / of arbitrary second-order tensors
the functional basis is obtained only for three-dimensional space. In order to represent
this basis, the tensor arguments are split according to (1.155) into a symmetric and
a skew-symmetric part respectively as follows:

M; = symA; = % (A +AT). Wi =skewa, = % (4 -a7). 6.13)

In this manner, every isotropic tensor function can be given in terms of a finite
number of symmetric tensors M; € Sym? (i = 1,2, ..., m) and skew-symmetric
tensors W; € Skew? (i=1,2,...,w)as

f=fA(Ml’M27"‘7Mm’W1’W27""Ww)’ (6'14)

An irreducible functional basis of such a system of tensors is proved to be given by
(see [2, 35, 43])

trM;, trMiz, trM?,

r (M;M), tr (MEM; ), o (MoM3) o (MM, tr (MM, M)

aW, tr (W,W,), tr (W,W,W,),

r(MW2), o (MPW2) o (MEW2MGW, ) | r (MiW, W)

r (MiW2W, ), tr (MW, W2) e (MM W)

r (MIWIM;W, ), o (MPM, W), tr (MiM2W, ).

i<j<k=12,....m, p<qg<r=12...,w. (6.15)
For illustration of this result we consider some examples.

Example 6.3 Functional basis of one skew-symmetric second-order tensor W €
Skew?. With the aid of (6.15) and (4.92) we obtain the basis consisting of only one
invariant

trW? = —2IIw = — |W|>. (6.16)

Example 6.4 Functional basis of an arbitrary second-order tensor A € Lin3. By
means of (6.15) one can write the following functional basis of A

trM, ter, trM3,
W2, tr (Mw2), r (MZWZ), r (MZWZMW), 6.17)
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where M = symA and W = skewA.. Inserting representations (6.13) into (6.17) the
functional basis of A can be rewritten as (see Exercise6.2)

2
A, rA2, A3, (AAT), tr (AAT) tr (A2AT),

tr [(AT)2 A2ATA — A2 (AT)2 AAT] . (6.18)

Example 6.5 Functional basis of two symmetric second-order tensors M1, M, €
Sym3. According to (6.15) the functional basis includes in this case the following
ten invariants

trM, trM%, ter , trM, trM%, trM%,
tr (M;My) , tr (M%Mz), r (MlM%) r (M%Mg). (6.19)

6.2 Scalar-Valued Anisotropic Tensor Functions

A real scalar-valued function f (A1, A, ..., A;) of second-order tensors Ay €
Lin® (k=1,2,...,1) is said to be anisotropic if it is invariant only with respect
to a subset of all orthogonal transformations:

7 (QA1Q". QA2Q". ... QAQ")
= f(A1,A2,...,A), VQ e Sorth" C Orth". (6.20)

The subset Sorth” represents a group called symmetry group. In continuum mechan-
ics, anisotropic properties of materials are characterized by their symmetry group.
The largest symmetry group Orth? (in three-dimensional space) includes all orthogo-
nal transformations and is referred to as isotropic. In contrast, the smallest symmetry
group consists of only two elements I and —I and is called triclinic.

Example 6.6 Transversely isotropic material symmetry. In this case the material
is characterized by symmetry with respect to one selected direction referred to as
principal material direction. Properties of a transversely isotropic material remain
unchanged by rotations about, and reflections from the planes orthogonal or parallel
to, this direction. Introducing a unit vector / in the principal direction we can write

Ql=+I, VQeg, 6.21)

where g, C Orth? denotes the transversely isotropic symmetry group. With the aid
of a special tensor

L=I®I, (6.22)
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called structural tensor, condition (6.21) can be represented as

QLQ' =L, VQeg,. (6.23)
Hence, the transversely isotropic symmetry group can be defined by

g9, = {Q € Orth’ : QLQT = L} . (6.24)
A strain energy function v of a transversely isotropic material is invariant with respect

to all orthogonal transformations within g,. Using a representation in terms of the
right Cauchy-Green tensor C this leads to the following condition:

¥ (QCQ") =v(©). vQeg,. (6.25)

It can be shown that this condition is a priori satisfied if the strain energy function
can be represented as an isotropic function of both C and L so that

b (QCQT, QLQT) —J(C,L), VQ e Orth’. (6.26)
Indeed,
(€L =1 (QCQ". QL") =¥ (QCQ".L). vQeg,. (6.27)

With the aid of the functional basis (6.19) and taking into account the identities
Lf=L, ulf=1, k=1,2,... (6.28)

resulting from (6.22) we can thus represent the transversely isotropic function in
terms of the five invariants by (see also [45])

=0 (C,L) = [trC, rC2, rC3, tr (CL) , tr (CZL)] . (6.29)
The above procedure can be generalized for an arbitrary anisotropic symmetry

group g. LetL; (i = 1,2,...,m) be a set of second-order tensors which uniquely
define g by

g={QeOrth":QL,~QT=L,-,i=1,2,...,m}. (6.30)

In continuum mechanics the tensors L; are called structural tensors since they lay
down the material or structural symmetry.
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It is seen that the isotropic tensor function
f (QA,'QT, QL,-QT) = f (Ai,Lj), VQ e Orth", (6.31)

where we use the abbreviated notation

f(AiLLj) = f(A1, Az, ...,A L, Lo, ... L), (6.32)
is anisotropic with respect to the arguments A; (i =1, 2, ...,1) so that
f(QAQ") = ra), vQeg. (6.33)

Indeed, by virtue of (6.30) and (6.31) we have
f (L) = £ (QAQT.QLQT) = 7 (QAQ". L)), YQes (634

Thus, every isotropic invariant of the tensor system A; (i =1,2,...,0), L; ( j=
1,2,..., m) represents an anisotropic invariant of the tensors A; (i = 1,2,...,1)
in the sense of definition (6.20). Conversely, one can show that for every anisotropic
function (6.33) there exists an equivalent isotropic function of the tensor system
A (i=12,....,D),L; (j=1,2,...,m).Inorder to prove this statement we con-
sider a new tensor function defined by

f(ALX)) = f (Q/AiQ/T) : (6.35)

where the tensor Q' € Orth” results from the condition:

QX;QT=L;, j=12,....m. (6.36)
Thus, the function f is defined only over such tensors X; that can be obtained from
the structural tensors L; (j = 1, 2, ..., m) by the transformation

X; =QL;Q, j=12,...,m, (6.37)

where Q' is an arbitrary orthogonal tensor.
Further, one can show that the so-defined function (6.35) is isotropic. Indeed,

7 (Qa/Q".Qx;Q") = 7 (Q'QA:Q"Q™). VQ e O, (6.38)
where according to (6.36)

Q'QX;Q'Q""=L;, Q"¢ Orth". (6.39)
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Inserting (6.37) into (6.39) yields

Q//QQ/TLjQ/QTQ//T — Lj, (6.40)
so that
Q' =QQQ" ey (6.41)

Hence, we can write
f (Q//QAiQTQ//T) — f (Q*Q,Ai Q/TQ*T)
= 7 (QAQ") = F (A X))
and consequently in view of (6.38)
7 (QA,.QT, QXjQT) = f (A X,), VQeOrh". (6.42)
Thus, we have proved the following theorem [52].
Theorem 6.1 A scalar-valued function f (A;) is invariant within the symmetry

group @ defined by (6.30) if and only if there exists an isotropic function f (A,-, L j)
such that

@A) =f(ALL)). (6.43)

6.3 Derivatives of Scalar-Valued Tensor Functions

Let us again consider a scalar-valued tensor function f (A) : Lin" + R. This
function is said to be differentiable in a neighborhood of A if there exists a tensor
f (A),a € Lin", such that

= f(A),a:X, V¥XeLin" (6.44)

d
— (A +tX
dtf( + )t=O

This definition implies that the directional derivative (also called Gateaux derivative)

d
I fA+1X) exists and is continuous at A. The tensor f (A),4 is referred to

as the derivativé?)g the gradient of the tensor function f (A).

In order to obtain a direct expression for f (A),a we represent the tensors A and
X in (6.44) with respect to an arbitrary basis, say g; ® gj (i,j=1,2,...,n). Then,
using the chain rule one can write
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d d ; , . of .
—fA+X = — Al +1X' ) g, ®¢g’ =—X .
dtf( + ),:0 dtf[( it 'J)g’ ©9 ] =0 OAL J
Comparing this result with (6.44) yields
af of af ; of ;
fA) A= AL '®g; = aTijgi®gj = mgl@)gj = ng@’gj- (6.45)
J i

If the function f (A) is defined not on all linear transformations but only on a subset
Slin” C Lin", the directional derivative (6.44) does not, however, yield a unique result
for f (A),a. In this context, let us consider for example scalar-valued functions of
symmetric tensors: f (M) : Sym” — R.In this case, the directional derivative (6.44)
defines f (M) ,n only up to an arbitrary skew-symmetric component W. Indeed,

FM) m:X=[fM) ,m+W]:X, VW e Skew”", VX € Sym”. (6.46)

In this relation, X is restricted to symmetric tensors because the tensor M + X
appearing in the directional derivative (6.44) must belong to the definition domain
of the function f for all real values of .

To avoid this non-uniqueness we will assume that the derivative f (A), s belongs
to the same subset Slin” C Lin" as its argument A € Slin". In particular, for
symmetric tensor functions it implies that

f M) ,m € Sym" for M € Sym". (6.47)

In order to calculate the derivative of a symmetric tensor function satisfying the
condition (6.47) one can apply the following procedure. First, the definition domain
of the function f is notionally extended to all linear transformations Lin". Applying
then the directional derivative (6.44) one obtains a unique result for the tensor f,m
which is finally symmetrized. For the derivative with respect to a symmetric part
(1.156) of a tensor argument this procedure can be written by

[ (symA) .syma =sym[f (A).a], A €Lin". (6.48)

The problem with the non-uniqueness appears likewise by using the component rep-
resentation (6.45) for the gradient of symmetric tensor functions. Indeed, in this case
MY = M/ i#j=1,2,...,n),sothatonlyn (n + 1) /2 among all n? components
of the tensor argument M € Sym” are independent. Thus, according to (1.159)

n n
M=>Mig g+ > M/(g;®g,+9g;®g;). MeSym".  (6.49)
i=1 i, j=1
’ i

oLl Z'yl_ilsl
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Hence, instead of (6.45) we obtain

n

f(M),M=%'Z 8—f( i®gj+gj®gi)

oMY
i,j=1
Jj<i
| — Of )
) aM..(9i®gj+9j®9i), M € Sym". (6.50)
— ij
e

It is seen that the derivative is taken here only with respect to the independent com-
ponents of the symmetric tensor argument; the resulting tensor is then symmetrized.

Example 6.7 Derivative of the quadratic norm ||A| = VA : A:

%[(A—i—tX) (A +1X)]1/?

t=0

d 1/2

- —[A:A+2tA:X+t2X:X]
dr -

B 2A X +2rX: X A
2[A:A+2A:X+2X: X)) AL

Thus,
A
Al A= —— (6.51)

Al

The same result can also be obtained using (6.45). Indeed, let A = A,-jgi ®g’. Then,

1Al = VA A = /(Ajg' ®¢7) : (Aug* @ g') = |/ AyAughe.

Utilizing the identity

OA;; rsqg o
8qu=5i6j, i,j,p,q=12,....n

we further write

a\ [ AijAug ikgj !

All.a =
IA] A LY
bV (Akzg”‘g”gi ®g;+Aig" g9 ® 91)
1

. 1 A
= KZAklg’kg’lgi ®g; = —Aug @9 = —.
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Example 6.8 Derivatives of the principal traces ttA* (k =1,2,...):

d d d
— |tr (A +1X)F = —|A+X)F:1 = — (A +X)k |
dt[r(+ )]t=0 dt[(+ ) ]t=0 dt[(+ )]t=0
d
=a A+ X)A+1X)...(A+1tX) 3 |
L k times =0
afl k-1
= — | A ) AXASIT 42 |
ar | A2 +
L i=0 =0
=1 . -
=S AXAF 1=k (Ak-l) S X,
i=0
Thus,
k -1\ 1
(trA ),A= k (A - ) . (6.52)
In the special case k = 1 we obtain
(rA) ,o = L (6.53)

Example 6.9 Derivatives of tr (AFL) (k = 1,2, ...) with respect to A, where L is
independent of A:

% [(A Xk LT] = % [(A n tX)k] s LT
_ EAiXAk—l—i T g (AT)i LT (AT)k_l_i :
i=0 ' i=0
Hence,
r (A"L) A= 5 (AiLAk—l—")T. (6.54)
i=0

In the special case k = 1 we have

tr (AL) ,» = LT. (6.55)
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It is seen that the derivative of tr (Ak L) is not in general symmetric even if the tensor
argument A is. Applying (6.48) we can write in this case

k—1 k—1

. AT , .

r (M"L) M = sym [Z (M’LM"_I_’) } = > M symL) M, (6.56)
i=0 i=0

where M € Sym”.

Of special importance are the following, respectively, chain and product rule of
differentiation

d
i v (A)] A= ﬁv,A, (6.57)
[f (A) g (A)].a=g(A) f(A).a+f(A)gA).a. (6.58)

which can easily be proved by using the formalism of the directional derivative (6.44).
Indeed, we can write for example for (6.57)

d du d du
— A+1X =— —v(A+X =—v,a: X
g AEON =g G AT =g
Example 6.10 Derivatives of the principal invariants IXC) (k=1,2, ...,n)ofa

second-order tensor A € Lin". By virtue of the representations (4.26) and using
(6.52), (6.58) we obtain

IS)’A = (trA),a=1,

1
I$a=3 (1A - uA?) A =101 - AT,

194 = (ij)trA —10wA? 4 trA3) A

I
3
= % [trA (1= A7) + 101 (A?) 121 AT +3 (AT)Z}

— [ Pa @] (6.59)

Herein, one can observe the following regularity [48]

k—1 .

k i 1(k—1—i ! k—1 k—1

WA= DT (AT) = A AT L k=12
—

(6.60)
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where we again set Iff) = 1. The above identity can be proved by mathematical
induction (see also [7]). To this end, we first assume that it holds for all natural
numbers smaller than some k + 1 as

VA=Y, 1=0,1,... Kk 6.61)

where the abbreviation

k—1

Y= (it (AT) (6.62)

i=0
is used. Then,
k . . i
Y= (-1 I (AT) = VAT +1P1= 10 L AT+ 101 (6.63)
i=0
Further, according to (4.26), (6.52) and (6.58)

I(k) |:Z( l)l 1I(k l)tI'Al:|

i=1
1K , A i-1 k! . . .
_ ;Z(‘I)H i1 (AT) +;Z(—1)'_1 1570 A Al (6.64)
i=1 i=1

Inserting this result as well as (4.26) into the last expression (6.63) we obtain

LS it g6 (ATY IS0y ) oad | AT
Vi == 2 (DI (AT) = | 30 -0 T AT | o
i=1 i=1
1< . .
+ 7 [Z(—l)"l IXC_’)trA’:| :

i=1

Adding Yj+1/k to both sides of this equality and using for Yj the first expression
in (6.63) we further obtain keeping in mind that Ig, A=0

k

k+ly lz 1y i1 (AT li 1% (AT)
Ve = g 2V ( )+k,-=o(_)A (a7)

il

Taking again (6.60) and (6.64) into account we can write

||M»

—D (- A AT 1) trA’C|‘
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k .
Y = £i§=0 (—1) i+ D 1Y (A )

k
1 : y .
+ 7 [Z (—Dih! ’),AtrA']
i=1
k+1

1 . . i—1
_ = (—1)"1iI(k_’) AT
F e ()

k
1 i1 (ke 1—i ; k41 g
] g,
i=1

Hence,

k+1

which immediately implies that (6.60) holds for k41 as well. Thereby, representation
(6.60) is proved.

For invertible tensors one can get a simpler representation for the derivative of

the last invariant IX’). This representation results from the Cayley-Hamilton theorem
(4.96) as follows

n—1 . n .
1 A AT = [Z (i (AT)'] AT=3" D (aT)
i=0 i=1
! 4 ; i
=D DT (AT) T =1001
i=0
Thus,
1 4A=1PAT, AcInv (6.65)

Example 6.11 Derivatives of the eigenvalues ;. First, we show that simple eigen-
values of a second-order tensor A are differentiable. To this end, we consider the
directional derivative (6.44) of an eigenvalue A:

d
—AA+X)| . (6.66)
dr =0

Herein, A (¢) represents an implicit function defined through the characteristic equa-
tion

det (A + X — \I) = p(\, 1) = 0. (6.67)



http://dx.doi.org/10.1007/978-3-319-16342-0_4

6.3 Derivatives of Scalar-Valued Tensor Functions 149

This equation can be written out in the polynomial form (4.19) with respect to powers
of \. The coefficients of this polynomial are principal invariants of the tensor A +¢X.
According to the results of the previous example these invariants are differentiable
with respect to A + tX and therefore also with respect to ¢. For this reason, the
function p (A, t) is differentiable both with respect to A and . For a simple eigenvalue
Ao = A (0) we can further write (see also [29])

P 0,00 = A=A A=AD)...(A = A—Dlr=p, =0,

W =0 —=AD) Ao —A2)...(A — A1) #0. (6.68)

A=)\o

According to the implicit function theorem (see, e.g., [5]), the above condition ensures
differentiability of the function A (¢) at ¢+ = 0. Thus, the directional derivative (6.66)
exists and is continuous at A. It can be expressed by

Op/ot

=— (6.69)
=0 ap/a)\

d
—ANA +1X
a7 (A +1X)

t=0, =X

In order to represent the derivative \;, s we first consider the spectral representa-
tion (4.43) of the tensor A with pairwise distinct eigenvalues

n
A= Z A\P;, (6.70)

where P; (i = 1,2, ..., n) denote the eigenprojections. They can uniquely be deter-
mined from the equation system

n
AF=>"NPi. k=0.1,....n—1 6.71)
i=1

resulting from (4.47). Applying the Vieta theorem to the tensor A! ( = 1,2, ..., n)
we further obtain relation (4.25) written as

n
wA =D\, [=1.2,....n (6.72)

Differentiation of (6.72) with respect to A further yields by virtue of (6.52) and (6.57)

(AT) I—ZZ)\Z Noa, [=1,2.....n



http://dx.doi.org/10.1007/978-3-319-16342-0_4
http://dx.doi.org/10.1007/978-3-319-16342-0_4
http://dx.doi.org/10.1007/978-3-319-16342-0_4
http://dx.doi.org/10.1007/978-3-319-16342-0_4

150 6 Analysis of Tensor Functions

and consequently

n
AF=>" N T k=0.1....n—1 (6.73)
i=1
Comparing the linear equation systems (6.71) and (6.73) we notice that

Ai.a=Pl (6.74)

Finally, the Sylvester formula (4.55) results in the expression

Ao =611+ H o A 6.75)
J sﬁt
Itis seen that the solution (6.75) holds even if the remainder eigenvalues )\ ; ( j=12,
Ji—=1,i+1, ..., n) of the tensor A are not simple. In this case (6.75) transforms to
AT — Aj I
Aia = d1l + H Y (6.76)
J #t
where s denotes the number of pairwise distinct eigenvalues A; (i = 1,2,...,5).

Let us further consider a scalar-valued tensor function f (A) : Lin” — R, where
A = A (1) itself is a differentiable tensor-valued function of a real variable ¢ (see
Sect.2.1). Of special interest is the derivative of the composite function f (A (¢)).
Using (2.15); we write

f(A(t)+s +s0(s))

5s=0 ds

df _ df (A +s))
dr ds

s=0

Introducing auxiliary functions s1(s) = s and s2(s) = s and applying the formalism
of the directional derivative (6.44) we further obtain

af df (A (1) + 5194 + S1O(s2))

dr ds
5s=0
of (AO +51% +50() ds,
- 8s1 ds

s=0
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af (A (1) + 5194 +s10(s2)) ds,

* Oso ds
s=0
oA of (AW +51% +510(2)
=far| ot O (s2) + 05,
52=0 s1=s2=0
dA 6‘f (A (1))
= fiA —3
$2 s7=0
This finally leads to the result

df (A®) dA
= fiA —. 6.77

& far 4 (6.77)

Example 6.12 Constitutive relations for hyperelastic materials with isochoric-
volumetric split of the strain energy function. For such materials the strain energy
function is represented in terms of the right Cauchy-Green tensor C by

Y(C) =9 (C)+U W), (6.78)
where [12]
J =g, C=J723C (6.79)

describe the volumetric and isochoric parts of deformation, respectively. Constitutive
relations for hyperelastic materials can be expressed in terms of the strain energy
function by (see e.g. [48])

oy

S=2-c. (6.80)

where S denotes the second Piola-Kirchhoff stress tensor. Insertion of (6.78) yields

S = Siso + Svol, (6-81)
where
Siso = 2¢ (C).c. Sy =2U (J) .c - (6.82)

In order to express these derivatives we first obtain

Joe=Mg c=2 Slie

o 2= pec! = %J"‘C_l (6.83)
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using (6.65), (6.57) and (6.79), and taking symmetry of C into account. As the next
step, we calculate the directional derivative of C by virtue of (2.4)

d - d
SCC+X| = S (CHX)[det (C + X))
dr : dt

=0 =0

d d

= —(C+1X)| J2P4C=[J(C+X)]23
dr =0 dt =0

1
= J23X — 51—2/30 (c—1 : X) =P, X, (6.84)
where
1
Pio=J 23 [.‘Js — §c o) c—l} (6.85)

denotes the isochoric projection tensor. To the directional derivative of 1) ((_3) we
further apply (6.77) as follows

d - - - d - _
—p [C (C+ tX)] =19,e: —C(C+1X) =1,&: Piso 1 X. (6.86)
dr t=0 dr t=0
Thus,
Uoc=0.¢: Pisor (6.87)

Inserting these results in (6.82) we finally obtain

_ _ 1 ,-
Siso =St Pigo = J? [S -368:9 c—l] , S =U'JC, (6.88)
where
S=2Y,¢. (6.89)

6.4 Tensor-Valued Isotropic and Anisotropic Tensor
Functions

A tensor-valued function g (A, Ap,...,A;) € Lin" of a tensor system A; €
Lin® (k =1,2,...,1) is called anisotropic if
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9(QAIQ". QAxQ", ..., QAQT)
= Qg (A, As,...,A)QT, VQ e Sorth” C Orth”. (6.90)

For isotropic tensor-valued tensor functions the above identity holds for all orthogonal
transformations so that Sorth” = Orth”.

As a starting point for the discussion of tensor-valued tensor functions we again
consider isotropic functions of one argument. In this case,

9(QAQT) =Qy(4)Q". vQ e Ort". (6.91)

For example, one can easily show that the polynomial function (1.116) and the
exponential function (1.117) introduced in Chap. 1 are isotropic. Indeed, for a tensor
polynomial g (A) = >}, arA¥ we have (see also Exercise 1.35)

0(QaQ") = > ai (Q4Q") = X i  @4Q"QAQT .. QAQT
k=0 k=0 k times
= > a(QakQ") = Q(Z akA") Q"
k=0 k=0
=Qg(A)Q", VQ e Orth". (6.92)

Of special interest are isotropic functions of a symmetric tensor. First, we prove that
the tensors g (M) and M € Sym” are coaxial i.e. have the eigenvectors in common.
To this end, we represent M in the spectral form (4.62) by

n
M= > \b ®b;. (6.93)
i=1
where b; -b; = d; (i, j = 1,2, ..., n). Further, we choose an arbitrary eigenvector,

say by, and show that it simultaneously represents an eigenvector of g (M). Indeed,
let

n
Q=2b, @b —I=b Qb+ D (—1)b; Db, (6.94)
=

bearing in mind that I = Z;L:l b; ® b; in accordance with (1.95). The tensor Q
(6.94) is orthogonal since

QQ" = 2b ® by — 1) (2by ® by — 1) = 4by @by —2b; by —2b; by +1 =1
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and symmetric as well. One of its eigenvalues is equal to 1 while all the other ones
are —1. Thus, we can write

QM = 2b;. @ by — DM = 2N\ b @ by — M =M 2b; @ b, — 1) = MQ
and consequently
QMQ" =M. (6.95)

Since the function g (M) is isotropic

g =g (QMQ") =@y W Q"
and therefore

Qg M) =g M) Q. (6.96)
Mapping the vector by by both sides of this identity yields in view of (6.94)

Qg M) by = g(M) by. (6.97)

It is seen that the vector g (M) by, is an eigenvector of Q (6.94) associated with the
eigenvalue 1. Since it is the simple eigenvalue

g (M) by = by, (6.98)

where 7y is some real number. Hence, by represents the right eigenvector of g (M).
Forming the left mapping of by by (6.96) one can similarly show that by is also the
left eigenvector of g (M), which implies the symmetry of the tensor g (M).

Now, we are in a position to prove the following representation theorem [38, 48].

Theorem 6.2 A tensor-valued tensor function g (M), M € Sym” is isotropic if and
only if it allows the following representation

n—1
g (M) = ool + oM + M2 4 - + 0, M =" M, (6.99)
i=0

where p; are isotropic invariants (isotropic scalar functions) of M and can therefore
be expressed as functions of its principal invariants by

0i = @; (Iﬁ%lﬁ’,...,lﬁ?), i=0,1,....n—1. (6.100)
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n
g (M) =" ~b; ®b;, (6.101)
i=1
where v; = v; (M). Hence (see Exercise 6.1(e)),
n
g(QMQ™) =" % (QMQ") Qb 2 b) Q" (6.102)
i=1

Since the function g (M) is isotropic we have

g(QMQ") = Qs Q"
=> % MQ® ®b)Q". VQ e Orth". (6.103)
i=1
Comparing (6.102) with (6.103) we conclude that

i (QMQT) (M), i=1,....,n, VQ € Orth". (6.104)

Thus, the eigenvalues of the tensor g (M) represent isotropic (scalar-valued) functions
of M. Collecting repeated eigenvalues of g (M) we can further rewrite (6.101) in
terms of the eigenprojections P; (i = 1,2,...,5) by

gM) =D ~iP;, (6.105)
i=1

where s (1 < s < n) denotes the number of pairwise distinct eigenvalues of g (M).
Using the representation of the eigenprojections (4.56) based on the Sylvester formula
(4.55) we can write

s—1
Pi=Za§’)(>\1,)\2,_,,,>\S)M’, i=1,2,...,s. (6.106)
r=0

Inserting this result into (6.105) yields the representation (sufficiency):

s—1

gM) =>" oM, (6.107)
i=0

where the functions ¢; (i =0,1,2,...,s — 1) are given according to (6.8) and

(6.104) by (6.100). The necessity is evident. Indeed, the function (6.99) is isotropic
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since in view of (6.92)

g(QMQ") = S (euQ™) Qu'Q"

i=0

n—1
=Q [Z @i (M) M"] Q' =QyM)QT, vQ € Orth”.  (6.108)

i=0

Example 6.13 Constitutive relations for isotropic materials. For isotropic materials
the second Piola-Kirchhoff stress tensor S represents an isotropic function of the
right Cauchy-Green tensor C so that

$(QCQ") =Qs (©)Q". vQ € Orn’. (6.109)
Thus, according to the representation theorem

S(C) = apl + a;C + axC?, (6.110)
where o; = «; (C) (i =0, 1, 2) are some scalar-valued isotropic functions of C. The
same result can be obtained for isotropic hyperelastic materials by considering the
representation of the strain energy function (6.10) in the relation (6.80). Indeed, using

the chain rule of differentiation and keeping in mind that the tensor C is symmetric
we obtain by means of (6.52)

3 - 3 -
o OrCk N 4
S=2> =2> k-——Ct, 6.111
P ourCk 9C P OtrCk ( )

so that o (C) =2 (i + 1) 9¢p/owCIH! (i =0, 1, 2).

Let us further consider a linearly elastic material characterized by a linear stress-
strain response. In this case, the relation (6.110) reduces to

S(C) = ¢ (C)I+ cC, (6.112)

where c is amaterial constant and ¢ (C) represents an isotropic scalar-valued function
linear in C. In view of (6.15) this function can be expressed by

¢ (C) = a + btrC, (6.113)

where a and b are again material constants. Assuming that the reference configura-
tion, in which C = 1, is stress free, yields a + 3b + ¢ = 0 and consequently

S(C) = (—c—3b+btrC) I+ ¢C = b (rC —3) I+ ¢ (C —1T).
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Introducing further the so-called Green-Lagrange strain tensor defined by
E:%(C—I) (6.114)
we finally obtain
S (E) —2b (trf«:) I+ 2cE. 6.115)

The material described by the linear constitutive relation (6.115) is referred to as
St. Venant-Kirchhoff material. The corresponding material constants 2b and 2¢ are
called Lamé constants. The strain energy function resulting in the constitutive law
(6.115) by (6.80) or equivalently by S = d1/9E is of the form

" (E) — btE + ctrE2. (6.116)

For isotropic functions of an arbitrary tensor system Ay € Lin” (k = 1,2,...,1)
the representations are obtained only for the three-dimensional space. One again
splits tensor arguments into symmetric M; € Sym3 (i= 1,2,...,m) and skew-
symmetric tensors W; € Skew? (j=1,2,..., w) according to (6.13). Then, all
isotropic tensor-valued functions of these tensors can be represented as linear com-
binations of the following terms (see [35, 43]), where the coefficients represent
scalar-valued isotropic functions of the same tensor arguments.

Symmetric generators:

L

M;, M7, MiM; +M;M;, M;M; +M;M;, M;M;+M;M;,

2 2 2 2 2

W2, W,W,+W,W,, WW, —-W, W W,W, —W.W,
MW, - W,M;, W,M;W,, MW, —-W,M?,

W,M;W> — W M;W,,. 6.117)

Skew-symmetric generators:

W,, W,W, —W,W,,

MM, - M;M;, M;M; - M;M;, M;M; — M:M;,

M;M;M; — M;M;M;, M;M;M’ — MiM;M;,

M;M; My + M;MM; + MgM;M; — M;M;M; — MM;M; — MMM,
MW, + W,M;, M;W} — WM,

i<j<k=1,2,....m, p<q=12... w. (6.118)

ol LElUMN Zyl_i.lbl
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For anisotropic tensor-valued tensor functions one utilizes the procedure applied
for scalar-valued functions. It is based on the following theorem [52] (cf.
Theorem6.1).

Theorem 6.3 (Rychlewski’s theorem) A tensor-valued function g (A;) is anisotropic
with the symmetry group Sorth" = g defined by (6.30) if and only if there exists an
isotropic tensor-valued function § (Ai, L j) such that

g(A) =7 (A Lj). (6.119)

Proof Let us define a new tensor-valued function by
i(a.x;) = Q"9 (QaQ") Q. (6.120)

where the tensor Q' € Orth” results from the condition (6.36). The further proof is
similar to Theorem 6.1 (Exercise 6.14).

Example 6.14 Constitutive relations for a transversely isotropic elastic material. For
illustration of the above results we construct a general constitutive equation for an
elastic transversely isotropic material. The transversely isotropic material symmetry
is defined by one structural tensor L (6.22) according to (6.24). The second Piola-
Kirchhoff stress tensor S is a transversely isotropic function of the right Cauchy-
Green tensor C. According to Rychlewski’s theorem S can be represented as an
isotropic tensor function of C and L by

S=S(C.L), 6.121)
such that
S (QCQT, QLQT) —QS(C,L)Q", VQ e Orth’. (6.122)

This ensures that the condition of the material symmetry is fulfilled a priori since

$(QCQ".L) =5 (QCQ".QLQ") =QS(C. L)Q", VQ e g, (6123)
Keeping in mind that S, C and L are symmetric tensors we can write by virtue of
(6.28)1 and (6.117)

S(C,L) = aol + ajL + anC

+ 3C? + a4 (CL + LO) + a5 (C°L + LC?). (6.124)

The coefficients «; (i =0, 1, ..., 5) represent scalar-valued isotropic tensor func-
tions of C and L so that similar to (6.29)

tr (CZL)] . (6.125)
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For comparison we derive the constitutive equations for a hyperelastic transversely
isotropic material. To this end, we utilize the general representation for the trans-
versely isotropic strain energy function (6.29). By the chain rule of differentiation
and with the aid of (6.52) and (6.54) we obtain

o o o,
= I1+4
otrC + otrC? C+ 68’[rC3 ¢
o o
2 L+2 CL + LC 6.126
+ otr (CL) + otr (CZL) (CL+LO) ( )
and finally

S = agl + oL 4+ a»C + a3C? + a4 (CL + LO) . (6.127)

Comparing (6.124) and (6.127) we observe that the representation for the hyperelastic
transversely isotropic material does not include the last term in (6.124) with CZL +
LC?. Thus, the constitutive equations containing this term correspond to an elastic
but not hyperelastic transversely isotropic material. The latter material cannot be
described by a strain energy function.

6.5 Derivatives of Tensor-Valued Tensor Functions

The derivative of a tensor-valued tensor function can be defined in a similar fashion to
(6.44). A function g (A) : Lin” — Lin" is said to be differentiable in a neighborhood
of A if there exists a fourth-order tensor g (A) ,o € Lin" (called the derivative), such
that

d
TIAFX)| =g(A).a:X, VXeLin (6.128)
t=0

exists
=0

d
The above definition implies that the directional derivative I g (A +tX)

and is continuous at A.
Similarly to (6.45) we can obtain a direct relation for the fourth-order tensor
g (A) ,a. To this end, we represent the tensors A, X and G = g (A) with respect to
an arbitrary basis in Lin", say g; ® g/ (i, j = 1,2, ..., n). Applying the chain rule
of differentiation we can write
d : .
= — {ij [(A’fl + tX’fz) 9 ® gl] 9 ® g’}
=0 dr
%G, x* j (6.129)
=5 X,9:99. .
OA%,

ol LElUMN Zyl_i.lbl

d
—g(A+1tX
dtg( +tX)

t=0
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In view of (5.30); and (6.128) this results in the following representations

e . . 0G
g,A=ng®g ®91®91 8Algz®gk®g ®gj
-l
aG!, 9G';

—g, 09 0d®9 =19 09 ®g 17 (6.130)

= DAk ~ 9Ay

For functions defined only on a subset Slin” C Lin" the directional derivative
(6.128) again does not deliver a unique result. Similarly to scalar-valued functions
this problem can be avoided defining the fourth-order tensor g (A),A as a linear
mapping on Slin”. Of special interest in this context are symmetric tensor functions.
In this case, using (5.47) and applying the procedure described in Sect.6.3 we can
write

g (symA) ,yma =[g(A).AaI°, A €Lin". (6.131)

The component representation (6.130) can be given for symmetric tensor functions
by

a l

l<k
8G’
) Z ®U®g+aRg) g’ (6.132)
i

where M € Sym”.

Example 6.15 Derivative of the power function A¥ (k = 1,2, ...). The directional
derivative (6.128) of the power function yields

k—1
d . .
k k i k—1—i 2
= —[A t E A'XA tc. ..
o & ( + + )

i=0 1=0
= ZA"XAk—l—" ) (6.133)
Bearing (5.17)1 and (6.128) in mind we finally obtain
k—1 . )
Afa=D AT@A! AeLin. (6.134)
i=0

In the special case k = 1 it leads to the identity

(6.135)
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For power functions of symmetric tensors application of (6.131) yields

k—1
. A\ S
M= (M’®M"‘1") ., M e Sym" (6.136)
i=0

and consequently
M,y=3°, M e Sym". (6.137)

Example 6.16 Derivative of the transposed tensor AT . In this case, we can write

d d
—A+X)T = — (AT +XT =XT.
dr (A +2X) =0 df ( * ) =0
On use of (5.81) this yields
AT A=7T. (6.138)

Example 6.17 Derivative of the inverse tensor A~!, where A € Inv". Consider the
directional derivative of the identity A~'A = L. It delivers:

d
5 A+X)"A+1X)| =0.

t=0

Applying the product rule of differentiation (2.9) and using (6.133) we further write

d
—A+X)7' A+ATIX=0
dr =0

and finally
d —1 —lIya—1
— (A +1X) =—-A"'XA L.
dr =0

Hence, in view of (5.17);
Al a=-ATgA L (6.139)
The calculation of the derivative of tensor functions can be simplified by means of
differentiation rules. One of them is the following composition rule. Let G = g (A)

and H = & (A) be two arbitrary differentiable tensor-valued functions of A. Then,

(GH),A=G,AH+GH,4 . (6.140)
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For the proof we again apply the directional derivative (6.128) taking (2.9) and (5.40)
into account

(GH) ,o: X = %[g(A—I—tX)h(A—i—tX)]

t=0

d d
—g(A+1tX H+G—-h(A+:X
dtg( +1X) + & (A +1X)

=0
=(GA: X)H+GH A : X)

= (G,AH+GH,,):X, VX e Lin".

t=0

Example 6.18 The right and left Cauchy-Green tensors are given in terms of the
deformation gradient F respectively by

C=F'F, b=FF. (6.141)
Of special interest in continuum mechanics is the derivative of these tensors with
respect to F. With the aid of the product rule (6.140) and using (5.42), (5.77), (5.84),
(5.85)1, (6.135) and (6.138) we obtain

Cr=F g F+FFr=9F+FI=(1I0F ' +F I, (6.142)
br=FpF +FF y=9F +FT =1QF + (FQI)'. (6.143)

Further product rules of differentiation of tensor functions can be written as

(fG)Aa=GO fa+fGa, (6.144)

(G:H),A=H:G,A+G:H,,s, (6.145)
where f = f (A), G = g(A) and H = & (A) are again a scalar-valued and two

tensor-valued differentiable tensor functions, respectively. The proof is similar to
(6.140) (see Exercise 6.16).

Example 6.19 With the aid of the above differentiation rules we can easily express
the derivatives of the spherical and deviatoric parts (1.166) of a second-order tensor
by (compare with (5.89))

1 1
sphA, 5 = I:;tr (A) 1} A= -10I="Py, (6.146)

1 1
devA,x = |:A— —tr(A)I] A=T—-101=Pge. (6.147)
n n

In a similar way we can also express the derivative of the isochoric part of the
deformation (6.79), as
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Cc= (1—2/30) c=J7Cc+Co (17

—2/3 (fls -CoC™ ) Picos (6.148)

where relation (6.83) is utilized.

Example 6.20 Tangent moduli of hyperelastic isotropic and transversely isotropic
materials. The tangent moduli are defined by (see, e.g., [32])

oS oS
C=—=2—, 6.149
OE oC ( )

where E denotes the Green-Lagrange strain tensor defined in (6.114). For hyperelastic
materials this definition implies in view of (6.80) the representation

_ P
" OE9E ~ 9COC’

(6.150)

For a hyperelastic isotropic material we thus obtain by virtue of (6.136), (6.144),
(6.10) or (6.111)

3 27
e=43 iV k1ol

k 1
P otrCkotrC
M o
12 I1+1 s 6.151
+ 8 it C23 + o C3(C® +1I®C)". ( )

For a hyperelastic transversely isotropic material the above procedure yields with
the aid of (6.126)

3
0*1) k=1 ~ (=1 o
—  LoL
IZ actoncC CC T ercn o Y ©
+ 4 32¢ (CL+LC) © (CL +LC)
dtr (C2L) dtr (C?L)
821/; k—1 k—1
4 v L+L
+ Zk: K SwCranr (CL) (C oL+Loc )
+4> LV (¢ o (CL+1LO) + (CL+ L0 0 ¢!
p otrCkotr (C2L)
. P o1
dtr (CL) Otr (C?L) otrC?
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o
ot (C2L)

+ 12ﬂ(C®I+I®C)S+4

LRII+IQL)®. 6.152
e LOI+I®L) (6.152)

Example 6.21 Tangent moduli of hyperelastic materials with isochoric-volumetric
split of the strain energy function can be obtained by inserting (6.88) into (6.81) and
(6.149). Thus, applying product rules of differentiation (6.140), (6.144) and (6.145)
and using (6.83) we can write

€= 2S,C = eiso + evoly (6-153)

where

Cool = 2Svo.C = (U”ﬂ " U’J) cloc -2 (c—1 ® c—l)s . (6.154)

Ciso = 2Siso,C = —21—2/3 [S - % (S:0) c—l} oc™!
+2J7%3 [S,C : Piso + % S:0) (c—l ® c—l)s
10T O (CHS.e Pt S)] _
Using the abbreviation
C=25¢=4¢c (6.155)

the last expression can finally be simplified as follows

~ 2 _ _
Ciso = Pl e Piso — 5-]_2/3 (S@C_1 +C_1 @S)

180

2. ¢ -1 SR -1
+§(S.C)[(C ®C') +:CclocC ] (6.156)

6.6 Generalized Rivlin’s Identities

The Cayley-Hamilton equation (4.96)
A" —IOA HIPA T 4 ) I =0 (6.157)
represents a universal relation connecting powers of a second-order tensor A with

its principal invariants. Similar universal relations connecting several second-order
tensors might also be useful for example for the representation of isotropic tensor
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functions or for the solution of tensor equations. Such relations are generally called
Rivlin’s identities.

In order to formulate the Rivlin identities we first differentiate the Cayley-
Hamilton equation (6.157) with respect to A. With the aid of (6.60), (6.134) and
(6.144) we can write

— [Z (= )k IX‘)A”"] A

k=0

n k .
_ Z(_l)k ATk o |:Z(_1)i—1 IXc—i) (AT)’—11|
k=1

i=1
n—1 n—k ' )
+ Z(_l)k I(Ak) [ZAn—k—l ®Al—1} X
k=0 i=1

Substituting in the last row the summation index k + i by k and using (5.42) and
(5.43) we further obtain

n

L .
STATES (k) |:I o) (AT)Z_I ~I® A"‘l] =0. (6.158)

k=1 i=1

Mapping an arbitrary second-order tensor B by both sides of this equation yields an
identity written in terms of second-order tensors [11]

n

> Ak Zk: (— ki k=D [tr (Ai_lB) - BA"—I] —0. (6.159)

k=1 i=1

This relation is referred to as the generalized Rivlin’s identity. Indeed, in the special
case of three-dimensional space (n = 3) it takes the form

ABA + A’B +BA”? — tr (A) (AB + BA) — tr (B) A2
1
~ [ir (AB) — rAUB] A + 5 [trzA - trA2] B
2 1 2 2
. (A B) — wAir (AB) + SuB [tr A—trA ] =0, (6.160)

originally obtained by Rivlin [37] by means of matrix calculations.
Differentiating (6.159) again with respect to A delivers

o= ZZ(An —k—j @ AJ™ 1)2( l)k—ilgc—i) [tr(Ai—lB)I_BAi—l]

n—1n—k
1

1j=

k=
n k—1

Nk—i An—k i1  pai-l
+k§,~21( k=i A" [tr(A’ B)I BA ]
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k—i 1
Z( 1)] II(k i—J) (AT)
j=1
n k ) i—1 T
+ ZZ(_I)k—i IXC—!)An—k o [ (Aj—lBAi—l—j) }
k=2 i=2 j=1

_ ZZ( k- ll(k DAn—kp [Z (Ai—j—l ®Aj—1):| .

k=2 i=2

Changing the summation indices and summation order we obtain
n—1 n k=i o o ) )
Z Z Z (_l)k—l—] Igc_l_J)An—k [I ® [tr (A]—IB) Al—l
i=1k=i+1 j=1
‘ . . . j—1
— A'BAT ] — [ (AT B) 1-BA™ | © (A7)
. . T . .
+10 (A7'BAT") —BAT! ®A"1] =0. (6.161)

The second-order counterpart of this relation can be obtained by mapping another
arbitrary second-order tensor C € Lin" as [11]

1 k—i
"Z Z Z (=T i pnk {“ (Aj_lB) cA™!

i=1 k=i+1 j=1
—CAI-'BA/! — [tr (A"—IB) I— BA"—I] r (Af—lc)
T (Ai‘lBAj‘IC)I - BAJ—ICAH} —0. (6.162)

In the special case of three-dimensional space (n = 3) Eq.(6.162) leads to the well-
known identity (see [30, 37, 39])

ABC + ACB + BCA + BAC + CAB + CBA — tr (A) (BC + CB)

— tr (B) (CA + AC) — tr (C) (AB 4 BA) + [tr (B) tr (C) — tr (BC)] A

+[tr (C) tr (A) — tr (CA)]B + [tr (A) tr (B) — tr (AB)] C

— [tr (A) tr (B) tr (C) — tr (A) tr (BC) — tr (B) tr (CA)

—tr (C) tr (AB) + tr (ABC) + tr (ACB)]I = 0. (6.163)

Exercises

6.1 Check 1sotropy of the following tensor functions:
0,b+#0,
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(b) f (A) — All + A22 + A33,

(©) f (A) = A" £ A2 A3 where AV represent the components of A € Lin® with
respect to an orthonormal basis e; (i = 1, 2, 3), so that A = Ale; @ e js

(d) f (A) = detA,

(e) f (A) = Amax, Where A\« denotes the maximal (in the sense of the norm \/ﬁ)
eigenvalue of A € Lin".

6.2 Prove the alternative representation (6.18) for the functional basis of an arbitrary
second-order tensor A.

6.3 Prove the product rule of differentiation (6.58) by applying the formalism of the
directional derivative (6.44).

6.4 An orthotropic symmetry group g,, is described in terms of three structural ten-
sors defined by L; =1; ®I;, wherel; -1; = ;; (i, j = 1, 2, 3) are unit vectors along
mutually orthogonal principal material directions. Represent the general orthotropic
strain energy function

¥ (QCQT) =4 (C), VQeg, (6.164)

in terms of the orthotropic invariants.

6.5 Using the results of Exercise 6.4, derive the constitutive relation for the second
Piola-Kirchhoff stress tensor S (6.80) and the tangent moduli € (6.149) for the general
hyperelastic orthotropic material.

6.6 Represent the general constitutive relation for an orthotropic elastic material as
a function S (C).

6.7 A symmetry group g, of a fiber reinforced material with an isotropic matrix is
described in terms of structural tensors defined by L; = I; ®1;, where the unit vectors
I; (i =1,2,...,k) define the directions of fiber families and are not necessarily
orthogonal to each other. Represent the strain energy function

¢ (QCQ") =v(©), vQeg, (6.165)

of a fiber reinforced material with two families of fibers (k = 2).

6.8 By using (6.65) and (6.77) prove that
9 et = detA tr (AA‘I) (6.166)
dr ’

for any invertible second order tensor function A (¢) € Inv".

6.9 Derive the constitutive relation S = 291)/0C + pC~! and the tangent mod-
uli € = 20S/0C for the Mooney-Rivlin material represented by the strain energy
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6.10 Derive the constitutive relation for the Ogden material (6.12) in terms of the
second Piola-Kirchhoff stress tensor using expression (6.80).

6.11 Show that tr (CL;CL;), where L; (i = 1,2, 3) are structural tensors defined
in Exercise 6.4, represents an orthotropic tensor function (orthotropic invariant) of
C. Express this function in terms of the orthotropic functional basis obtained in
Exercise 6.4.

6.12 The strain energy function of the orthotropic St. Venant-Kirchhoff material is
given by

v (E) = % i aijtr (BL;) wr (BL; ) + 23: Gijtr (BL/EL; ) (6.167)
i.j=1 i,j=1
i

where E denotes the Green-Lagrange strain tensor (6.114) and L; (i =1, 2, 3) are
the structural tensors defined in Exercise6.4. a;; = a;; (i, j =1,2,3) and G;; =
Gji (i # j=1,2,3) represent material constants. Derive the constitutive relation
for the second Piola-Kirchhoff stress tensor S (6.80) and the tangent moduli € (6.149).

6.13 Show that the function 7,ZJ(E) (6.167) becomes transversely isotropic if
1
ap =as, ap=a3, Gp=G3, Gx= 3 (ax — az3) (6.168)

and isotropic of the form (6.116) if

ap=api3=a3 =2 Gpn=G;3=0x3=0G,
ajl = ay =azz = A+ 2G. (6.169)

6.14 Complete the proof of Theorem 6.3.
6.15 Express A_k,A, where k =1,2,....
6.16 Prove the product rules of differentiation (6.144) and (6.145).

6.17 Write out Rivlin’s identity (6.159) for n = 2.




Chapter 7
Analytic Tensor Functions

7.1 Introduction

In the previous chapter we discussed isotropic and anisotropic tensor functions
and their general representations. Of particular interest in continuum mechanics
are isotropic tensor-valued functions of one arbitrary (not necessarily symmetric)
tensor. For example, the exponential function of the velocity gradient or other non-
symmetric strain rates is very suitable for the formulation of evolution equations
in large strain anisotropic plasticity. In this section we focus on a special class of
isotropic tensor-valued functions referred here to as analytic tensor functions. In
order to specify this class of functions we first deal with the general question how
an isotropic tensor-valued function can be defined.

For isotropic functions of diagonalizable tensors the most natural way is the
spectral decomposition (4.43)

A= AP, (7.1)

i=1

so that we may write similarly to (4.48)

g@A) =D g\)P;, (7.2)

i=1

where g ()\;) is an arbitrary (not necessarily polynomial) scalar function defined on
the spectrum \; (i = 1,2, ..., s) of the tensor A. Obviously, the so-defined function
g (A) is isotropic in the sense of the condition (6.91). Indeed,

9(QAQ") =g (M) QP.Q" =Qy(4)Q", VQ € O, (7.3)

i=1
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where we take into account that the spectral decomposition of the tensor QAQT is
given by

QAQ" = > QP,Q". (7.4)

i=1

Example 7.1 Generalized strain measures. The so-called generalized strain mea-
sures E and e (also known as Hill’s strains, [18, 19]) play an important role in
kinematics of continuum. They are defined by (7.2) as isotropic tensor-valued func-
tions of the symmetric right and left stretch tensor U and v and are referred to as
Lagrangian (material) and Eulerian (spatial) strains, respectively. The definition of
the generalized strains is based on the spectral representations by

N N
U=> AP, v=> Api. (7.5)
i=1 i=1

where \; > 0 are the eigenvalues (referred to as principal stretches) while P; and
p; (i =1,2,...,5s) denote the corresponding eigenprojections. Accordingly,

E=D fO)P. e=> fQ)p, (7.6)

i=1 i=1

where f is a strictly-increasing scalar function satisfying the conditions f (1) = 0
and f’ (1) = 1. A special class of generalized strain measures specified by

il(A?—l)Pi fora # 0,
a

i=1

E@ — ] (7.7)
> In(\)P; fora =0,
i=1
s 1
> — (A —1)p; fora #0,
“a

@ = " (7.8)
> In(\) pi fora =0

—

i

are referred to as Seth’s strains [42], where a is a real number. For example, the
Green-Lagrange strain tensor (6.114) introduced in Chap. 6 belongs to Seth’s strains
as E®.

Since non-symmetric tensors do not generally admit the spectral decomposition in
the diagonal form (7.1), itis necessary to search for other approaches for the definition
of the isotropic tensor function g (A) : Lin" + Lin". One of these approaches is
the tensor. power.series.of the form.
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o

g(A) =al+ajA+aA®+- =D aA (7.9)
r=0

Indeed, in view of (6.92)
g(QaQ") = i ar (QaQ")
r=0

o0
= ZarQA’QT =Qg(A)QT, VQ € Orth". (7.10)
r=0
For example, the exponential tensor function can be defined in terms of the infinite
power series (7.9) by (1.117).

One can show that the power series (7.9), provided it converges, represents a
generalization of (7.2) to arbitrary (and not necessarily diagonalizable) second-order
tensors. Conversely, the isotropic tensor function (7.2) with g (\) analytic on the
spectrum of A can be considered as an extension of infinite power series (7.9) to its
non-convergent domain if the latter exists. Indeed, for diagonalizable tensor argu-
ments within the convergence domain of the tensor power series (7.9) both definitions
coincide. For example, inserting (7.1) into (7.9) and taking (4.47) into account we
have

[} s r 00 K s
gA) =2 a (Z AiPi) =D 4D NPi=2 gO)P; (7.11)
r=0 i=1 r=0 i=1 i=1

with the abbreviation

oo
g =D a N, (7.12)
=0
so that
1 0"g(N)
= — . 7.1
r! 8)\1‘ A=0 ( 3)

The above mentioned convergence requirement vastly restricts the definition
domain of many isotropic tensor functions defined in terms of infinite series (7.9).
For example, one can show that the power series for the logarithmic tensor function

oo Ar
_ oy
InA+D=> (-1 ; (7.14)

r=1

converges for [\;| < 1 (i =1,2,...,s) and diverges if |\¢| > 1 at least for some
k (1 <k <ys)(see,e.g.,[15]).
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In order to avoid this convergence problem we consider a tensor function defined
by the so-called Dunford-Taylor integral as (see, for example, [27])

1
g(A) = f 9O (C1—A)"d¢ (7.15)

taken on the complex plane over I, where I represents a closed curve or consists
of simple closed curves, the union interior of which includes all the eigenvalues
AN €eC@=1,2,...,s) of the tensor argument A. g ({) : C — C is an arbitrary
scalar function analytic within and on I".

One can easily prove that the tensor function (7.15) is isotropic in the sense of the
definition (6.91). Indeed, with the aid of (1.136) and (1.137) we obtain (cf. [36])

s(@a0") = - f 90 (- QaQ7) i

1 1!
3 haofec-meT u

1
= faoeE -8 QK
T Jr
=Qg(A)Q". VQeOrth". (7.16)

It can be verified that for diagonalizable tensors the Dunford-Taylor integral (7.15)
reduces to the spectral decomposition (7.2) and represents therefore its generaliza-
tion. Indeed, inserting (7.1) into (7.15) delivers

s ~1
1
g(A) = ﬁfrg(o (cl— ;m) a

1
o g(C)[Z(C A)P} d¢
1
_ Tmfrg@Z(c — ) R

N

1
=Z[2 ny 9O €= dc}P —Zg(A)P,, (7.17)

where we keep (4.46) in mind and apply the the Cauchy integral formula (see, e.g.
[5]). Using this result we can represent, for example, the generalized strain measures
(7.6) by

E=fU). e=f(v), (7.18)

where the tensor functions f (U) and f (v) are defined by (7.15).
Further, one can show that the Dunford-Taylor integral (7.15) also represents a
generalization. of tensor. power. series (7.9). For this purpose, it suffices to verify


http://dx.doi.org/10.1007/978-3-319-16342-0_6
http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_4

7.1 Introduction 173

that (7.15) based on a scalar function g ({) = Ck (k=0,1,2,...) results into the
monomial g (A) = A¥_ To this end, we consider in (7.15) the following identity [27]

gOI=D"=(CT—A+AF=(CT-A 4. .+ AL (7.19)

Thereby, all terms except of the last one have no pole within I" and vanish according
to the Cauchy theorem (see, e.g., [5]), so that

g(A) = if [(gl A AR —A)’l]d( = A, (7.20)
ZWI r

Isotropic tensor functions defined by (7.15) will henceforth be referred to as
analytic tensor functions. The above discussed properties of analytic tensor functions
can be completed by the following relations (Exercise 7.3)

gA)=af(A)+phA), if g\)=afN+5h),
gA) =fA) A, if g =fNh), (7.21)
gA) = f(h(A), it g =/ HW).

In the following we will deal with representations for analytic tensor functions and
their derivatives.

7.2 Closed-Form Representation for Analytic Tensor
Functions and Their Derivatives

Our aim is to obtain the so-called closed form representation for analytic tensor
functions and their derivatives. This representation should be given only in terms of
finite powers of the tensor argument and its eigenvalues and avoid any reference to
the integral over the complex plane or to power series.

We start with the Cayley-Hamilton theorem (4.96) for the tensor (I — A

Z( 1) 1”‘) L CI—A)"F=0. (7.22)

With the aid of the Vieta theorem (4.24) we can write

Ba=1 Ga= > C=M)C-M)C=N), (723

i1 <ip<---<if
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where k = 1,2, ..., n and the eigenvalues \; (i =1, 2,...,n) of the tensor A are
counted with their multiplicity.
Composing (7.22) with the so-called resolvent of A

RO =I-A)" (7.24)

yields

R () = (n) Z (="~ —k—1 I(k) N (e = )n—k—l
a A k=0
1w k-1
= ZI " (A =D (7.25)
(I-A k=0

Applying the binomial theorem (see, e.g., [5])

!
(A—CI)I — Z(_I)I—P (;)Cl_pAP, I=1.2. ... 726)
=0
where
(l) - l—' (7.27)
p)  pld—pV _
we obtain
n—k—1 Cr_1
RO = (n) ZIg;) A Z (=1ynk=t=p ( )g”—k—l—PAp‘
I§I A k=0 p
(7.28)

Rearranging this expression with respect to the powers of the tensor A delivers

R(Q) =D a,A? (7.29)
=0
with
n—k—p—1 —k—1 (k) n—k— 1
(n) Z (DT T (7.30)
li—a k=0 p
where p =0, 1, ..., n — 1. Inserting this result into (7.15) we obtain the following

closed-form representation for the tensor function g (A) [23]
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n—1
g(A) = 0A”, (7.31)
=0
where
Ly 9(()%(14 p=01...,n-1 (7.32)

The Cauchy integrals in (7.32) can be calculated with the aid of the residue theorem
(see, e.g., [S]). To this end, we first represent the determinant of the tensor (I — A in
the form

19, =det@I-A) = []€c—20", (7.33)

where )\; denote pairwise distinct eigenvalues with the algebraic multiplicities
ri i=1,2,...,s) such that

iri =n. (7.34)

i=1

Thus, inserting (7.30) and (7.33) into (7.32) we obtain

S 1 ) r,—l .
Yp = ;W&H} ldC"l [9 () ap (O € —X) ’]] (7.35)

where p=1,2,...,n— 1.
The derivative of the tensor function g (A) can be obtained by direct differentiation
of the Dunfod-Taylor integral (7.15). Thus, by use of (6.139) we can write

1
I8 a= 3= § O -4 @ (1- 4 dC (736)
™ Jr
and consequently

1
gA).a=— ]{ 9 (ORI ®R(()dC. (7.37)
T Jr

Taking (7.29) into account further yields

n—1
gA) A= D npAT @AY, (7.38)
p.q=0
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where
1
npq:nquz_ﬂ_if}'g(C)ap(C)aq(C)dCa p’q:O’la“"n_l' (739)

The residue theorem finally delivers

S 2ri—1

1 ) ,
Moo = 2 G —y; im. [F [9© ap ©ag © €= NP ]} . (7.40)

i=1

where p,g =0,1,...,n— 1.

7.3 Special Case: Diagonalizable Tensor Functions

For analytic functions of diagonalizable tensors the definitions in terms of the
Dunford-Taylor integral (7.15) on the one side and eigenprojections (7.2) on the other
side become equivalent. In this special case, one can obtain alternative closed-form
representations for analytic tensor functions and their derivatives. To this end, we
first derive an alternative representation of the Sylvester formula (4.55). In Sect. 4.4
we have shown that the eigenprojections can be given by (4.52)

Pi=pi(A), i=12,...,s, (7.41)
where p; (i = 1,2, ..., s) are polynomials satisfying the requirements (4.51). Thus,
the eigenprojections of a second-order tensor can be considered as its analytic

(isotropic) tensor functions. Applying the Dunford-Taylor integral (7.15) we can
thus write

P,~=i_7§ pi(OCI—A)"d¢C, i=1,2,....5. (7.42)
2mi I

Similarly to (7.31) and (7.35) we further obtain

P; =§pi,,AP, i=1,2,...,s, (7.43)
p=0
where
> 1 a1
pip = ; T dim [(K—_l [ ©ap (O €~ Ak)”‘]] (7.44)
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and o, (p=0,1,...,n— 1) are given by (7.30). With the aid of polynomial func-
tions p; (\) satisfying in addition to (4.51) the following conditions

d
d)\rp,()\)‘ =0 ij=12,. yr=12,...,rn—1 (7.45)
we can simplify (7.44) by
1 dri—t
R 1 — )i
P = 1 Aim [ aoT [ © =2 ]} : (7.46)

Now, inserting (7.43) into (7.2) delivers
K n—1
gA) =D g\ D pipAP. (7.47)

In order to obtain an alternative representation for g (A) ,o we again consider the
tensor power series (7.9). Direct differentiation of (7.9) with respect to A delivers
with the aid of (6.134)

o]

r—1
gA) A= a D AT F@ AL (7.48)
r=1 k=0

Applying the spectral representation (7.1) and taking (4.47) and (7.12) into account
we further obtain (see also [21, 51])

00 r—=1 s
g(A).A = Zar Z Z )\;_l_k)\];-Pi QP;

r=1  k=0i,j=1

_ZZra,)\r P, @ P; + ZZar)\ =y P QP;

i,j=1r=1
J#i
g —g(A))
—Zg(A)P ®P+Z A_/\ 2 p op,
i,j=1
J#
= > GiPi®P;, (7.49)

i,j=1
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where
g (\) ifi =,
Gij=1g0)—g (A)) oy (7.50)
X=X\ a

Inserting into (7.49) the alternative representation for the eigenprojections (7.43)
yields

n—1

N
g(A),aA= Z Gij z pippjqA’ ® A1 (7.51)
i,j=1 p,q=0

Thus, we again end up with the representation (7.38)

n—1
gA) A= D npA’ @AY, (752)
p.q=0
where
A
Mpg =1gp = O, GijpipPig: P-4 =0,1,....,n—1. (7.53)
ij=1

Finally, let us focus on the differentiability of eigenprojections. To this end, we
represent them by [27] (Exercise 7.5)

P; CI—=A)ld¢e, i=1,2,...s, (7.54)

- 27 )

where the integral is taken on the complex plane over a closed curve I the interior
of which includes only the eigenvalue );. All other eigenvalues of A lie outside
I;. I; does not depend on ); as far as this eigenvalue is simple and does not lie
directly on I7;. Indeed, if ); is multiple, a perturbation of A by A + ¢X can lead to
a split of eigenvalues within I7;. In this case, (7.54) yields a sum of eigenprojections
corresponding to these split eigenvalues which coalesce in A; for t = 0. Thus,
the eigenprojection P; corresponding to a simple eigenvalue J; is differentiable
according to (7.54). Direct differentiation of (7.54) delivers in this case

Pia= — f T—A)" T —A)"dC, =1 (755)
271'1 T;
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By analogy with (7.38) we thus obtain

n—1

Pia= D vipA” @AY, (7.56)
P.q=0
where
1
Vipg = Vigp = %ﬁ ap ©) Qg ¢©d¢, p,gq=0,1,...,n—1. (7.57)

By the residue theorem we further write

_[d
Uipq=clin§i[&[a,,(c)aq(g)(c—/\,-)z]], pg=0,1,....n—1. (758)

With the aid of (7.49) one can obtain an alternative representation for the derivative of
the eigenprojections in terms of the eigenprojections themselves. Indeed, substituting
the function ¢ in (7.49) by p; and taking the properties of the latter function (4.51)
and (7.45) into account we have

s

P,QP;, +P; ®P;
P,»,A=Z’ A{_A{ L (7.59)
=1 o
J#i

7.4 Special Case: Three-Dimensional Space

First, we specify the closed-form solutions (7.31) and (7.38) for three-dimensional
space (n = 3). In this case, the functions oy (¢) (k =0, 1, 2) (7.30) take the form

Cz — Cler—a +er-a

ap () = TN
_ C—CO+ X2+ A3 + A+ s + A3\
B (€= AD = A2) (€ —A3) ’
al(O=ICI—A_2<= C—A1—A— A3 ’
Mler-a C—=AD € —A) ([ —A3)
az () = ! ! (7.60)

Maa C-ADC—2C )

Inserting these expressions into (7.35) and (7.40) and considering separately cases
of distinct and repeated eigenvalues, we obtain the following result [25].
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Distinct eigenvalues: \| # Ay # A3 # A1,

3
M)A
<,00=Zg i ]k’

3(
Z (7.61)

noo_za:/\% 7 ) 23:)\,-)\,-/\%[90\;')—9()\1)]’
i,j=1 ()‘i - Aj)?’ b
i#j

2 (A + M) )\)\kg )

no1 =110 = Z

23:_ Aj+ M) )\)\k[g()\) g(Aj)]
,;

s

(N = 7)) D

3 3
Mg () Aide[g ) — g (V)]
no2 = 120 = - 52 ’
Zl: Di2 i,,Z=:1 ()‘i - >‘j)3 Dy
i#j

nnzzji(kj+Aozy<&>__§:(Aj+Ag<Af+Aw[g@»-—gcwﬂ
i=1 D} ij=1 (N — /\j)3 Dy
i#j

9’

L HFM) D) e A N) =g\
1ra = 1o = Z +k9()+z(+k)[g() g (\j)]

P inj=1 (A =)' D ’
i#)
3, 3
g () gD —g(N) .. .
2 = — - =, i #jFk#£I (7.62)
; D} ,-,jz=1 (N — >\j)3 Dy,
i#]
where

Di=(\—=A) =), i#jEkEI=1,23 (7.63)
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Double coalescence of eigenvalues: \j = \j = M =\, j #k,
_ M) =g | g Mg’ Y
i — \)? N=N  Ni=N
Y A) =g [ NN+ N
A = N7 Ni=N
g -9 g
A= =N

P11 =

(7.64)

(2A2N] = 6M3A) [9 () — g V)]
A =)
. Xg ) + N3N +4X2A7 — 4N + M) g ()
OYEPN
XN = XN g" ) | NN )
N —A)? 6\ — N

100 =

(BN + 7AiM = 2X20) [g (\) — g (V)]
i —N)°
B 2230 () + (A3 + 7NN =2020) ¢/ (V)
i —N?
@A A=) ) A+ N g Y
20 — A3 6\ —N)?

o1 = Mo =

(A7 =3MA =20 [g(\) —g (V]
OYEPVE
N g )+ (A 430A— A7) g (V)
i — N
BM =) " (V) NAg” (V)
200 =N 6\ — N2

702 = 120 =

L3NG 0) —g V] g )+ A +20) g (V)
+4
i — N3 i — N
220 +Ng" ) N+ NN
i —N? 6(\i —\)?

m = -

El
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i +70 g (A) —g WM 229" X)) + i +50 9" ()

mz2 =121 =

OVEPIR OYEP VN
3N A+
20 =N 6\ —N?
o = — gA)—gN) | g N)+39 (V) g’ (N g" (N
i =N OYEP N A= 6N =N
(7.65)
Triple coalescence of eigenvalues: \| = Xy = A3 = A,
1
P0=9 ) =g’ V) + X" (),
e1=9" N =" (N,
1
02 = Eg” \, (7.66)
Ng" ) Ny Mg )
_ _ /" _
no =g (AN —Ag" (M) + > T 50
A O VA O BRI\ A Y
701 = 1N10 = ) ) 3 60 s
L OV Y A O BN A CY
702 = 120 = 6 24 120 °
AR NP A CV NP A O
mi = 6 6 30 s
R AR C NV A O]
m2 =1mn1 = 4 60 5
14
9
m2 = 9120), (7.67)

where superposed Roman numerals denote the order of the derivative.

Example 7.2 To illustrate the application of the above closed-form solution we con-
sider the exponential function of the velocity gradient under simple shear. The veloc-
ity gradient is defined as the material time derivative of the deformation gradient by
L=F. Using the representation of F in the case of simple shear (2.69) we can write

040
L=Le®e, where [ij]= 000 |. (7.68)
000
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‘We observe that L has a triple (r; = 3) zero eigenvalue
AM=X=XM=2=0. (7.69)

This eigenvalue is, however, defect since it is associated with only two (f; = 2)
linearly independent (right) eigenvectors

ay =ey, ap =es. (7.70)

Therefore, L (7.68) is not diagonalizable and admits no spectral decomposition in
the form (7.1). For this reason, isotropic functions of L as well as their derivative
cannot be obtained on the basis of eigenprojections. Instead, we exploit the closed-
form solution (7.31), (7.38) with the coefficients calculated for the case of triple
coalescence of eigenvalues by (7.66) and (7.67). Thus, we can write

exp (L) = exp (\) [(%)\2 -2+ 1) I+ —-ML+ %L2] , (7.71)

A2 N M
L), = I=-2+— -7+t
exp (L), = exp (\) [( A+ > Tt 120)9

DD IS
+(———+———)(L®I+I®L)

6 6 30
IR
-+ ) (LPeI+10L?

+(6 24+1zo)( gl+ie )

Y L (L2®L+L®L2)JFLLZ(X)L2 (1.72)
24 60 120 ' '

On use of (7.69) this finally leads to the following expressions

1
exp(L) =T+L+ §L2, (7.73)
1 1 1/, 5
exp(L), =9 + §(L®I+I®L)+6L®L+€(L ®I+I®L)
1 1
— (L’9L+L®L?) + —L>QL>% 7.74
+24( ®L+L® )+120 ® (7.74)

Taking into account a special property of L (7.68):
LF=0, k=2,3,... (7.75)

the same results can also be obtained directly from the power series (1.117) and its
derivative. By, virtue e latter.one can be given by


http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_6

184 7 Analytic Tensor Functions

(o] r—1
1
exp(L),L = z - 2 L 7% @ Lk (7.76)
=1 " k=0

For diagonalizable tensor functions the representations (7.31) and (7.38) can be
simplified in the cases of repeated eigenvalues where the coefficients ¢, and 7, are
given by (7.64)—(7.67). To this end, we use the identities A2 = O+ M)A - W
for the case of double coalescence of eigenvalues ()\i EFAN=N= )\) and A = M1,
A2 = )2 for the case of triple coalescence of eigenvalues (A} = Ay = A3 = A).
Thus, we obtain the following result well-known for symmetric isotropic tensor
functions [7].

Double coalescence of eigenvalues: \; = Xj = A\ = A, A=\ + M)A = NI

_ Mg =Ag ) _gA)—gW)

s = , =0, 7.77
N A 1 VDY 2 (7.77)

gD —g V) A2 () + Mg (V)

noo = =2\ A

i —N? YDV
gD =g Ad D)+ XAigd N
=10 =\ + A - ,
no1 =110 = (A\i +A) Or — AP v — A
IR I CORr 10 gJ ) +g O
! N —M)° N-N
no2 = 120 =N12 = 121 = 122 = 0. (7.78)

Triple coalescence of eigenvalues: \| = Xy = A3 = A\, A = Al A? = )21,
po=9gMN), p1=p2=0, (7.79)
no=¢g N, mr=no=n1=n2=mo=n2=m1 =n2=0. (7.80)

Finally, we specify the representations for eigenprojections (7.43) and their deriv-
ative (7.56) for three-dimensional space. The expressions for the functions p;), (7.46)
and v;pq (7.58) can be obtained from the representations for ¢, (7.61), (7.77),
(7.79) and 71,4 (7.62), (7.78), respectively. To this end, we set there g (\;) = 1,
g(Aj) =g =g ) =g (Aj) = ¢ (\) = 0. Accordingly, we obtain the
following representations.

Distinct eigenvalues: \| # Ay # A3 # A1,

Aj Ak Aj+ M 1
0="L= p=- . pin = —, 7.81
Pio0 D; Pil D; Pi2 D; ( )

ol LElUMN Zyl_i.lbl
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A Aj
Voo = —2A A j Ak b — + ! 3 )
()\,’ — )\j) Dy, ()\i - )\k) Dj
Ai (A + M) + A O+ M) W (A + M) + M (X + )

Viol = Vil0 = Mk + ,
(N — )\j)3 Dy ’ i — M) D
A+ A A+ A
Viy = Vj20 = —M————F— — A; § ,
()\,‘ — /\j) Dy, N\i = \)” Dj
Ai + A AN+ A
i = =2 (A + \) A it
()\,‘ — /\j) Dy A\ — )’ D
Ai X +20 N +20 4+ M
Vil2 = Uizl = 3 e
()\,’ — )\j) Dy, \i = \)” Dj
2 2 . .
v = — - , L#j£k#i=1,2,3. (7.82)

(N =) De i =MD

Double coalescence of eigenvalues: \j # Xj = e = A, j #k,

A 1
R —, pil=———, pin=0, 7.83
Pi0 N — A pil N — A Pi2 ( )
Vi) = A Vi1 = Vil0 = Ai v = 2
Vio2 = Vi20 = Vi12 = Vi1 = viz2 = 0. (7.84)

Triple coalescence of eigenvalues: \| = Xy = A3 = A,
pro=1, p11=pr=0. (7.85)

The functions v1 4 (p, g = 0, 1, 2) are in this case undefined since the only eigen-
projection Pj is not differentiable.

7.5 Recurrent Calculation of Tensor Power Series
and Their Derivatives

In numerical calculations with a limited number of digits the above presented closed-
form solutions especially those ones for the derivative of analytic tensor functions
can lead to inexact results if at least two eigenvalues of the tensor argument are close
to each other but do not coincide (see [22]). In this case, a numerical calculation of
the derivative of an analytic tensor function on the basis of the corresponding power
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series expansion might be advantageous provided this series converges very fast so
that only a relatively small number of terms are sufficient in order to ensure a desired
precision. This numerical calculation can be carried out by means of a recurrent
procedure presented below.

The recurrent procedure is based on the sequential application of the Cayley-
Hamilton equation (4.96). Accordingly, we can write for an arbitrary second-order
tensor A € Lin"

n—1
A= () RTOAR, (7.86)
k=0

With the aid of this relation any non-negative integer power of A can be represented by

n—1
=> WAk r =012, (7.87)
k=0

Indeed, for » < n one obtains directly from (7.86)
W =6, W = (DO k=01, - L (7.88)

Further powers of A can be expressed by composing (7.87) with A and representing
A" by (7.86) as

n—1
Ar+1 — Zw](cr)Ak+1 zw(r) Ak+w(r) A"
k=0 k=1
_Zw(r) Ak+w(r)lz( l)n —k—1 (n k)Ak

k=0
Comparing with (7.87) we obtain the following recurrent relations (see also [41])

w(()r""l) — (r) (_l)n—l Igl),

with = (’)1+w(’) O N - N e (7.89)

With the aid of representation (7.87) the infinite power series (7.9) can thus be
expressed by (7.31)

g(A) =D AP, (7.90)
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where
o0
op = aw). (7.91)
r=0

Thus, the infinite power series (7.9) with the coefficients (7.13) results in the same
representation as the corresponding analytic tensor function (7.15) provided the infi-
nite series (7.91) converges.

Further, inserting (7.87) into (7.48) we obtain again the representation (7.38)

n—1
gA) A= D npA” @AY, (7.92)
r.q=0
where
oo r—1
Npg = Ngp = Zar ng_l_k)wflk), p,g=0,1,....,n—1. (7.93)
r=1 k=0

The procedure computing the coefficients 77,4 (7.93) can be simplified by means of
the following recurrent identity (see also [33])

r r—1
DA A=A QI+ |:ZA"1"‘ ® Ak} A

k=0 k=0
r—1
=A|:ZA’_1"‘®A’{|+I®A’, r=1,2..., (7.94)
k=0
where
r—1 n—1
DATIERA = > DAP QAT r=1.2... (7.95)
k=0 p,q=0

Thus, we obtain

o0
Tpg = D ar&S). (7.96)
r=1
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where [22]

1 1 0 0
=) = wO0® = 50,805, p<gi pg=0.1,....n—1,

5(()6) _ g(r Dy, (n) (r—l)
g(r) g(r) g(r D f(r V] (n) g(r D (”)+w(r 1)

(r 1) (r— 1) (r— 1) (r=1)
pa =445 = =&pq1 - 1w(n) §po1g T En—14¥ wi,

p<q,pq=12,....n—1, r=2,3,... (7.97)

The calculation of coefficient series (7.89) and (7.97) can be finished as soon as for
some r

.
<> awd|.

=0
r
D ik
=1

where € > 0 denotes a precision parameter.

‘arwg)

<e¢

arﬁgq) =

) p7q:0717’~"n_1’ (798)

Example 7.3 To illustrate the application of the above recurrent procedure we con-
sider again the exponential function of the velocity gradient under simple shear
(7.68). In view of (7.69) we can write

0 _ @ _®
V=1 =1 =o. (7.99)

With this result in hand the coefficients w ) and Epg ) (p,q =0, 1, 2) appearing in the
representation of the analytic tensor functlon (7. 90) (7.91) and its derivative (7.92),
(7.96) can easily be calculated by means of the above recurrent formulas (7.88),
(7.89) and (7.97). The results of the calculation are summarized in Table 7.1.

Considering these results in (7.90)—(7.92) and (7.96) we obtain the representations
(7.73) and (7.74). Note that the recurrent procedure delivers an exact result only in
some special cases like this where the argument tensor is characterized by the property
(7.75).
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Table 7.1 Recurrent calculation of the coefficients wg) and f;,rq)

T e [ [ (R [w [ (@ [
0 1 0 0 1
1 0 1 0 1 0 0 0 0 0 1
2 0 0 1 0 1 0 0 0 0 12
3 0 0 0 0 0 1 1 0 0 1/6
4 0 0 0 0 0 0 0 1 0 124
5 0 0 0 0 0 0 0 0 1 1/120
6 0 0 0 0 0 0 0 0 0 11720
1
> arwl(,r) 1 1 =
r=0 2
1 1 1 1 1
"
1 - Z Z — —
2 arkpg 2 6 6 24 | 120
Exercises

7.1 Let R (w) be a proper orthogonal tensor describing a rotation about some axis
e € E3 by the angle w. Prove that R (w) = R (aw) for any real number a.

7.2 Specify the right stretch tensor U (7.5); for simple shear utilizing the results of
Exercise 4.1.

7.3 Prove the properties of analytic tensor functions (7.21).

7.4 Represent the tangen moduli for the Ogden material (6.12) in the case of simple
shear by means of (7.49) and (7.50) and by using the result of Exercises 4.13 and
6.10.

7.5 Prove representation (7.54) for eigenprojections of diagonalizable second-order
tensors.

7.6 Calculate eigenprojections and their derivatives for the tensor A (Exercise 4.14)
using representations (7.81)—(7.85).

7.7 Calculate by means of the closed-form solution exp (A) and exp (A) ,a, where
the tensor A is defined in Exercise 4.14. Compare the results for exp (A) with those
of Exercise 4.15.

7.8 Compute exp (A) and exp (A) ,a by means of the recurrent procedure with the
precision parameter ¢ = 1 - 107, where the tensor A is defined in Exercise 4.14.
Compare the results with those of Exercise 7.7.
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Chapter 8
Applications to Continuum Mechanics

8.1 Deformation of a Line, Area and Volume Element

Let us consider an infinitesimal vector dX in the reference configuration of a material
body and its counterpart dx in the current configuration. By virtue of the representa-
tion for the deformation gradient (2.66) we get

ox : ox .
— 2" 4y — = J k _
dx = andX = (an Qe ) (dX ek) = FdX. (8.1)

Thus, the deformation gradient F maps every infinitesimal vector from the reference
configuration to the current one by dx = FdX.

In order to describe the mapping of a volume element we consider three infin-
itesimal linearly independent (non-coplanar) vectors dG; € E3 (i = 1,2, 3) in the
reference configuration and their counterparts dg; = FdG;, (i = 1, 2, 3) in the cur-
rent one. The volume of the parallelepiped spanned by these three vectors is expressed
by their mixed product. By means of (4.104) the relative volume change can thus be
written by

_ [dgydg>dg;]  [FdG,FdG,FdGs]

J = =
[dG1dG, dG3] [dG1dG,dG3]

— detF. (8.2)

In order to express the deformation of the area we first rewrite this relation as follows
[dg) dg,dgs] = J [dG1 dG,dG3]. (8.3)
Keeping (1.32) in mind we further obtain

(dg, x dg,) - dgs = J (dGy x dGy) - dGs. (8.4)

015 191
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The vector products in (8.4) yield the vector areas defined by
dA =dG; xdGy, da =dg; x dg, (8.9)

in the reference and current configuration, respectively. Inserting these relations into
(8.4) and taking (1.81), (1.119)1, (8.1) into account we obtain

da -dgs = JdA - (F_ldg3) —J (dAF—l) -dgy = J (F—TdA) _dgs.  (8.6)
Since the above identity holds for all dg; we obtain the relation
da = JF TdA = cofFdA (8.7)

referred to as Nanson’s formula, where cofF = F~T detF denotes the cofactor of an
invertible tensor F.

Finally, we consider a body in the current configuration bounded by a closed
surface a (see Fig.2.4). In this case

/ da = 0. (8.8)

Inserting into this identity Nanson’s formula (8.7) and utilizing (2.104) we obtain

0= / JFTdA = / JF TndA = / Div (JF—T) av, (8.9)

A A v
where V denotes the volume of the body and = is the outer unit normal vector to
its boundary surface. Note that the divergence operator denoted by Div is taken here

with respect to the reference configuration. Since this result is valid for any arbitrary
volume, the following identity holds

Div (JF—T) — Div cofF = 0. (8.10)

The same procedure starting from the closed surface A in the reference configuration
where

/dA -0, (8.11)

A
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leads to the identity
div (J—IFT) — div (cofF) " = 0, (8.12)

where the divergence operator div applies to the current configuration of the body.

8.2 Polar Decomposition of the Deformation Gradient

The deformation gradient F represents an invertible second-order tensor generally
permitting a unique polar decomposition by

F = RU = R, (8.13)

where R is an orthogonal tensor while U and v are symmetric tensors. In continuum
mechanics, R is called rotation tensor while U and v are referred to as the right
and left stretch tensor, respectively. The latter ones have already been introduced in
Sect.7.1 in the context of generalized strain measures.

In order to show that the polar decomposition (8.13) always exists and is unique
we first consider the so-called right and left Cauchy-Green tensors respectively by

C=F'F, b=FF. (8.14)

These tensors are symmetric and have principal traces in common. Indeed, in view
of (1.154)

r (Ck) =t (FTF. ..FTF) —tr (FFT . ..FFT) —tr (bk). (8.15)

k times k times

For this reason, all scalar-valued isotropic functions of C and b such as principal
invariants or eigenvalues coincide. Thus, we can write

N N
C=> AP, b=> A, (8.16)
i=1 i=1

where eigenvalues A; are positive. Indeed, let a; be a unit eigenvector associated
with the eigenvalue A;. Then, in view of (1.81), (1.107), (1.118) and by Theorem 1.8
one can write

Ai =a;-(Aia;) = a; - (Ca;) =a; - (FTFai)

(a,-FT) . (Fa;) = (Fa;) - (Fa;) > 0.
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Thus, square roots of C and b are unique tensors defined by
N s
U=vVC=> VAP, v=vb=> /Ajp:. (8.17)
i=1 i=1

Further, one can show that
R =FU"! (8.18)

represents an orthogonal tensor. Indeed,
RR" =FU'U'F!' = FU?F" = FC'F'
~1
=F(F'F) F'=FF'FF =1

Thus, we can write taking (8.18) into account

F=RU = (RURT) R. (8.19)
The tensor
RURT = FRT (8.20)

in (8.19) is symmetric due to symmetry of U (8.17);. Thus, one can write
2 T T
(RURT) - (RURT) (RURT) - (FRT) (FRT)
= FR'RFT = FFT = b. (8.21)
In view of (8.17), there exists only one real symmetric tensor whose square is b.
Hence,

RURT =, (8.22)

which by virtue of (8.19) results in the polar decomposition (8.13).

8.3 Basis-Free Representations for the Stretch
and Rotation Tensor

With the aid of the closed-form representations for analytic tensor functions discussed
in Chap.7 the stretch and rotation tensors can be expressed directly in terms of
the deformation gradient and Cauchy-Green tensors without any reference to their
eigenprojections. First, we deal with the stretch tensors (8.17). Inserting in (7.61)
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U=l + p1C+ pC? v =pl+pib+pb? (8.23)
where [47]

A3 (A1 + A2+ A3)

TN e+ As) A3+ A
oy = AT+ 03+ A3+ M+ s+ A\
! 1+ 22 Oz + A3) (s + A1)
1
2 = (8.24)

T A Mo+ A3 s+ A

These representations for ¢; are free of singularities and are therefore generally valid
for the case of simple as well as repeated eigenvalues of C and b.
The rotation tensor results from (8.18) where we can again write

U™ = gl + ¢ C+ oC2. (8.25)

The representations for ¢, (p =0, 1,2) can be obtained either again by (7.61)

where g (A;) = A2

—1 . . .
; = )\, or by applying the Cayley-Hamilton equation (4.96)
leading to
U™ =111 (U - U + 1y

= 115" [y = pol) T+ (1 = pily) € = paluC?], (8.26)

where
Iu=A+X+2, Hu=XAX+ A+ 2371, Iy = A As. (8.27)

Both procedures yield the same representation (8.25) where

o= AtA2 + XAz +A3A1 A1+ A2+ 2\3)?
0 A A2 A3 1+ A2) Q2+ A3) A3+ A
- 1 (A2 + 23+ A2+ Ao+ A3 4+ Ash) (A1 + Ao + A3)
EEBYYH AA2As 1+ A2) Az + A3) Az + A1) ’
A A A
9 1+ A2+ A3 (8.28)

T AN O+ A) o+ A3) Qa + A

Thus, the rotation tensor (8.18) can be given by

R=F (§01 +aC+ §2C2) , (8.29)
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where the functions ¢; (i =0, 1, 2) are given by (8.28) in terms of the principal
stretches \; = +/A;, while A; (i =1,2,3) denote the eigenvalues of the right
Cauchy-Green tensor C (8.14).

Example 8.1 Stretch and rotation tensor in the case of simple shear. In this loading
case the right and left Cauchy-Green tensors take the form (see Exercise4.1)

. . . 1 y 0
C=Cieoe, [c’j] =~ 1442 0], (8.30)
0 0 1
. ' ' 1+9% v 0
b="ble e, [b’j] - 4+ 10 (8.31)
0 0 1
with the eigenvalues
2
24 /A2 44 4+42+
Aijp=1+7 V44 =(‘/ TYEY) D A= (8.32)
2 2
For the principal stretches we thus obtain
N =
A=A = # A=Az = 1. (8.33)
The stretch tensors result from (8.23) where
. 1+ +4
0 = )
2V +4+72+4
- 1+ +4
1 = —7
2+ 44
1
P2 == . (8.34)
2V +4+72+4
This yields the following result (cf. Exercise 7.2)
p— 2 ,y —
R
U=Ue @e, [Ug] = v 7?42 . (8.35)
Vi 4 YR +d
0 0 1
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7 +2 g
VP4 P4
V= V;ei R e/, [vlj] = Y 2 o |- (8.36)
VP4 P4
0 0 1

The rotation tensor can be calculated by (8.29) where

— /A2 1
N Ry
§1=_3+\/m+72’
2+ +4
o VA (8.37)
2/ +4+2+4

By this means we obtain

I .
N VAT
R=R ¢ ®e, [Rf,-]= __ N (8.38)
N
0 0o 1

8.4 The Derivative of the Stretch and Rotation Tensor
with Respect to the Deformation Gradient

In continuum mechanics these derivatives are used for the evaluation of the rate of
the stretch and rotation tensor. We begin with a very simple representation in terms
of eigenprojections of the right and left Cauchy-Green tensors (8.14). Applying the
chain rule of differentiation and using (6.142) we first write

Ugp=C"2c:Cp=C"¢: [(I®F)t+FT®I]. (8.39)

Further, taking into account the spectral representation of C (8.16); and keeping its
symmetry in mind we obtain by virtue of (7.49) and (7.50)

S

Ce=>" (n+A) " (PioP;). (8.40)
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Inserting this result into (8.39) delivers by means of (5.33), (5.47), (5.54), and (5.55)

s
Ur= > (\+X) ' [(P o FP) +PF @ P, ]. (8.41)
i,j=1

The same procedure applied to the left stretch tensor yields by virtue of (6.143)

N
ve= > (M) [pi ®Fp; + (p,~F®pj)‘]. (8.42)
ij=1

Now, applying the product rule of differentiation (6.140) to (8.18) and taking (6.139)
into account we write

Rr= (FU_l) F=IQU '+FU ' y:Up
S
—1@U"! —F(U—1 ®U—1) Uy, (8.43)
With the aid of (7.2) and (8.41) this finally leads to

S
Rr=1® (Z A;IP,-)

i=1

N
—F D [+ AN [P FR) + PET R P, (8.44)
i,j=1
Note that the eigenprojections P; and p; (i =1, 2, ..., s) are uniquely defined by
the Sylvester formula (4.55) or its alternative form (7.43) in terms of C and b, respec-
tively. The functions p;), appearing in (7.43) are, in turn, expressed in the unique form
by (7.81), (7.83) and (7.85) in terms of the eigenvalues A; = )\1_2 (i=1,2,...,5).
In order to avoid the direct reference to the eigenprojections one can obtain the
so-called basis-free solutions for U,F, v,F and R, (see, e.g., [8, 16, 20, 40, 49, 51]).
As arule, they are given in terms of the stretch and rotation tensors themselves and
require therefore either the explicit polar decomposition of the deformation gradient
or a closed-form representation for U, v and R like (8.23) and (8.29). In the following
we present the basis-free solutions for U,f, v,F and R, in terms of the Cauchy-Green
tensors C and b (8.14) and the principal stretches \; = /A; (i =1,2,...,5). To
this end, we apply the representation (7.38) for the derivative of the square root.
Thus, we obtain instead of (8.40)

2 2
C'2c= D mpg (CPCY)°, b2 p= > 1y (b” @b7)°, (8.45)
p,q=0 p,q=0

where the functions 7,4 result from (7.62) by setting again g (A;) = ~/A; = A;.
This leads to the following expressions (cf. [20])
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moo = A7 [IHI — Ty + R

~ Ryl (311 — 2011 ) + 3yl — Tyl

not = mo = A~ [I%IIIU — I, — I yllly

21 (1 + ) — 4y + 2Lyl — 111
N2 = 10 = A~ [—I‘I‘JHIU + Y — {IyIly — IUIII%J] :

mi = A" [IZJ — 413 1Ty + 31 111y

+ A, — 613yl + Tyl + II%IHU] ,

M2 =y = A~} [_1{] 2RIy — 213100y + IIUIIIU] :

Ny = A" [I% + IHU] : (8.46)
where
A =2 (Iylly — IIIU)3 Iy (8.47)

and the principal invariants Iy, Iy and Ily are given by (8.27).
Finally, substitution of (8.45) into (8.39) yields

2
Ur= > mpe[ (€7 @FCH)' + CFT @ 7). (8.48)
p-q=0

Similar we can also write

2
VE= > g [’ @FTB + (bPF @ bY) ] (8.49)
p.q=0
Inserting further (8.25) and (8.48) into (8.43) we get

2
Rp=1®> ¢,Cr
p=0

2
—F D Galpg [(CP+’ QFCI) + CPF @ C‘H’] . (8.50)
p.q,r,t=0
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where ¢, and 7,4 (p,g =0, 1, 2) are given by (8.28) and (8.46), respectively. The
third and fourth powers of C in (8.50) can be expressed by means of the Cayley-
Hamilton equation (4.96):

C} —IcC? + 1IcC — Il = 0. (8.51)
Composing both sides with C we can also write

C* —1cC + IcC? — IcC = 0. (8.52)
Thus,

C} =1cC? — 1IcC + Il

Cct= (Ié - IIC) C2 + (¢ — Iclle) C + Iellcl (8.53)
Considering these expressions in (8.50) and taking into account that (see, e.g., [46])

Ic =If —2ly, ¢ =1 - 2yllly, ¢ = I (8.54)

we finally obtain

2 2
Re=10> C"+F > 1y [(C7QFC) +C'F @], (859)
p=0 p-q=0

where
poo =71"" [I%HI% + 2 I I — 3T Iy — 71y I,
+ YY) + S I + 61 1L — 3IGIR Iy
— OIH I L, + 3Tyl I — [T + III%] :

ot = piio=1" [I{]III%J + Q12 My — IYII — 61 Myl + I 1Ty
+ SIGII, + 210, + 41 I I, — 61 1T My
— 6IG YL, + 6y I I + Iyl — 211%111%] ,
po2 = piog = =" [I%III% + G My — I — 4TIy I
+ 3I{ I Ty + 4TH 1, — 3Tyl I, + IIUIH{]] :
pn =71" [I%IIIU + I — TGy — 4111,

+ SIYIIG + 1611 Iy + 4T3 1T — 1613 Iy
120y 11T — 3IIUIII%] :
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pi2 = po = 7" [I%IIIU + I — STHIy Ty — 21311,

+ 4TI 4 613 T 1My — 6Ty Iyl + III%] ,

iz = Ty [Ty + I - 3lyllolly + 3111 (8.56)
and
T = -2 (Iylly — ly)* I, (8.57)

while the principal invariants Iy, Iy and Illy are given by (8.27).
The same result for R,y also follows from

R.p= (FU—I) F=IQU ' +FU ' ¢:Cy (8.58)

by applying for U~!,¢ (7.38) and (7.62) where we set g (A;) = (A)~V2 = )\l._l.
Indeed, this yields

2
C ' e=U"c= D pp (CPeC), (8.59)
r.q=0

where 1y (p, g =0, 1, 2) are given by (8.56).

8.5 Time Rate of Generalized Strains

Applying the chain rule of differentiation we first write
E=E,:C, (8.60)

where the superposed dot denotes the so-called material time derivative. The deriv-
ative E, ¢ can be expressed in a simple form in terms of the eigenprojections of E
and C. To this end, we apply (7.49) and (7.50) taking (7.18) and (8.17) into account
which yields

N
Ec= > fi(Pi®P)), (8.61)
ij=1
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where
"\ e
f2()\,- ) ifi =j,
B=lron-re) "6
Twow A
i T

A basis-free representation for E, ¢ can be obtained either from (8.61) by expressing
the eigenprojections by (7.43) with (7.81), (7.83) and (7.85) or directly by using the
closed-form solution (7.38) with (7.62), (7.78) and (7.80). Both procedures lead to
the same result as follows (cf. [24, 50]).

2
Bo= 3 (€801 63
p.q=0

Distinct eigenvalues: \1 # Xy %= A3 = A,

- i XA 0 23: NADE[F OO0 = £ ()]
i=1 i i,j=1 )‘i —)\j) Ay
i#]

> (024 22) NS )

Tor =10 = — A2
i=1 12
L (5L 00— 7 ()]
3 ’
— 232
lz];/:_jl ()‘i )‘j) Ay

LNNSTAD S N[0 - ()]

B _ 2l A 2: i 'k ! J

02 =10 = z 87 A ()\2—)\2.)3Ak
i#j Y

2
s (X)) o0 & () (2 [F o0 - 7 ()]

El

m=y Y = ,
i=1 1= i,j=1 (Ai —)\j) Ay
i#j
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2 (2R 00 2 2 [0 - £ (V)]

ma=m=—) + ,
i=1 2)\1 Alz i,j=1 ()\2 — )\2)3 Ak
i#] ! Y
2 FO0 - £ (\)

22_22)\A2_Z—3’ i #jFk#I (8.64)

ij=1 (Af - Af) Ax

i#]

with

Ai:()‘?—)‘i)(%‘z—%%), i#FjFkFi=123. (8.65)

Double coalescence of eigenvalues: \j #= \j = A\ = A,

5 ¢t . 5 pr
700 = 2)\2)\2f()‘) f()‘)_|_>‘ ST+ X 1)

(2 = 22)° 20N (A2 = A2)?
AW A R A MO+
m =m0 = (3 + ) -2 (- N
_ f(>\)—f(>\) AP+ XN (V)
mi = + 5
(2 —22)° AN (A2 = A2)
no2 = 120 = N12 = 121 = 122 = 0. (8.66)

Triple coalescence of eigenvalues: \| = Xy = A3 = A,

VY
22 7

700 = o1 =M1 =N11 =102 =120 =12 =n21 =22 =0. (8.67)

Insertion of (8.61) or alternatively (8.63) into (8.60) finally yields by (5.17); and
(5.48);
s 2
E= > fPCP;= > 1,,CrCCe. (8.68)
i,j=1 p,q=0

Example 8.2 Material time derivative of the Biot strain tensor E(V = U — 1. Inser-
tion of f(\) = A — 1 into (8.62) and (8.68); yields

N

O =

P;CP;. (8.69)
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Keeping (8.45) in mind and applying the chain rule of differentiation we can also
write

2
EV—U=C"c:C= 3 n,Crece, (8.70)
P.q=0

where the coefficients 7,, (p, ¢ = 0, 1, 2) are given by (8.46) in terms of the prin-
cipal invariants of U (8.27).

8.6 Stress Conjugate to a Generalized Strain

Let E be an arbitrary Lagrangian strain (7.6);. Assume existence of the so-called
strain energy function 1 (E) differentiable with respect to E. The symmetric tensor

T=9(E) . (8.71)

is referred to as stress conjugate to E. With the aid of the chain rule it can be repre-
sented by

1
T=v9®E),c:Cr= ES :Cg, (8.72)

where S = 2¢ (E) ,c denotes the second Piola-Kirchhoff stress tensor. The latter
one is defined in terms of the Cauchy stress o by (see, e.g., [48])

S=det(F)F loFT. (8.73)

Using (8.71) and (7.7) one can also write
. . 1. .
¢=T:E=S:§C=S:E(2). (8.74)

The fourth-order tensor C,g appearing in (8.72) can be expressed in terms of the
right Cauchy-Green tensor C by means of the relation

P =Eg=E,c:Ckg, (8.75)

where the derivative E, ¢ is given by (8.61) and (8.62). The basis tensors of the latter
representation are

- .
y=[(l®l) i 1 (8.76)

(P, ®P; +P; ®P;)" ifi # j.
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In view of (4.4), (5.33) and (5.55) they are pairwise orthogonal (see Exercise 8.2)
such that (cf. [50])

P ifi:lfandj:lorizlandjzk, 8.77)
O otherwise.

fPij Py = {

By means of (4.46) and (5.86) we can also write

N

> Pi= (ZPi) ® D P =1 =79 (8.78)
i=1 j=1

i,j=1
Jj=i
Using these properties we thus obtain

Ce= Y f;' (P,®P)), (8.79)

i,j=1

where f; (i, j =1,2,...,s) are given by (8.62). Substituting this result into (8.72)
and taking (5.22)1, (5.46) and (5.47) into account yields [21]

I — .
T= 5 .Zl f; 'PiSP;. (8.80)
i,j=

In order to avoid any reference to eigenprojections we can again express them by
(7.43) with (7.81), (7.83) and (7.85) or alternatively use the closed-form solution
(7.38) with (7.62), (7.78) and (7.80). Both procedures lead to the following result
(cf. [50]).

2
T= > n,C’SCI. (8.81)
P.q=0

Distinct eigenvalues: \| # Ay # A3 # A1,

3 44 3 21214
- XXX, S Y
) A?

i=1

WL (B =22)[r o0 —rf ()] A
i#]
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> (24 a7) a2

no1 =110 = —

= oA
. 23: (2 +3) 20
G2 (¥ =X)L 0= 7 )l ac
i#]
3NN > ML
J Uk i 'k
N2=1M0= 2~ '
Z‘ f1O0 A7 ,Z‘l 2( =) [ 0= £ ()] A
i#]
23: (2 + Az)Z o2 (22 +22) (3 +2)
gy =S AT ,
TTE A S (-R)roo-r()]a
i#]
i(Az-l—)\z))\ 3 N4 N
m2=1m = : ’
S rona; ] 2 (A,Z - Af) [f QD) = £ (A)] A
i#]
meY -y !
: (8.82)
P >\) Irn A7 J;_lz(xg_,\;) [f Q0 = £ (\)] Ak
i#]

where i # j # k # i and A; are given by (8.65).

Double coalescence of eigenvalues: \j = \j = M\ = A,

B A2)2 ) A3 X
TR 0 ] (= LSO T

A7+ A2 A [ AL /\,-]
(=) L Qo ol

== e S o0 — F 0l
1

1 A A
=- + + :
TR0 -0 (- ) [f/ ) f (A)]

Mo2 =120 =M12 =21 =122 = 0. (8.83)
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Triple coalescence of eigenvalues: \| = Xy = A3 = A,

A
0 = Ty 0TS O S =02 =100 = 12 = = 12 = 0. (884

8.7 Finite Plasticity Based on the Additive Decomposition
of Generalized Strains

Keeping in mind the above results regarding generalized strains we are concerned in
this section with a thermodynamically based plasticity theory. The basic kinematic
assumption of this theory is the additive decomposition of generalized strains (7.6)
into an elastic part E, and a plastic part E,, as

E=E,+E,. (8.85)

The derivation of evolution equations for the plastic strain is based on the second law
of thermodynamics and the principle of maximum plastic dissipation. The second
law of thermodynamics can be written in the Clausius-Planck form as (see, e.g. [48])

D=T:E—4¢ >0, (8.86)

where D denotes the dissipation and T is again the stress tensor work conjugate to
E. Inserting (8.85) into (8.86) we further write

v\ :
D= (T—OE):Ee—i—T:El,zO, (8.87)

where the strain energy is assumed to be a function of the elastic strain as ) = qﬁ (Ee).
The first term in the expression of the dissipation (8.87) depends solely on the elastic
strain rate Ee, while the second one on the plastic strain rate E Since the elastic
and plastic strain rates are independent of each other the d1s51pat10n inequality (8.87)
requires that

9y
T= . 8.88
OE, (8.88)
This leads to the so-called reduced dissipation inequality
D=T:E,>0. (8.89)

Among all admissible processes the real one maximizes the dissipation (8.89). This
e e e aximum plastic dissipation (see, e.g., [31]).
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According to the converse Kuhn-Tucker theorem (see, e.g., [6]) the sufficient condi-
tions of this maximum are written as

o

o1 (>0, (=0, @<0, (8.90)

E,=¢

where @ represents a convex yield function and ¢ denotes a consistency parameter.
In the following, we will deal with an ideal-plastic isotropic material described by a
von Mises-type yield criterion. Written in terms of the stress tensor T the von Mises
yield function takes the form [34]

2
@ = ||devT| — \/;O'y, (8.91)

where oy denotes the normal yield stress. With the aid of (6.51) and (6.17) the
evolution equation (8.90); can thus be given by

E, = {|devT|| 1

. . devT . devT
= (||devT]|, devT, 1= (— : Pgey = (————. 8.92
ClldevTll,devr : devT, 1 C||devT|| dev C||devT|| (8.92)
Taking the quadratic norm on both the right and left hand side of this identity delivers
the consistency parameter as ( = ||E,||. In view of the yield condition @ = 0 we
thus obtain
2 E
devT = \/jay.—P, (8.93)
3B
which immediately requires that (see Exercise 1.50)
tE, = 0. (8.94)

In the following, we assume small elastic but large plastic strains and specify the
above plasticity model for finite simple shear. In this case all three principal stretches
(8.33) are distinct so that we can write by virtue of (7.6)

3 3
E,=E=D /O)AP+D f Q)P (8.95)
i=1 i=1

By means of the identities trP; = 1 and trP; =0 following from (4.63) and (4.64)
where r; = 1 (i = 1, 2, 3) the condition (8.94) requires that

3
Z £ AN =0. (8.96)

i=1
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In view of (8.33) it leads to the equation

o= f (,\—1) A2=0, VA>oO, (8.97)

where we set \; = \ and consequently A\, = A\~!. Solutions of this equations can
be given by [24]

|
— (= A9) f 0,

foy = L 2a ) foraz (8.98)
In A\ fora = 0.

By means of (7.6); or (7.18); the functions f, (8.98) yield a set of new generalized
strain measures

1 1
— (U4 =U™9) = — (C? —C79/2) f 0,
E@ — 1 2a ( ) 2a ( ) ora# (8.99)
anzilnC fora =0,

among which only the logarithmic one (a = 0) belongs to Seth’s family (7.7). Hence-
forth, we will deal only with the generalized strains (8.99) as able to provide the
traceless deformation rate (8.94). For these strains Eq. (8.93) takes the form

devT!? = \/ga'yﬂ, (8.100)
37w

where T denotes the stress tensor work conjugate to E(@). T‘?) itself has no physical
meaning and should be transformed to the Cauchy stresses. With the aid of (8.72),
(8.73) and (8.75) we can write

1 1

= — FSF' = —F (T :P,)FT, 8.101

7= detF detF ( “) (8.10D)
where

P, =2EY ¢ (8.102)

can be expressed either by (8.61) and (8.62) or by (8.63)—(8.67). It is seen that this
fourth-order tensor is super-symmetric (see Exercise 5.11), so that T . P, =P, :
T Thus, by virtue of (1.165) and (1.166) representation (8.101) can be rewritten
as

1
=—F :T@) FT
7= deF (?a )
1 1
= —F|P,: devI'¥ + T (P, :I)] FT. (8.103)
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With the aid of the relation

d
P, I1=2 d—tE(“) (C +1T)

t=0
3 3
d - .
= Zazlfa (\/)\i +t) P; ) =zlfé ()\l))\l P; (8.104)
1= = i=

following from (6.128) and taking (8.98) into account one obtains
F @, DF = 1p (Cor g coon) BT = L (o poen).
2 2

Inserting this result into (8.103) yields

1
— . @) gT o1 5
o= detFF (fPa : devT ) F' +o (8.105)

with the abbreviation

rT@
5 =— (b2 4+ bp?). 8.106
7= 6detF ( + ) (8.106)

Using the spectral decomposition of b by (8.16) and taking into account that in the
case of simple shear detF = 1 we can further write

1
o= gtrT(“) [(A* + A7) (p1 + p2) + 2p3] , (8.107)

where A is given by (8.33). Thus, in the 1-2 shear plane the stress tensor & has
the double eigenvalue %trT“’) ()\“ + /\_“) and causes equibiaxial tension or com-
pression. Hence, in this plane the component & (8.106) is shear free and does not
influence the shear stress response. Inserting (8.100) into (8.105) and taking (8.30)
and (8.60) into account we finally obtain

2 fPa:iP,,:A:| T . A
o= Z0yF| L "4 " |FT 1 4, (8.108)
\[3 ' [ 1P Al
where
L. 0 1/20
A=2—,C= 12 v 0 |e;®e;. (8.109)
v 0 00

12

Of particular interest is the shear stress o'~ as a function of the amount of shear

~. Inserting (8.63), (8.64) and (8.102) into (8.108) we obtain after some algebraic
manipulations
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o2 2 /(42 P2 42 ()

o _ , 8.110
Ty 4+’)/2 ( )
where
4 2
=2y Yt 8.111)

2 2

and 7y = oy /+/3 denotes the shear yield stress. Equation (8.110) is illustrated graph-
ically in Fig. 8.1 for several values of the parameter a. Since the presented plasticity
model considers neither softening nor hardening and is restricted to small elastic
strains a constant shear stress response even at large plastic deformations is expected.
It is also predicted by a plasticity model based on the multiplicative decomposition
of the deformation gradient (see, e.g., [24] for more details). The plasticity model
based on the additive decomposition of generalized strains exhibits, however, a non-
constant shear stress for all examined values of a. This restricts the applicability of

2 7 T T T T T T T
1.8 ,'" expected (multiplicative plasticity) —
,’/ -—-- additive logarithmic plasticity (a = 0)
1.6 ’," ------ additive generalized plasticity, a = 0.5 —
= S —— additive generalized plasticity, a = 0.8
o 14 - ,’/ -------- additive generalized plasticity, a = 1 -
S 2 additive generalized plasticity, a = 2
0 K
12 7 —
£ S
17 S
o e e
g 1 Sss==<
< SO S~o
%) SO ~
] W Tl
g 0.8 - \\\ \\\ ................ n
s \\ _____________________________
E 061 S T ]
=] Sa. 0 Tee-ll
Z Sl T
04 e -
02 =TT .
0 | | | | | | | | |

Amount of shear ~

Fig. 8.1 Simple shear of an ideal-plastic material: shear stress responses based on the additive
decomposition of generalized strains
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this model to moderate plastic shears. Indeed, in the vicinity of the point v = 0 the
power series expansion of (8.110) takes the form

012_1+122+ L3 1 4+0(6) (8.112)
— = —a —a’ —-a" — . .
Ty 47 16 4 7 7

Thus, in the case of simple shear the amount of shear is limited for the logarithmic
strain (a = 0) by 4* « 1 and for other generalized strain measures by 7> < 1.

Exercises

8.1 The deformation gradient is given by F = F/ e ® e/, where

. 120
[Ffj]z 220
001

Evaluate the stretch tensors U and v and the rotation tensor R using (8.23), (8.24)
and (8.28), (8.29).

8.2 Prove the orthogonality (8.77) of the basis tensors (8.76) using (4.44), (5.33)
and (5.55).

8.3 Express the time derivative of the logarithmic strain E©) by means of the rela-
tions (8.60)—(8.62).
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Chapter 9
Solutions

9.1 Exercises of Chap. 1

1.1 () (A4), (A3):
0=0+(—0) = —0.

(b) (A.1-A.4), (B.3):

ald =0+ ol = ax + (—ax) + a0
=a@+x)+ (—ax) =ax + (—ax) = 0.

(©) (A2-A4), (B.4):
Ox=0x4+0=0x+0x+ (—0x) =0x + (—0x) =0, VxeV.

(d) (A.2-A.4), (B.2), (B.4), (c):

Dx=CFDDx+0=(—-Dx+x+(—x)
=(C-1+Dx+(—x)=0x+(—x)=0+(—x)=—x, VxeV.

(e) If, on the contrary, o # 0 and x # 0, then according to (b), (B.1), (B.2):
0=a"'0=0o""(ax)=x.

1.2 Let, on the contrary, x; = 0 for some k. Then, Z?:l a;x; =0, where o, = 1,
o =0,i=1,...,k—1,k+1,...,n.

1.3 If, on the contrary, for some k < n: Zf-;l a;x; = 0, where not all o, (i =
1,2,..., k) are zero, then we can also write: z;’zl a;x; = 0, where o; = 0, for
i=k+1,...,n.

015 213
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(b) 5ijxixj =0nxtal + 002 4+ o 4 03303 %3 = el + x2x% 4+ X353,
i _ sl 2 3 _
(c) 0; =0y + 05 + 05 =3,

Ofi v Ofi .y Ofi 5 Ofi 4
I gyd = 2 ZJt I
(d) 5‘xjdx 8x1dx + 8x2dx + 5‘x3dx .

1.5 (A.4),(C.2),(C.3), Exercise 1.1 (d):
0-x=kx+(x)] x=kx+C-Dx] - x=x-x—x-x=0.

1.6 Let on the contrary Zlm:l a;jg; = 0, where not all o; (i =1,2,...,m) are
zero. Multiplying scalarly by g ; we obtain: 0 = g; - (3.7 @ig;). Since g;-g; =0
fori # j,wecanwrite:jg;-g; =0(j = 1,2, ..., m). The fact that the vectors g ;
are non-zero leads in view of (C.4) to the conclusionthator; =0(j =1,2,...,m)
which contradicts the earlier assumption.

1.7 (1.6), (C.1), (C.2):
Ix+yI>=@x+y - x+y)
=x-x+x-y+y-x+y-y=[x*+2x-y+Iyl*.
1.8 Since G = {g},95.....9,} is a basis we can write @ = a'g,. Then, a - a =
at (gi -a). Thus, ifa-g;, =0 (i =1,2,...,n), then a - a = 0 and according to

(C.4) a = 0 (sufficiency). Conversely, if a = 0, then (see Exercise 1.5) a - g; =
0@G@=12,...,n) (necessity).

1.9 Necessity. (C.2):a-x =b-x => a-x—b-x=(a—>b) -x =0, Vx € E".
Letx = a — b, then (a — b) - (a — b) = 0 and according to (C.4) a — b = 0. This
implies that @ = b. The sufficiency is evident.

1.10 (a) Orthonormal vectors e, e> and e3 can be calculated by means of the Gram-
Schmidt procedure (1.10)—(1.12) as follows

g V2/2
e = —1 = \/2/2 s
g 0
1/2 o V2/6
eb=g,— (gy-e1)er=1-1/21, ea=12-=1 —v2/6 {.
-2 ”82“ _2\/5/3
10/9 o 2/3
ey =g;— (g3-e2)e2— (gg~e1)e1= —10/9 ,e3=—/3= —2/3
5/9 [esl] 1/3

(b) According to (1.16), the matrix [ﬂij ] is composed from the components of the
vectors.g;-(i.=.1,2,3) as follows:


http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_1

9.1 Exercises of Chap. 1 215
A 11 0
(B/1=]21-2
42 1

In view of (1.18)

1 2

-1 = =

5 5

i i 1 2
le/1=15/1"" = 2-5 -3
2 1

[ —

5 5

By (1.19) the columns of this matrix represent components of the dual vectors so

that
-1 1/5 2/5
g=121. g@={-1/51. g=1-2/5
0 -2/5 1/5

(c) First, we calculate the matrices [g;; | and [g¥] by (1.25) and (1.24)

3 -
236
i - 36 2
ol =loi-g,1=|398 | [¢"]=la] " =| % 5= 5 |.
6821
629
5 25 25

With the aid of (1.21) we thus obtain

~1
g'=g"g +9"%g+9"g3=1 2 t,
0
1/5
@ =09 +97g+97g;=1-1/5¢.
—2/5
2/5
g =9"g+3%g, +9¥g3 =1 -2/5

1/5
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(d) By virtue of (1.35) we write

1o
g=|g|=|21-2|=-s.
42 1

Applying (1.33) we further obtain with the aid of (1.47)

1 21 =2
gl=g_192><93=—§ 4 2 1 |=-ai+2ay,
a ax az
1 4 2 1 1
92=9’193X91=—§ L 10| =3 —a—2a),
a a as
1 110
g3=g_lglx92=—§ 212 =§(2al—2az+a3),
a ax az

where a; denote the orthonormal basis the components of the original vectors
g; (i =1, 2,3) are related to.

1.11 Let on the contrary o;jg' = 0, where not all a; are zero. Multiplying scalarly
by g; we obtain by virtue of (1.15): 0 =g; - (a,-g’) = a,~5;. =a; (j=1,2,3).

1.12 Similarly to (1.35) we write using also (1.18), (1.19) and (1.36)

[919293] = [aileiaieja,%ek] = ajaja} [eiejek]

12 3 ik | i
—O[l-Osz[ke —O[j

—1
i -1
j) =g .

(1.42) immediately follows from (1.24) and (1.34).

1.13 The components of the vector g; x g; with respect to the basis gck=1,2,3)
result from (1.28); and (1.39) as

(gt X g]) Gk = [gtg]gk] = eijkg’ iy J&k = 11 27 37

which immediately implies (1.40). In the same manner one also proves (1.44) using
(1.43).

1.14 (a) 5ijeijk =6e 1k + 210k + -+ + 033esz = 0.
(b) Writing out the term e’kmejkm we first obtain

ikm il i12 i33
eMejm = e

ejiz+---+ees;

1
ej11t+e

ej13 +elej3r +ePlejzn + e
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For i # j each term in this sum is equal to zero. Let further i = j = 1. Then

weobtaine''2ejjpte?lejo+elPejizte3lejz+e32e 3t el Pe 3 = e e+
61236123 = (=1)(=1) +1-1 = 2. The same result also holds for the cases
i=j=2andi = j = 3. Thus, we can write "¢, = 20%.

(c) By means of the previous result (b) we can write: e’jkeijk = 2§f = 2(6} + 6% +
5;) = 6. This can also be shown directly by

elke = e1Pe1ns + e!Perm + 2Peris + ePlens) + e32espn + ey

=114+ - ED+CED - ED+1-141-14+(=1) - (=1) =6.
(d) eVMepyy = eVley; + e 2ern + eBeys. 1t is seen that in the case i = = jor
k = [ this sum as well as the right hand side J;, 6’ -0 5] are both zero. Let further
i # j. Then, only one term in the above sum is non-zero if k = i and !/ = j or
vice versal = i and k = j. In the first case the left hand side is 1 and in the last
case —1. The same holds also for the right side 6,"{6[]. — 6;6,{. Indeed, we obtain
fork =i #1 = j: 06 =66 =1-1-0=1andforl =i # k =
§igl —0isl =0—1-1=—1.

132 213 231 312

1.15 Using the representations a = a'g;, b = bjgj and ¢ = ¢;g' we can write by
virtue of (1.40) and (1.44)

(axb) xc= [(aigi) X (bjgj)] X ¢ = (aib-/eljkggk) X (clgl)
= aibjcleijkekl’”gm = aibjcleijkelmkgm.

With the aid of the identity e/”ey,, = 6.6] — 6:6] (Exercise 1.14) we finally
obtain

(axb) xc=ablg (656;” - 5{”69) gm = aibjcléfésf’gm - a"bjclélf"éﬂ-gm
= a"bjcigj — aibjcjgi =(@-¢c)b— (b-¢)a.

Relation (1.172) immediately follows from (1.171) taking into account the definition
of the operator (o) (1.66) and the tensor product (1.83).

1.16 (1.64); results immediately from (1.32) and (C.3). Alternatively, it can be
proyed by (1 .45). (1.64), can further be proved by using the representations w =
wig', x = x;g"' and y = y;g' and by means of (1.45) as follows:

wx (et y) = (wig') x (v +3)g" = wi () +) ™9 'g
= wixje" g g +wiyje™gT ge =w x x +w x y.
117 (A2-A4), (1.49):
0 = Ax + (—Ax) = A (x +0) + (—Ax) = Ax + A0 + (-Ax) = A0

1.18_(1.50), Exercises l.1(¢c),.l.17: (OA)x = A (Ox) = A0 =0, Vx € E".
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1.19 (1.62), Exercise 1.18: A + (—A) = A+ (=1)A = (1 — 1)A = 0A = 0.

1.20 We show that this is not possible, for example, for the identity tensor. Let, on
the contrary, I = a ® b. Clearly, a # 0, since otherwise (a ® b)) x = 0Vx € E".
Let further x be a vector linearly independent of a. Such a vector can be obtained
for example by completing a to a basis of E”. Then, mapping of x by I leads to the
contradiction: x = (b - x) a.

1.21 Indeed, a scalar product of the right-hand side of (1.88) with an arbitrary
vector x yields [(y -a) b] -x = (y-a) (b-x). The same result follows also from
y-[(a®b)x] = (y-a)(d-x), Vx,y € E" for the left-hand side. This implies
that the identity (1.88) is true (see Exercise 1.9).

1.22 For (1.91); we have for example
g'Ag’ =g (A"’gk ® 91) g/ =AM (gi : gk) (gz g/ ) = AY65] = AV

1.23 For an arbitrary vector x = xt g; € E3 we can write using (1.28), (1.40) and
(1.83)
Wx=wxx= (wigi) X (xjgj)
= ejugw'x/ g* = ejpgw’ (x g’ ) g" = ejgw’ (g" ®g’ ) x.
Comparing the left and right hand side of this equality we obtain
W =ejgu'g‘ © g/, ©.1)

so that the components of W = ijgk ® g/ can be given by Wy = el-jkgwi or in
the matrix form as

. 0 —w’ w?
[ij] =g [eijkw’] =g| w 0 —w!
—w? w0

This yields also an alternative representation for Wx as follows
Wx=g [(w2x3 . w3x2) g+ (w3x1 _ u)1)C3> g+ (w1x2 . wle)g3] '
It is seen that the tensor W is skew-symmetric because W1 = —W.

1.24 According to (1.73) we can write
R =cosal +sinae; + (1 — cosa) (e3 ® e3) .

Thus, an arbitrary vector a = a'e; in E3 is rotated to Ra = cos a (aiei) + sin ez X
(aiei) + (1 — cos.a).a’es. By virtue of (1.46) we can further write
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Ra = cos « (aiei) + sin« (alez — a2e1) + (1 — cos ) a’es

= (al cos a — a’sin a) e+ (al sin o + a? cos a) e) + a3e3.
Thus, the rotation tensor can be given by R = R’jei ® e, where

) cosa —sina 0
[RY] = | sina cosa 0
0 0 1

1.25 First, we express the term (r - ) I — r ® r by using (1.14) and (1.95):

r-rnNlI—-rer
1,1 2.2 3.3 — yiyip. .
_(xx +xx +xx)(e1®e1+e2®e2+e3®e3) x'x'e; @e;

x2x2 4 x3x3 —x!x2? —x!x3
= —x1x2 xlx! +x3x3 —x2y3 e;®e;.

—x!x3 —x2x3 xlx! + x2x2

Thus, by (1.80)

Jﬁz/(xjxj+xkxk)dm, JFEk#i=1,2,3,

M

J"f=—/x"xfdm, i#j=1273.
M

1.26 With the aid of (1.91) and (1.100) we obtain

. | | 0-107[236 ~3-9-8
(A ] = [a%gy] = [a*][ss] =| 0 0 0 [ | 398 |=| 0 0 0],
1006821 2 3 6

. | _ [2367[0-10 6-2 0
[Ai’.] = [gikAkj:I = lgi] [Akf] — 1398 |looo|=| 8-3 o,

6821|100 21 -6 0

[Ai] = [anal] = toa1 [4% ] = [Akay] = [AF] [99]

2367 [-3-9-8 6-2 07236 6 020
=398 || 00 o0|=|8-3 0f|398|=| 7-324
6821 || 2 3 6 21-6 0| 682l 24 978
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1.27 By means of (1.54), (1.92), (1.106), Exercise 1.17 we can write

(A0)x =A(0x) =A0=0, (VA)x =0(Ax) =20,

ADx =A(Ix) =Ax, (A)x =1(Ax) = Ax,

ABC)x =A[B(Cx)] = (AB) (Cx) =[(AB)C]x, Vx eE".

1.28 To check the commutativeness of the tensors A and B we compute the compo-
nents of the tensor AB — BA:

i 1 _[Ai pk i Ak | [ai k i k
[(AB _ BA)fj] = [ABY - Bka.j] - [Afk] [B_j] _ [Bfk] [A,j]
70207000 0007020 000
=loo00||o000|=]000]||l000|=]|000
(000|001 001|000 000
Similar we also obtain
- . [0-=207 4 0-10
AC-cA);|=]0 o0/, [(AD—DA)TJ.]: 0 00|,
: - o o00] 0 00
i . [00-3] . 000
(BC-CB),;|=|00 0|, [(BD—DB)fj]= 000 |,
- * o1 o] 000
i [0 —127
(C€p-DC);|=|0 00
- - Lo-19/2 0

Thus, A commutes with B while B also commutes with D.

1.29 Taking into account commutativeness of A and B we obtain for example for
k=2

(A+B)>=(A+B)(A+B) =A%+ AB + BA + B> = A + 2AB + B%.

Generalizing this result for k = 2, 3, ... we obtain using the Newton formula

k
oy kY s k—ipi k k!

i=0
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A o

i=k 1= k
s o
% d
- =z
o = o summation
: : \ area
3 summation 3
area
2 2 T o
1 1
0 0 =)
e
0o 1 2 3 0o k 0o 1 2 3 0o k

Fig. 9.1 Geometric illustration of the summation area and the summation order

1.30 Using the result of the previous exercise we first write out the left hand side of

(1.173) by
00 k 0 k
(A+B) 1 K\  reini
k=0 k=0 " i=0
i 1 Z": Ko ii AK-iBi
= — .—'A lBl
k:Ok! iZOz!(k—z)' =< 01'(k—l)'

Changing the summation order as shown in Fig. 9.1 we further obtain

0 00 Ak igi
eXp(A+B)_ZZz'(k—z)'
i=0 k=

By means of the abbreviation / = k — i it yields

0 0 Al
exp(A—i—B):zz T

i=0 =0

The same expression can alternatively be obtained by applying formally the Cauchy
product of infinite series (see e.g. [26]). For the right hand side of (1.173) we finally
get the same result as above:

00 Al 00 B 0 0 AlBi
exp (A) exp (B) = Zﬂ Z-‘, zzzz!i!'
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1.31 Using the definition of the exponential tensor function (1.117) we get

exp(0)=zk' =I1+0+0+...=1
k=0
gy (R | 1

exp (I) ZZ_, ZE Izazexp(l)lzel.
k=0 k=0 k=0

1.32 Since the tensors A and —A commute we can write

exp (A)exp (—A) =exp(—A)exp(A) =exp[A+ (—A)] =exp(0) = 1.
Accordingly

exp (—A) = exp (A)_1 . 9.3)

1.33 This identity can be proved by mathematical induction. Indeed, according to
the results of Exercise 1.31 it holds for & = 0. Then, assuming that it is valid for
some positive integer k we can write applying (1.173) (Exercise 1.30)

exp [(k + 1) A] = exp (kA + A) = exp (kA) exp (A)
= [exp (A)]k exp (A) = [exp (A)]kJrl .
For negative integer k we proceed in a similar way using (9.3):
exp[(k — 1) A] = exp (kA — A) = exp (kA) exp (—A)
= [exp ()] exp &)~ = [exp )]
1.34 (1.117), (9.2):
exp (A + B) = Z( +B) i(AJrB)"

k=0 ! k=1

o
=I+Z
k=1

=exp(A)+expB) — L.

1.35 (1.117), (1.138):



http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_1
http://dx.doi.org/10.1007/978-3-319-16342-0_1

9.1 Exercises of Chap. 1 223
1.36 We begin with the power of the tensor D.
D2 =DD = (D, ®¢’) (Dig, @ ¢')
=Di;Dkslg; ® g' =D\ ;Dig; ®g' = (Dz)fj 9:®9’,

where [(Dz)’]] = [D’ j] [D‘ j:l. Generalizing this results for an arbitrary integer
exponent yields

,- | ‘ ™0 0
[ ] =[] [oi) =] osm o

m times

We observe that the composition of tensors represented by mixed components related
to the same mixed basis can be expressed in terms of the product of the component
matrices. With this result in hand we thus obtain

00 D™ ) )
expM) =3 — =expM); 9,09,
m=0
where
S .
>0 0
_ = e 00
[co@i]=| 0 X% o |=|o0c0
m= ~ 00e
0 0 o
L m=0 -

For the powers of the tensor E we further obtain

Ef=0, k=2,3...

Hence,
[e¢] Em
exp(B)= > — =I+E+0+0+..-=I+E,
m=0m.
so that
110

[exo )] = 010
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To express the exponential of the tensor F we first decompose itby F = X + Y,

where
. 000 . 020
[ij]= 000 [, [Y;]=|000
001 000

X and Y are commutative since XY = YX = 0. Hence,
exp(F) =exp(X+Y) =expX)exp (Y).

Noticing that X has the form of D and Y that of E we can write

| 100 4 120
[exp(X)fj]= 010 |, [exp(Y)%j]= 010
00e 001
Finally, we obtain
_ _ _ 1007120 120
[exp(F)%j]=[exp(X)fj][exp(Y){j]= o1o0|lo1o|l=]010
00e||001 00e

1.37 (1.123): (ABCD)T = (CD)T (AB)T = DTCTBTAT.
1.38 Using the result of the previous Exercise we can write

AA.. . AT = ATAT AT = (AT)k.

k times k times

1.39 Accordingto(1.127)and (1.128)BY = A#,B;; = A;;, B/ = A’, and B! j=Al
so that (see Exercise 1.26)

T ool 6 724
000 20 24 78

B/|=[A| =| 903, [B,|=]A/] =|-2-3 -6

' ! 806 ! ’ 00 0

1.40 (1.123), (1.129), (1.134):
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1

1.41 (A")_1 is the tensor satisfying the identity (A¥)”" A¥ = I. On the other hand,
1

(A1) Ak =A"'A"". . A" AA...A =L Thus, (A~1)" = (AK)7".
—_——
k times k times

1.42 An arbitrary tensor A € Lin" can be represented with respect to a basis for
example by A = AYg; ® g ;. Thus, by virtue of (1.144) we obtain:

c®d:A=c®d: (Alg;®g;)=A"(c-g;) (g;-d)
=c(AYg,®g,)d =cAd =dA'c.

1.43 The properties (D.1) and (D.3) dire;ptly follow from (1._144) and (1.146). Fur-
ther, for three arbitrary tensors A, B = BYg; ® g; and C = C’g; ® g; we have with
the aid of (1.145)

A:B+C)=A:[(B'+CY) (g;,®9,)]=(BY+CY) (g,Ag,)
=BY (g;Ag;) +C’ (g;Ag;)
=A: (B/g;®g,)+A: (CVg;®g;)=A:B+A:C,
which implies (D.2).
1.44 By virtue of (1.111), (1.92) and (1.145) we obtain

[(@®b)(c®@d)] :I=[(b-c)(@a®d)]:1
=0-c)(ald)=(a-d)(b-c).

1.45 By virtue of (1.15), (1.25) and (1.152) we can write
rA =tr (Ag; ® g;) = AV (g, - g;) = AVg;
=tr (Aijgi ® gj) =Aj (gi -gj) = Ayg"
=u (A9 @9 ) =Al (g g') =AL5/ = AT,
1.46 Using the results of Exercise 1.10 (c) and by means of (1.162) we obtain
w=g (W3291 +Wig? +W2193)
=-5 |:— (—a; +2ap) — 3% (ay —ar —2a3) + é Qa; — 2ap + ag)}
= —4a; +9a, — Tas.
147 (1L15SO):M:W=M": Wl =M: (-W)=—-M: W) =0.

1.48 WX is skew-symmetric for odd k. Indeed, (Wk)T = (WT)k = (=W)k =
(—1)* WK = —W*. Thus, using the result of the previous Exercise we can write:
uWk =Wk 1=0.
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1.49 By means of the definition (1.156) we obtain

1_
sym (skewA) = 3 skewA + (skeWA)T]
171 o 1 T
—3 15 (a3 (a-an)']
11 1 1 1
=_|zA--AT+_AT-_A|=0.
2127 2 2 2

The same procedure leads to the identity skew (symA) = 0.

1.50 On use of (1.166) we can write
1 1 1
sph (devA) = sph |:A — —tr (A) I] = —tr [A — —tr(A) I:| I=0,
n n n

where we take into account that trl = n. In the same way, one proves that
dev (sphA) = 0.

9.2 Exercises of Chap. 2

2.1 The tangent vectors take the form:

or . . .
g = — = rcossin ge| — r sin p sin ¢e3,

dp
or . .
g, = 8_¢ = rsin p cos ge| — r sin ges + r cos  cos ge3,
or ) . .
g3 = o = sinpsin ge1 + cos ez + cos psin ges. 049

For the metrics coefficients we can further write:

g; -9, = (rcospsinge; — r sin psin ¢e3)
- (r cos psin ge; — r sin p sin pe3) = r? sin® o,

g1 -9, = (rcosysin¢e; — r sin @ sin ¢e3)
- (rsin @ cos ¢e| — r sin ¢ey + r cos p cos pes)
= r? (singcos wsin¢cos ¢ — sinpcos psinpcosp) =0,

g1-g3 = (rcosysinge; — rsin psin ¢e3)
- (sin @ sin ge| + cos pes + cos @ sin ges)

=r (sin @ cos psin® ¢ — sin g cos psin’ gZS) =0,
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g>-g, = (rsinpcos¢e; — rsin ey + r cos ¢ cos pe3)
- (rsin @ cos ge| — r sin ez + r cos ¢ cos pe3)

= r? (sin2 @ cos? ¢ + sin’ o+ cos? %) cos® ¢) =2

g>-g3 = (rsinpcos¢e; — rsin ez + r cos p cos pe3)
- (sin @ sin ¢e| + cos e, + cos ¢ sin ¢e3)
=r (sin2 @ sin ¢ cos ¢ — sin ¢ cos ¢ + cos®  sin ¢ cos qS) =0,

g3 -9z = (sinpsin e + cos pez + cos psin pe3)
- (sin @ sin ge| + cos pes + cos w sin ges)
= sin? @sin® ¢ + cos® ¢ + cos psin® ¢ = 1.

Thus,
r2sin?¢ 0 0
l9i] = [g: - 9;] = 0 20
0 01
and consequently
1
0
3 4 r2sin? ¢
[l=lo]"=| o 1,] ©9.5)
72
0 01

Finally, we calculate the dual basis by (1.21);:

1 1 ~1C08% _ sincpe
= -9, =7 —r ,
9 = qbgl sing | sing
2 1 —1 -1 -1
g = 59y =r" sinpcosge; —r~ singer +r- cospcos pes,
r
g3 = g3 = sin psin ¢e; + cos peaz + cos @ sin pe3. (9.6)

2.2 The connection between the linear and spherical coordinates (2.179) can be
expressed by

x! = r sin @ sin ¢, x2 = r COS ¢, x3 = r cos sin ¢.

Thus, we obtain
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ox! . x! . o
%zrcosgosmcb, a—¢=rs1n<pcos¢, 8—=s1n<psm¢,
ox? ox? ox?
%:O, a—z:—rsinq&, aizcosgb,
0z’ sin ¢ sin ¢ 0’ COS ¢ COS @, 0z’ = cos y sin ¢
— = —rsingp s T =Trcosp —— =cosp .
Op 0¢ or

Inverting the so-constructed matrix |:— —¢ (9_] further yields according to

Op r

(2.23)
dp  cosp Jp 0 dp  sinp
ox! " rsing’ oxz 7 ox3 rsing’
d¢  sinpcos d¢  sing d¢  cospcosg
ox! r Coox2 T ox3 r ’
0 0 0
8_xr1 = sin ¢ sin ¢, a_xrz = C0s ¢, 8_xr3 = cos p sin ¢.

Alternatively, these derivatives result from (9.6) as components of the dual vectors
g' (i = 1,2,3) with respect to the orthonormal basis e’ (i = 1,2, 3). This is in
view of (2.33) and due to the fact that the coordinate transformation is applied to the
Cartesian coordinates x° (i=1,23).

2.3 Applying the directional derivative we have

(a): d Ir+sa|”!| = %[(r +sa) - (r +sa)]”'/?

ds s=0 s=0
d —-1/2
= —[r-r+2sr-a+s2a-a]
ds s=0
_ 1 2r-a—+2sa-a r-a
2[(r +sa)- (r +sa)’?|,_ e

Comparing with (2.54) finally yields

r

-1
grad [r[| ™' = ———.
Irll

s=0

(b): —(r+sa) w =a-w.

s=0
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Hence, grad (r - w) = w.

d d
(©): o (r +sa)A (r + sa) =5 (rAr + saAr + srAa + s’aAa)
s s

s=0 s=0

=aAr +rAa=(Ar)-a+ (rA)-a=(Ar +rA) -a,
Thus, applying (1.118) and (1.156); we can write
grad (rAr) = Ar +rA = (A + AT) r=2(symA)r.

d

d
P =% (Ar + sAa)

= Aa.
s=0

(d): —A(r+sa)

5=0
Comparing with (2.57) we then have
grad (Ar) = A.
(e): In view of (1.65) and using the results of (d) we obtain
grad (w x r) = grad (Wr) = W.

With the aid of the representation w = w’ g; we can further write (see Exercise 1.23)

0 —wd w?

W=W;g®g/, [Wi]=9g| v 0 —w'

—w? w0

2.4 We begin with the derivative of the metrics coefficients obtained in Exercise 2.1:

-o - [000 2r2sin¢cos ¢ 00
da;: Oaii

[gi1] = ai(g =000, [gg,z]z[ai;}: 0 00|,
- - 000 0 00
-0 4 | 2rsin?¢ 0 0
dgij

[95.3] = | 22 | = 0 2r0
Lol | 0 oo

Thus, according to (2.84)
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1
[Pir] =[5 s + 907 = 33) |

i 0 r2sin¢cos ¢ rsin® ¢
=| r?sinpcos¢ 0 0 ,
rsin® ¢ 0 0
B —r?sin¢gcos¢ 0 0
[Ti2] = E(QZi’j+g2jai—9ij,2)i| = 0 0r|,
B 0 ro
1 —rsin?¢ 0 0
[Fiﬂ] = [5 (gzi,j + 93j.i — Gij»3 )] = 0 —r 0
0 00

With the aid of (2.77) we further obtain

Lij1 .
F; = gllrijl = gllrijl +912Fij2 +gl3rij3 = #’ LJ= 1,2,3,

r2sin? ¢
0 cotg r!
[r}j]= coté 0 0 |, 9.7)
00
Cip .
r? =gy = ¢*' Ty + g% Tip + g% Ty = riz i,j=123,
—singcosgp 0 O
[F§]= 0 0o 1|, 9.8)

0 1o

F?j =Ty ="' + ¢ Tip +¢¥Tyn =Ty, 0,7 =1,2,3,

—rsin?¢ 0 0
[r?j]= 0  —ro0]. 9.9)
0 00

2.5 Relations (2.96) can be.obtaitlled in the same manner as (2.94). Indeed, using
the representation A = A;;g' ® g’ and by virtue of (2.82) we have for example for
(2.96);:

A= (Aijgi ® gj) ok
=Ajkg ®g' +A;9'k ®97 +Ajg @'k
=Ajig ®g' +A; (—F;kg’) ®g' +A;9' ® (—F,’}cg’)

= (Ajx — AyTh — ATl ) g’ © g7
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2.6 (1.94), (2.72),:

0=1;= (gijgi ®gj) w=g5k g ®9' = ("9, ®9;) x=9"lk 9, ® 9,
2.7 Using (2.96); we write for example for the left hand side of (2.101)

Aijle= Ajjk — AyTy — AT

In view of (2.93), the same result holds for the right hand side of (2.101) as well.
Indeed,

ailk bj +aibjl = (ai,k - alrfk) bj+a; (bj,k - blf‘}k)
=aj,kbj +aibj,x — albjFll-k — a,-bll“;k
= Ak — AyTh — AT
2.8 By analogy with (9.1)
t= eijkg_ltigk ®g;-
Inserting this expression into (2.125) and taking (2.112) into account we further write

curlt = —divt = — (eijkg_ltigk ®gj) '
With the aid of the identities (9™'g;) ./ -g' = 0(j = 1,2, 3) following from (2.76)
and (2.107) and applying the product rule of differentiation we finally obtain
curlt = —eijkg_lti,j gr — eijkg_lt,-gk,j
= —e"g7 . g = =g 1 g = g4l gy
keeping (1.36), (2.78) and (2.93), in mind.

2.9 We begin with the covariant derivative of the Cauchy stress components (2.118).
Using the results of Exercise 2.4 concerning the Christoffel symbols for the spherical
coordinates we get

, 13
ol =al,; + alfl"llj + allFle =o'l 1+, +0%5+30%coto +4T’

021|j = 02/,]- + Jl]Flzj +021Fl]j
523
=2 +5%2, +023,3 —ol! sin ¢ cos ¢ + 02200t¢+47,
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o3|y =% +olT) + 0¥
o33
=142+ 0,5 —o'lrsin’ ¢ — o?r + 0% cotp+2—.
r
The balance equation (2.116) take thus the form

13
g
,oa1 = 011,1 + 012,2 + 013,3 + 3012 cot<;5+4T + fl,

23
. o
pa2 =l 4062 ,+083-0'! s1n¢cos¢+022 cotp +4— + fz,
,

33
. o
pa3 =l 1+ ,+035-0c'lr s1n2¢ —o2r + 0% cotp+2— + f3.
r

2.10 The tangent vectors take the form:

or s s .S s s s
gl=a—=(cos—+—sm—)e1+(sm———cos—)e2,

r ror r ror r
or s n s or
= — = —sin—e] + cos —e2, = — =e3.
9> Os P L6 g3 0z 3
The metrics coefficients can further be written by
2 s
s s Z
ii -1 2
loil=lgi-9;,]=| _s | o W'l=lel =] 1.5
r r r2
0 01 0 0 1

For the dual basis we use (1.21):

1 Ky Ky )
g =g+ —-g, =cos—e| +sin—ey,
r r r

2 N 52
g=-g+|1+3)9
r r

s s K s s .S
=(—s1n—+—cos—)e1+(cos—+—sm—)e2,
ror r ror r
3
g =g =ées3.

The derivatives of the metrics coefficients become
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2 2s 1
‘2i_3 ,s_zo 2 70 000
[gijal] = i s [gija2] = _l ’ [gl_]a3] =1000
r2 00 r 00 000
0 00 0O 00

For the Christoffel symbols we thus obtain by means of (2.84) and (2.77):

s2 s 0_
T 000 000
[Cp]=| s _1,| [F]=|000], [[]=|000],
2 7 000 000
0 00
2 s ] 5352 0
R 3 000
[r}j]— s o1y ,[r,?j]— 2 s, ,[rg —|o00
r2 r r_3 _r_2 OOO
0 0 0. 0 0 0

2.11 First, we express the covariant derivative of the Cauchy stress components by
(2.118) using the results of the previous exercise:

1j 11 12 13 11S2 g 125
ocllj=0 v +os+o7,—0 ——7+20 ok

3
2j 21 22 23 ns3 2 S 1252
ol =0 +o s +07, —0 -0 +20 "=,
i el 2 3
3j 31 32 33
olj=0"r+0 s +07, .
The balance equation (2.116) become
2 22
s o s
pal —oll, 4012, +013’z _011_3 _ +2012_2 +f1,
r r r
2 21 22 23 1153 2 S 1252 2
pa- =0, +0 s +07 0 5 -0 —2+20 —3+f,
r r r

pa3 =3, 402, +U33’z +f3.
2.12 (2.126), (2.128), (1.32), (2.82):
div curlt = (gi X t,,-) ' j ~gj = (—F,’;jgk X t, +gi X t,,-j) -gj

=— (e’ xg") - t.i+ gjxgi)-t,ij=0,
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where we take into consideration that ¢,; = ¢,;;, Il = F;i and g’ x g/ = —g/ x

) ij
g (#j,i,j=1,23).
(2.126), (2.128), (1.32):
div(u x v) = (u X v) ,; -gi =(u,; Xv+uXxX0v,;) -gi

= (gi xu,,-) ‘v + (v,,- xgi) -u =v-curlu —u - curlv.

(2.6), (2.75)1, (2.126):

grad divt = (t,,- -gi) ,jgj = (t,ij . gi) g’ + (t,i 'gi,j)gj-
Using the relation

(000} = e (ria]o

= (ti- ") (-Tha’) = (t.i-d") o' = (ti-g')g";  (9.10)

following from (2.82) we thus write

grad divt = (t,,-j -gi) gj + (t,i 'gj) Qi,j .
(2.128), (1.171):

curl curlt = g/ x (gi X t,,-),j=gj X (gi,j x t,i) + g/ x (gi X t,ij)

= (gj -t,i)gi,j - (gj -gi,j)t,i+(gj 't»ij)gi — 9"t

(2.8), (2.64)1, (2.126), (1.124), (9.10):

div gradt = (t,,- ®gi) . j g’ = (t,,j ®gi) g’ + (t,i ®gi»j)gj

= gt + (gi’j .gj) t. 9.11)

AT . . ) ) )
div (gradt)T = (t,,- ®g’) gl = (g’ ® t,ij) g’ + (g’,j ®t, ) g’
= (t,ij ~gj)gi + (t,i ‘gj) g,
The latter four relations immediately imply (2.135) and (2.136).
(2.132), (2.133), (2.136), (2.137):

A grad® = grad div grad® — curl curl grad® = grad div grad® = gradA .
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A curlt = grad div curlt — curl curl curlt = —curl curl curl?
= —curl (grad divt — At) = curlAt.
(1.156)7, (1.172), (2.64)1, (2.128):

—

skew (gradt) = 3 (t,i ®g —g' ®t,,~) = Eg’ X t,; = Ecurlt.

(2.5), (1.145), (2.112), (2.126), (2.64);:
div (tA) = (tA) i - g' = (i A) -g' + (tA) - '
=A:t,;®g +t- (A,igi) = A : gradt + ¢ - divA.
(2.3), (2.63), (2.126):
div(®t) = (P1) i -g' = (P.i 1) -g' + (PL.i) - ¢
=t (d>,igi) + @ (t,,- -gi) =t -grad® + @divt.
(2.4), (2.63), (2.112):
div (PA) = (PA).ig' = (@A) g' + (PA.) g
=A (q),,- gi) + @ (A,,- gi) = Agrad® + @divA.
(2.125), (2.142):
curl (0¢) = —div (®1) = —div (®f) = —igrad®—Pdivi = —fgrad® + dcurlt.
2.13 Cylindrical coordinates, (2.75),, (2.93), (2.90):
gradt = 1;]; g' ® g/ = (ti,,- - th,’-‘,-) g ®g
=159 89 +rg' @' -7 (¢ 0 g’ + g7 0 g"),
or alternatively
gradt = tilj g; ®gj = (ti,j + th,ij) g; ®gj
=09 +r7'Pg @9 +1' (g @9’ - rg;@9').

(2.30), (2.127):

-1 13

divt = trgradt = 1;,; g7 + rt3g11 —2r'thg
=r g +ho+na+r s,

or alternatively

divt =trgradt =1’ +r ' =t i +r s =1t 1+ + P s+ .
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(2.93), (2.129):

1
curlt = e”kgt,-|j g

g7 [l = ) g1 + (13 — 1311 g2 + (21 — 11l2) g5]
=r! (32— 10.3) g1+ (1.3 —13,1) 92 + (2,1 —11,2) g3] -
Spherical coordinates, (9.7)—(9.9):

gradt = (t,-,j - tkl"l’-‘j) g ®g
= (t1,1 + 12 sin ¢ cos ¢ + t3r sin ¢) 9'®g'+ bo+6r)g? @9
+13,398°®g + (12 —hcotg)g' ®G° + (2,1 —hcoth)g° @ g'
+ (t1,3 - tlr_l) 9'®g + (ts,l - tlr_l) geg
+ (tz,s - tzr_l) I Rg+ (t3,2 - tzr_l) e,
or alternatively
gradt = (ti,j +tkI‘,’;j) g; ®gj = (t1,1 + t200t¢+t3r_1) g1 ®91
+ (t2,2 + t3r_1) R+ 539:99°
+ (tl,z +1! cot¢) g1 (X)g2 + (t2,1 —1! sin¢cos¢) g- ®g1
b (e + ) g 89+ (P - rsnt) g, 04
+ (tz,a + tzr_l) 9®g + (13,2 - tzr) 9:®4g%,
(2.93), (2.127), (2.129), (9.4)—(9.9):

. i 11,1 _ _ _
k 2 2 1
divt = (ti,j _ tkrij) g = m +r“fh, +13,3 +r “cotor, +2r '3

=i+ T =1 20 405 4 cotgr” +2r7 1,

curlt

g Bl —nl3) g + (s —6l1) g+ I — 1)) g3]

= —-— t, —t, t,_t, t,—t, .
r2sin¢[(32 2.3) 91 + (1.3 —13,1) g2 + (21 — 11,2) 93]

2.14 Using Cartesian coordinates we can write r = x’e;. Thus, ¢ (r) = e3 x r =
—x2e;+x'er (Fig.9.2). By means of (2.130) and (2.131) we further obtain curlt =
(xl,l +x2, ) ez = 2e3, divt = —x2,1 + x1,5 = 0. The latter result follows also
from (1.130), (2.127) and Exercise 2.3 (e) as divt = div (€3r) = trgrad (é3r) =
trez = 0.
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Fig. 9.2 Illustration of the A 2o
vector field

e

2.15 According to the result (9.11) of Exercise 2.12
= div gradt = ¢¥t,;; + (gi,j -gj) L.
By virtue of (2.73), (2.82) and (2.93), we further obtain
At =gVt —Tiglty = g" (t,, - Fﬁ;t,k) =gty =t .
In Cartesian coordinates it leads to the well-known relation
divgradt =¢,11 +¢,00 +1,33.

2.16 Specifying the result of Exercise 2.15 to scalar functions we can write

For the cylindrical coordinates it takes in view of (2.30) and (2.90) the following
form

1 62¢+82<D+62¢+18<D
r2 002 0z2  orr r or’

AD =r2®, 1 + P, + P33 +1 1D 3=

For the spherical coordinates we use (9.5)—(9.9). Thus,

AD L S 3 U VL. S S P
- V=5 9 r 9 9 —- 9 r k
LSl 2 B F g P 3

1 82q§+ _282¢+32¢+ t¢ +2_18¢
= r —_—
r2sin? ¢ 9p? 02 Or? L) or
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2.17 According to the solution of Exercise 2.15

At =g (t =Thtm)., 9.12)
where in view of (2.72);

ti=ti g, ti=1"; gx.
By virtue of (2.93); we further write r*|;= r*,; + Ffitl and consequently

= Mg + Tyt li= 155 + Tt + Tt + Tpt™ i + T T
Substituting these results into the expression of the Laplacian (9.12) finally yields

At = g (1 ( PIE) T VLIS ¥ ST U F;}’Ffmtl) 9.

Taking (9.5)—(9.9) into account we thus obtain for the spherical coordinates (2.179)

1
s L0
At = 520+ 22 44!,

(rzsinztﬁ 2 ”

+

3cotg 2co08¢ 4l 2t3,¢
7 e T 53 t 32 1
r r=sin’ ¢ r 77 sin“ ¢

2
e, )
+( o+ ¢¢+t o
r<sin® ¢ r2

_ 2cot¢ cot ¢ 2 412, 4 2t3,¢ n 1_COt2¢t2)gz

thy + +
r2 4 r2 ¢

3

2, 3,

+(2 e 4 ¢’¢+t,rr
r=sin“ ¢ r2

21, 22,5  cot 4 203, 2cotg 5, 213
- - + 3 t ' + - = > 3.
r r r r r r

9.3 Exercises of Chap. 3

3.1 (C4),(3.18): @y = dr/ds = const. Hence, r (s) = b + sa;.

3.2 Using the fact that d/d (—s) = —d/ds we can write by means of (3.15), (3.18),
(3.20), (3.21) and (3.27): d) (s) = —a1 (s), @, (s) = az(s), a5(s) = —a3(s),
» (s) =2 (s)and 7/ (s) = 7 (s5).

the zero torsion 7 (s) = 0 belongs to
2a, (so), where a; (so) and a» (so) are,
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respectively, the unit tangent vector and the principal normal vector at a point sg. For
any arbitrary point we can write using (3.15)

r(s) s
r(s)=r(sog) + / dr =r (s9) +/a1 (s)ds. (9.13)
r(so) 50

The vector a; (s) can further be represented with respect to the trihedron at sg as
ap(s) = o (s) a; (so). Taking (3.26) into account we observe that a3,; = 0 and
consequently a3 (s) = a3 (so). In view of (3.23); it yields a; (s) - a3 (so) = 0, so
thata; (s) = a' (s) a1 (so) + & (s) a2 (so). Inserting this result into (9.13) we have

r@)=r@w+a¢m{/a%@ds+aﬂm{/a%wds
50 S0

= r (s0) + t'a1 (s0) + 2@z (s0) »

where we set ¢’ = fsf) o (s)ds (i = 1,2).

3.4 Setting in (2.30) r = R yields
R0
[gaﬂ] =l o1l
By means of (2.90), (3.74), (3.79), (3.91) and (3.94) we further obtain
—RO —R71o0 1 2
ool = [ 0 o]’ [#2] = [ 0 0}’ Fap=Tap=0. af=12

1 1
=0, H= 5ba = —ER_I. (9.14)

(%

3.5 Keeping in mind the results of Exercise 2.1 and using (9.7)—(9.9), (3.58), (3.62),
(3.67), (3.74), (3.79), (3.91) and (3.94) we write

g; = Rcos ¢! sin t2e1 — Rsint!sin t2e3,
g, = Rsin t' cos t2e1 — Rsin t2e2 + Rcost! cos t2e3,

g3 = — sint! sin t2e1 — Cos t2e2 — cost!sin t2e3,

RZsin%¢%2 0 Rsin%¢2 0 Rl 0
[90‘5]2[ 0 RZ]’ [baﬂlz[ 0 R]’ [bg]z[o R—l]’

[Fl ] _ 0 cotr? [I‘2 ] _| - sint2 cos 12 0
af cott> 0 |’ af 0 0|
=R!

_ 1
K=|p’|=R2 H==b ) (9.15)
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3.6 (3.62),(3.67), (3.162):

_or _ ) _or -1
gl—m—el—i-te& gz—m—ez+te3,
gi X g» 1

(—lﬁel - t_lez +e3) s

93 = lgy x g2 | - /i + (t_l)z+ (52)2

-
where ' = — (i = 1, 2). Thus, the coefficients of the first fundamental form are
c

2 _ N2
911=g1'91=1+(52) ,912=921=91'92=11t_2, 922=92'92=1+(1‘1) .

For the coefficients of the inversed matrix [go‘ﬁ ] we have

1 [1 + (1) 'R }

[gaﬂ] - 1+ (;1)2 + (;2)2 -2 1+ (52)2

Derivatives of the tangent vectors result in

1
gl71=07 91,2=92’1=233, 92:2=0-

The Christoffel symbols are calculated by (2.77) and (3.69); as

Y

[Tl = [9005 - 01] = [ 2

] [Fas2] = [9as - 92] = [; %]

3
0

' 0L 1 0L
2 4 (2)? Pl 12 4 (72)? 2ol
1+ + (@) LT 0 1+ +@)" [T 0
i 02
2| = |Tuspg™| = c
o] =[rene 1+<f1>2+<f2>2[%0}
1+@° ot 1 0
+ _12 —22 ﬂ = —12 72 2
L+ + (@) [T 0 1+ + @) [T 0
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By (3.74), (3.79), (3.91) and (3.94) we further obtain

1
bi1=g91,1 -93=0, bp=by=g;,2-9g3= > =
ey 1+ (1Y) + ()

byn =g5,2 -g3=0,

5 1 [ —515221+(52)2]
] c[1+(t_1)2+(t'2)2]3/2 1+ () -7

_|p8l = — 1 _ | (Y t22—2’
£ cz[1+(;1)2+(;2)2]2 [ +( ) +( )]
L i

37 (3.62), (3.67), (3.163):

or

_ Yt 2] 2 1
g| = o = ct“sint ey +ct cost ey,

r
_ _ 1 1
g, = 52 ccost e; +csint ey + e3,

gi = 91x9, _ 1
: lg: x g2 V152

Thus, the coefficients of the first fundamental form are calculated as

(costlel + sintlez — ce3) .

2
911=91'91=02(t2) LI =01=91-9:=0, gn=g,-g, =1+,

so that

[] = [(crz)‘z . N )] |

Derivatives of the tangent vectors take the form

g1,1= —ct? costle; — ct? sintles, g1.2=0s,1 = —C sintlel + ccostlez,
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The Christoffel symbols become by (2.77) and (3.69);

[ = lows 91 =[ 50 |+ ol =lows 021 =[ 7575 ].
] =[] = ) [ 5] 2 0 ]

r2) = row) =[5 0)

By means of (3.74), (3.79), (3.91) and (3.94) we further get

2
ct
b1 =g1,1-93= —m, bio=by1=91,2:935=0,b0n=g,,2-93=0,

1
—— 0 1 1
bﬁ]: Ct2 /1+6‘2 , K= bﬁ =0’ H= -p* = ——
[ “ 0 0 “ 27 2ct24/1 + ¢2
3.8 (3.62), (3.67), (3.164):
0
g, = 8—;1 = (Ro +acost2) (— sintlel +cost1e2) ,
or ) N P 2
g, = Er = —acost sint“e; —asint sint“e; + bcost ey,
g3 = g1 X392 b
3= =
"91 X g ” Va2 sin? 12 + b2 cos? 12
X (cost1 cost’e; +sint! cosr’es + % sin t2e3) . (9.16)

The coefficients of the first fundamental form are further calculated as
2
gi1=9;-91 = (Ro+acost2) s 912 =q1 =91 -9, =0,

g0 =6gr g = a”sin® 12 + b% cos? 12,

Thus,

o Ro +acost? -2 0
+ b% cos? tz)_l
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Derivatives of the tangent vectors take the form
— 2 1 -1
gi,1=— (Ro +acost ) (cost e| +sint e2) ,
_ _ ) 1. .2
g1,2=g>,1 =asint sint“e; —acost sint“ey,
g,,2 = —acos t! cos t2e1 —asint! cos t2e2 — bsin t2e3.

The Christoffel symbols (2.77) and (3.69);

B B 0 —a (Ro + acost?) sin 1>
[TCapt] = [90:5 -91] = [—a (Ro + a cos t?) sin 1> 0 ’
a (Ro + a cos t?) sin t2 0
[Tap2] = [9a:5 - 92] = |: (o 0 ) (a® — b?) sint? cos t2] ’
B asinr?
| 1 0 " Ro +acost?
[Faﬁ] = [Faﬂpgp ] = asint? ’ 0 ’
| Ry +acost?

" a (Ro+ acost?)sint?

0
2 2] _ | a2sin?12 4 b2 cos? 12
[Faﬂ] [Faﬂpg ] 0 (a*> — b?) sint? cos 12

L a? sin? 12 + b2 cos? 12

Using (3.74), (3.79), (3.91) and (3.94) we further obtain

b (Ro + a cos t?) cos 12

b1 = )1t = — s bir = by = 2 . = 0’
11 =4g1:1 " g3 \/az S22 1 bloosl 12 12 21 = 9152 " g3
b ab
22 = 9292 ° 93 = - )
Va? sin? 12 + b2 cos? 12
_ bcost? 0
I:bg] _ I:ba’yg’y’g] _ (Ro+acos tz)\/z(z)2 sin? r24-52 cos? 12 » ’
(a2 sin? 12+b2 cos? t2)3/2
bcos 12
KRl = — )
(Ro + a cost?) Va2 sin? 12 + b2 cos? 12
ab
Ky = — 9.17)

) 32
(a?sin? 12 4 b2 cos? 12) /
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K—‘bﬂ‘— ab? cost?
(Ro + a cos t2) (a2 sin 12 + b2 cos? t2)2 ,
1
b (a®sin® 12 + b? cos® 12) cos 12
__ al.
2 (a2 sin? 12 + b2 cos? t2)3/2 Ry + a cost?

One can observe that the above results coalesce with the solution for the circular
torus (3.97)—(3.104) in the special case a = b = R.

3.9 For the elliptic torus vessel the force equilibrium condition (3.161) becomes
2
mp [(Ro + acos t2) — R%] —oPn2r (RO + a cos t2) cosf =0,

where the angle § between the direction of the hoop stress and the vertical axis results
from (9.16); as

gr-e3  g-e3 bcost?
cost = = = .
lg2 | V922 Va2 sin? 12 + b2 cos? 12

Inserting this expression into the above equilibrium condition yields

2
@ _ P a2Ro+acost Ja? s 2

= b2 cos? ¢2.
2hb Ro+ acost? +

Substituting this result into the Laplace law (3.150) we finally obtain by virtue of
9.17)
p a® —2cost* (a* — b?) (Ro + a cos t?)

o) —
2h by a? sin? 12 + b2 cos? 12

3.10 Taking (3.108) into account we can write

* gzl giz 0 *1j * -1 1 g;:zk _-Z;l 0
[gij] =1919»0|. [9 ] = [gy] =74 =912 91 O |,
0 01 gl o 01

which immediately implies (3.114).
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3.11 Using definition of the covariant derivative (3.76); we first write
[y = fOq+fTy, = (faﬂgﬂ +qa93) syt (fpﬁgg +qu3) ry,
=195+ P95 +4% 93+ 430 + [T + 43T,

On the other hand, by applying the product rule of differentiation and using (3.75)-
(3.78), (3.80) we finally obtain the same result as follows

Sy = (faﬂgﬁ + qa93)|7 = faﬂH 9s+ faﬁgﬂh + 49y 93 +q°g3ly
= (faﬁ’V + fpﬁrgw + faprpﬂv) g+ 17 (gﬁw - nggp)
+ (q“w + q”FS‘V) 93 +q°93.4
=1 g5+ FT5g5+ 954 + 4195+ 4°T5,95 + 4°93.+ -

3.12 (1.40), (3.78), (3.80), (3.119), (2.101)—(2.103):

£ = (95 + 993 )la = £"la 95+ S gpla +4°la 93+ "3l
= 1o 95+ F*"bsag3 + 4°la 93 — 4" blg,

m°|, = (maﬂga x gﬁ)|a

=m*o g3 x g5+ mVgsla xgs+m*’g3 x ggla
=m*?, 93 X gp— maﬂbggp X gg +maﬂg3 X (bﬂag_%)

=m* g3 x g5 — gm“"ble 3393,

Go X [* =g, X (faﬁgﬂ +f1a93) =9 "eap3gs — 4°93 X go-

Inserting these expressions into (3.125) and (3.127) and keeping (3.120) in mind we
immediately arrive at (3.128) and (3.129), respectively.

3.13 For a cylindrical membrane equilibrium equations (3.143) and (3.144) take by
means of (2.90), (3.77); and (9.14) the form

U+ Pa+pt =0 fPa+ 2o +pP=0, —RfM+p =0
For a spherical membrane we further obtain by virtue of (9.15)
U0+ 20 +3cot? 24+ pl =0,

f12,1 + f22,2 —sins? costzf11 +cott2f22 + p2 =0,
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9.4 Exercises of Chap. 4

4.1 In the case of simple shear the right Cauchy-Green tensor C has the form:

. ' . 1 ~v 0
C=Cle;gel, [Cf] =[cy] = 314672;)

The characteristic equation can then be written by

t-A Z 0 2 2
7 1+70—A1£)A —0 = (1—A){A —A(2+’y)+l}=0.

Solving the latter equation with respect to A we obtain the eigenvalues of C as

2

YL e (\/4+72ﬂ:7) N

= N 3= .
2 2

Ap=1+

(9.18)

The eigenvectors @ = a'e; corresponding to the first two eigenvalues result from the
equation system (4.16);

VP FVA+ ) B
5 a + ~a =0,

s A G A _
ya© +—————a =0,

2

_,-Yz T /4,)/2 + ,)/4a3 _
2
Since the first and second equation are equivalent we only obtain
a2=’y:|:\/4+'72a1 3
2 9

a’ =0,

so that a2 = /A1a! or a> = —/Aya'. In order to ensure the unit length of the
eigenvectors we also require that

(@) + (@) + (@) =1

This yields

1 A>
= — . 9.19
a —1+A2e1 ‘,1+A2e2 9.19)
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Applying the above procedure for the third eigenvector corresponding to the eigen-
value A3 = 1 we easily obtain: a3 = e3.

4.2 Since the vectors g; (i = 1, 2, 3) are linearly independent, they form a basis in
[E3. Thus, by means of the representation A = A’ i9i ® g’ we obtain using (1.39)

[Ag) Ag)Ags] = [Aflgi Alg; Aggk] = AL ALAN [9:9; 9]
= AL AL A e g = ‘Af’j|g — detA g.
4.3 Using (4.26)1_3 we write

Io =trA,

Iy = [(trA)2 - trA2] ,

N =

1
s = [1atrA — Tata? + A
Inserting the first and second expression into the third one we obtain

1(1
s = [5 [(trA)2 - trAz] trA — trAtrA? + trA3}

3

4.4 Sincer; = t; forevery eigenvalue \; we have exactly n = > ;_, r; eigenvectors,

1 3
|:’[rA3 — EtrA2trA + = (trA) ]

say algk) (i=12,....8;k=1,2,...,r;). Letus assume, on the contrary, that they
are linearly dependent so that

Z 2 a®a® —

i=1 k=1

where not all algk) are zero. Linear combinations a; = > ;/_, a(k)a(k) of the eigen-

vectors a ( ) associated with the same eigenvalue )\; are again eigenvectors or zero
vectors. Thus, we arrive at

N
E gia; =0,
i=1

where ¢; are either one or zero (but not all). This relation establishes the linear depen-

dence between eigenvectors corresponding to distinct eigenvalues, which contradicts

the statement of Theorem 4.2. Applymg then Theorem 1.3 for the space C" instead
e infe 1 a basis of C".
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4.5 Leta = a'g;,. Then,a-a =a' (a-g;). Thus,ifa-g; =0 (i =1,2,...,n),
then @ - @ = 0 and according to (4.9) a = 0 (sufficiency). Conversely, if a = 0,
then according to the results of Exercise 1.5 (also valid for complex vectors in C")
a-g;,=0({=1,2,...,n) (necessity).

4.6 (4.40), (4.42):

Ti Tj ri Ty
PP, = (Z al(k) ® blgk))(z ai.l) ® b;l)) = Zz(gij(;kzalgk) ® by)
I=1 k=1 I=1

k=1

25”i“®®b®= P ifi=j,
Uk:] l ! 0 ifi#j.

4.7 By means of (4.40) and (4.42) we infer that P;a = &;a'’. Every vector

x in C" can be represented with respect the basis of this space afk) i=1, 2,
LS k=1,2,...,r)byx = ZJ IZk lx(k>a(k) Hence,

(zp )x S i p g

i=1 j=1k=1
= Zzlgx;k)(s,-ja;k) _ Zlgx(k) ® _ ¢ vrecn
i=1 j=1k= 7

which immediately implies (4.46).

4.8 Let A1, Az, ..., A\, be eigenvalues of A € Lin". By the spectral mapping theo-
rem (Theorem 4.1) we infer thatexp ()\;) (i =1, 2, ..., n) are eigenvalues of exp A.

n
On use of (4.24) and (4.26) we can thus write: det [exp(A)] = [[expXi =
i=1

exp (i )\,-) = exp (trA).
i=1

4.9 By Theorem 1.8 it suffices to prove that all eigenvalues of a second-order tensor
A are non-zero (statement A) if and only if Ax = 0 implies that x = 0 (statement
B). Indeed, if Ax = 0 then either x = 0 or x is an eigenvector corresponding to a
zero eigenvalue. Thus, if A is true then B is also true. Conversely, if A is not true, the
eigenvector corresponding to a zero eigenvalues does not satisfies the statement B.

4.10 Let a; be a (right) eigenvector corresponding to an eigenvalue ;. Then,
Aa; = );a;. According to (1.132) Al (Aia;) = a;, which implies that )\,71 is the
eigenvalue of A1,

4.11 Let for example M be positive-definite. Setting in (4.67) o = 1/2 and a =

—1/2 we can define M!/2 and its inverse M~1/2, respectively. Now, consider a
symmetric tensor S = M!'/2ZNM!/? — ST with the spectral representation § =
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Sl Ndi ®di, whered; -dj =0; (i, j=1,2,...,n). Then, a; = MU/2d; is the
right eigenvector of MN associated with its eigenvalue \; (i = 1, 2, ..., n). Indeed,

MNa; = MN (Ml/zd,-) = M!/28d; = \M'2d; = \a;.

In the same manner, one verifies that b, = M~1/2d; (i =1,2,...,n) is the corre-
sponding left eigenvector of MN, such thata; - b; = 0;; (i, j = 1,2,...,n). The
eigenvectors d; (i = 1,2,...,n) of S € Sym” form a basis of E". This is also the
case both for the vectors a; and b; (i = 1,2, ..., n) since the tensor M}/ 2 is invert-
ible (see proof of Theorem 1.8). This implies the spectral decomposition of MN by
(4.39) as

n
MN = Z)\iai ® b;.
i=1

4.12 Let us consider the right hand side of (4.55) for example for i = 1. In this case
we have

1—[ A -\l A MIA — 31
Aj - A=Az
1#1

On use of (4.43), (4.44) and (4.46) we further obtain

3 3
Ai — ) P; Ai—\3)P
A—>\2[A—)\3I_i§(l 2) tjé‘al(] ) j

A =M A — A3 Al — Ao Al — A3

3 3
2 A=) (A= 23) 5P > (i = A) (N — M) Py
L= _ i=1
A1 —22) (A1 —A3) (A1 —22) (A1 — A3)
_ A=) A1 =) Py _p
M=) —x)

In a similar way, one verifies the Sylvester formula also fori =2 and i = 3.

4.13 By (4.42), (9.18) and (9.19) we first obtain
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Pi=a1®a

1 A 1
:(m‘” 1+1Al”2)®(m
A
RETY T e®e 1+1+A ez®82+1+A
2 1
Y +4d+vy/7+4 V44
= 1 2 0

VA +4 Y 4d—~/y2+4
0 0

P=a,®a

b
e e
1 T a2

Ay
(e1®@ex+erx®ep)
1

e e,

=1+A21®1+1+A22® 1+
2 1
V244 -/ +4 V2 +4
— 1 2 0
V44 Y 4+44+9/72+4
0 0
000 '
P;=a3;0a3=e3Q0e3=|000 |¢e; Qe’.
001

The same expressions result also from the Sylvester formula (4.55) as follows

(C— A2 (C—AsD

1=

(A1 = A2) (A1 — A3)
B 2 1
V+4+/72+4 Vit +4
= 1 2 0
Vr+4 V44— y/yr+4
0 0

(v e (i)

(el ®er+er®er)

e ®e’,

e e,
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_ (C—A3D(C—AD)
T (A2 —A3) (A2 —Ay)

2

. 5 | }
Ry S~ S
= o1 2 o0lei®e,
VP+4 P44t/ 44
i 0 0 0]
p,— C-ADC—AD 888 e ®el. (9.20)
(A3 = A1) (A3 = A2) 001

4.14 The characteristic equation of the tensor A takes the form:
—2-X 2 2
2 1-Xx 4 |=0.
2 4 1-X
Writing out this determinant we get after some algebraic manipulations
M —273-54=0.
Comparing this equation with (4.28) we see that

Io =0, Iy=-27, I =54 9.21)

Inserting this result into the Cardano formula (4.31) and (4.32) we obtain

9 — arccos [2111 —9I,I05 + 27IIIAi|

2 (13 —311,) "
2754

= arccos | —m————~=
[2 (3-27)3/2

] = arccos (1) =0,

1
M=—-{IA+2 I%A—snAcosg[szw(k—l)]]

W[IN W] —

2 2
= —+/3-27cos (57'('(](— 1)) = 6¢os (gﬂ'(k— 1)), k=1,2,3.

Thus, we obtain two pairwise distinct eigenvalues (s = 2):

M=6 J=\=-3. (9.22)
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) 122

p o TqATAN _A-dr_Adm 1 iR
NN TN T T Ty,
1 -
2 8§ —2 -2
N TA s =9 9y g s
% -

4.15 The spectral representation of A takes the form

S
A= Z)\iPi = \MP; + \,P, = 6P, — 3P,.

i=1
Thus,

s
expA = Zexp )P

i=1

=exp (A1) P1 +exp (\2) P2 = exp (6) Py +exp (=3) P2

o6 122 o3 8 —2 —27]
=—1244 ei®8j+T -2 5-4 ej®ej
244 24 5

e® +8e 3 2e0 —2e73 2e0 —2¢3 ]
= — | 2e0—2e73 4eb +5e73 4e8 —4e3 |e;®e;.
20 —2e73 46 — 4¢3 4e0 4 5¢73 A

4.16 Components of the eigenvectors @ = a'e; result from the equation system
(4.16)

(Ai‘ _ 5;)\) al =0, i=1,23. (9.23)

Setting A = 6 we obtain only two independent equations

—8a! +24% +24° =0,
2a' —54% +4a3 =0.

Multiplying the first equation by two and subtracting from the second one we get
a®> = 2a' and consequently a® = 2a'. Additionally we require that the eigenvectors
have unit length so that

(9.24)
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1 2 2
a = 591 + gez + 533-

Further, setting in the equation system (9.23) A = —3 we obtain only one independent
linear equation

a' +2a* +2a° =0 (9.25)
with respect to the components of the eigenvectors corresponding to this double

eigenvalue. One of these eigenvectors can be obtained by setting for example a! = 0.
In this case, a® = —a? and in view of (9.24)

O
2T 2
Requiring that the eigenvectors ag) and agz) corresponding to the double eigenvalue

\ = —3 are orthogonal we get an additional condition a®> = > for the components
of agz). Taking into account (9.24) and (9.25) this yields

a(2)__ 4 el + ! er + !
2 W2 3V2 7 32

With the aid of the eigenvectors we can construct eigenprojections without the
Sylvester formula by (4.42):

es3.

Pl=a ®a;

L 264 263) @ (Lo + 26+ 2 ;421421 ®
=(-e1+-ex+ e —e1+-er+-e3) == eiQej,
30132 T3S 31T 3RT3N) T Saal 50

1 1 1 1
P, = ag) ®a§1) + aéz) ® 0(22) = (302 - 383) ® (382 — 383)

4 1 1 4 1 1
+ |- e+ e + e3)1 | — e+ e+ e
(3[21 W2 3ﬁ3) (3[21 W2 3ﬁ3)

1 8 -2 -2
=—-| -2 5-4 e ®ej.
-2-4 5

4.17 Since linearly independent vectors are non-zero it follows from (4.9) that ¢; -
¢i #0 (i =1,2,...,m). Thus, the first vector can be given by

€1
al = —_—
Cl1+:C1

such that a; -
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ay=cy— (c2-a))a,

so that @} - @; = 0. Further, @, # 0 because otherwise ¢ = (¢2-a))a; =
(cy - ay) (cy -El)_l/ 2 ¢ which implies a linear dependence between ¢ and ¢,. Thus,

we can set @y = a/,/a) - @5. The third vector can be given by

/
a _ _
az = — 3 _ where a’3 =c3—(c3-ar)ax —(¢3-ay)ay,

! =
V&3 a3

so that @3 - @a; = a3z - a, = 0. Repeating this procedure we finally obtain the set
of vectors a; satisfying the condition @; - @; = ¢;, (i, j=1,2,...,m). One
can easily show that these vectors are linearly independent. Indeed, otherwise
>, aja; = 0, where not all o; are zero. Multiplying this vector equation scalarly
bya; (j =1,2, ...,m)yields, however,a; =0 (j =1,2,...,m).

4.18 Comparing (4.68); with (4.73); we infer that the right eigenvectors agk) k=
1,2,...,1) associated with a complex eigenvalue ); are simultaneously the left

eigenvalues associated with ;. Since \; # \; Theorem 4.3 implies that algk) . alq ) —
0k, l=1,2,...,5).

4.19 Taking into account the identities trWK = 0, where k = 1,3, 5, ... (see Exer-
cise 1.50) we obtain from (4.29)

Iw =ttW =0,

Ty = % [(trW)2 - trWz]

1 1
— W2 = ——
2 2

1 1
W W) = (W:W) = ||W|?,
(W:WT) = W:w) =2 W]
1 3 3 2 1 3
My = - | tr'W3 — ZuW2uW + = (r'W)? | = 0,
3 2 2
or in another way

Iy = detW = detW" = det (—W) = (—1)% detW = —IIIy = 0.

4.20 Eigenvalues of the rotation tensor (Exercise 1.24)

_ 4 _ ) cosa —sina 0
R=Rle;®e’, where [Rfj]:[R”]z sina cosa 0

ol LElUMN Zyl_i.lbl

0 0 1
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cosa— A —sin« 0
sinaw cosa—X O =0.
0 0 1—-X

Writing out this determinant we have
(1= (W =2xcosa+1) =0
and consequently
Ar=1, M3 =cosazxisina.

Components of the right eigenvectors a = a’e; result from the equation system
(4.16)

(Rf’j —53./\) al =0, i=1,2,3. (9.26)

Setting first A = 1 we obtain a homogeneous equation system

2

al (cosa— 1) —a“sina =0,

alsina+a2(cosa— 1) =0,

leading to al = a?> = 0. Thus, a; = a3e3, where a3 can be an arbitrary real number.
The unit length condition requires further that

a; = e;3.

Next, inserting A = cos o % isin o into (9.26) yields

a® = :Fial, a’ =0.

Thus, the right eigenvectors associated with the complex conjugate eigenvalues Ay /3
are of the form az/3 = al (e; Fier). Bearing in mind that any rotation tensor is
orthogonal we infer that a3 = azp = a' (e) +iey) are the left eigenvectors
associated with A»/3. Imposing the additional condition a; - @ = a3 - a3 = 1
(4.38) we finally obtain

=L e —ier), as= L1 +ier)
ap; = ) e 1€3) , a3_2 el 1€7) .

The eigenprojections can further be expressed by (4.42) as

Pl=a1®a; =e3Qe3,
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_ V2 . V2 .
P2=02®02=7(el—132) ®7(81+1e2)

1 1,
5(6’1®81+ez®ez)+§1(81®02—82®01),

_ W2 . V2 .
P; =a3®a3=7(e1+1e2) ®7(e1—1e2)

1 1
E(e1®e1+e2®e2)—Ei(e1®e2—e2®e1).

4.21 First, we write

- [—22270[-222 12 6 6
(Aﬂ. =| 214|| 214|=]| 62112,
LY/ 241 241 6 12 21
- 1 12 6 67[-222 0 54 54
(4% |=]| 62112 | 214]=|54 81108
Lt ez 2l 241 54 108 81
Then,
0 54 54
pA(A) =A% —27A —541=| 54 81 108 |e; ®e;
54 108 81
—222 100 000
—27 214 e,-®ej—54 010 e,-®ej: 000 e,-®ej
241 001 000

9 Solutions

4.22 The characteristic polynomial of F (2.69) can be represented by pa (\) =

(1- /\)3. Hence,

3

0-70 _ 000 ‘
P =A-F>=]0 00| e,®e/=[000|¢;®e/ =0.
0 00 000

9.5 Exercises of Chap. 5

5.1 By using (1.109)1, (D.2) and (5.17) one can verify for example (5.20); and

(5.21)1 within the following steps

AR B+C): X=AXB+C)=AXB+AXC=AQ®B+A®

0 :X,
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AOB+C):X=A[B+C):X]=AB:X+C:X)
=AB:X)+A(C:X)
—(AOB+AOC) :X, VXelLin"

The proof of (5.20); and (5.21); is similar.
5.2 With the aid of (5.16), (5.17) and (1.148) we can write

(Y:A®B):X=Y:(A®B:X)=Y:AXB =ATYB" : X,

(Y:AOB):X=Y:AOB:X)=Y:[AB:X)]
=(Y:AAB:X)=[(Y:A)B]:X, VX,Y €Lin".

5.3 Using the definition of the simple composition (5.40) and taking (5.17) into
account we obtain

AB®CD:X=AB®C:X)D=ABXC)D
= (AB)X (CD) = (AB) ® (CD) : X,

ABOCOD:X=ABOC:X)D=A[B(C:X)|D
=ABD(C:X) = (ABD)©C:X, VX € Lin".

5.4 By means of (1.150), (5.17), (5.22) and (5.45) we can write
A2B)T:X=X:A®B)=ATXBT = (AT®BT) X,
AOBT:X=X:A0B) =X:A)B=BGOA):X,
AOB):X = (A@B):XT=A(B:XT)

:A(BT:X) - (A@BT) :X, VX e Lin".

Identities (5.51) and (5.52) follow immediately from (1.124) (5.23), (5.24) (5.49);
and (5.50) by setting A =a®b,B=c®dorA =a®d,B = b ® c, respectively.

5.5 Using (5.51) and (5.52) we obtain for the left and right hand sides different
results:

@b®cxd)T=@ecebd)'=ca®dxb,

@ebcd)'=b®a®d®c)'=bxdRaec.

5.6 (5.31),(5.32), (5.45):
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A:BT:X=X:A:B)=X:A):B
=BT:(X:.A)=fBT: (.AT:X) =(fBT:.AT) : X,
(.A:%)t:X=(.A:3):XT=.A:(fB:XT)
=A:(B':X)=(A:B"):X, VXelLin"
5.7 In view of (1.123), (5.17) and (5.45) we write for an arbitrary tensor X € Lin"
(A®B)': (C®D):X=(A®B)"': (CXD) = (A®B) : (CXD)"

—(A®B): (DTXTCT) — AD™XTCTB

t
L) (R [() o ()] .
A®B) : (COD):X=A®B)':[(D:X)C]
—(A®B): [(D : X)CT] — (D:X)ACTB = (ACTB) OD:X.
5.8 By virtue of (5.51) and (5.52) we can write
.. T ..
¢ = (C’”’dg,- ®g;®g® 91) =eMg. ® g, ®9 ® gy
=g, 09,®9,®g.
.. t ..
Cl = (e‘f"’g,- ®9g; ®g; ®gl) =CMg g, ®9;®g
=eVg, 29,09, ®4.

According to (5.60) and (5.61) €T = @' = €. Taking also into account that the
tensors g; ®g; ® g; ® g, @i, j,k, 1 =1,2,...,n) are linearly independent we thus
write

@ikl _ @itk _ @ikl

The remaining relations (5.70) are obtained in the same manner by applying the
identities @ = €T'T and @ = €T,

5.9 With the aid of (1.150), (5.16) and (5.81) we get
Y:7):X=Y:(T:X)=Y:X"=Y":X, VX Ye€Lin"

5.10 On use of (5.31), (5.45), and (5.81) we obtain

A:T:X=A:T:X)=A:X"=A":X, VXeLin"
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AT =@ AT = (AT f])tT = (A" 9‘)T = (A" ‘.T)T —T. A

The last identity (5.85) can finally be proved by
T:7:X=T:(T:X)=T:X'=X=9:X, vXeLin".

5.11 € possesses the minor symmetry (5.61) by the very definition. In order to prove
the major symmetry (5.60) we show that € : X = X : €, VX € Lin". Indeed, in
view of (5.17)1, (5.22); and (5.48)
C: X =M ®M2+M2®M1)s X=M; Mz +M; ® M) : symX
= M (symX) My + M (symX) My,

X:C=X:M; @M, +M; ®M))*
=sym[X: M; @Mz + M2 @ Mj)]
= sym (M; XM, + MaXM;) = M; (symX) My + M, (symX) M.

5.2 (a) Lete; (i = 1,2,3) be an orthonormal basis in E3. By virtue of (5.77),
(5.84) and (5.86) we can write

3
1
J° = Z 76 ® (ei®ejt+ej®e) De;

ij=1
3 3 1
:Z(ei®e,~)®(e,~®e,~)+ z E(e,-®ej+ej®e,~)©(e,~®ej+ej®e,~).
i=1 i,j=1
i>]

Using the notation

e e (4 e
Mi—e@e, i=123 M=82ta®a

V2 ’
M5=€1®63+e3®81, M6=es®ez+ez®e3 9.27)
V2 V2
and taking (5.23) into account one thus obtains the spectral decomposition of J° as
6
P=>M,0M,. (9.28)
p=1

The only eigenvalue 1 is of multiplicity 6. Note that the corresponding eigentensors
M, (p =1,2,...,6) form an orthonormal basis of Lin? and according to (1.95)

(9.29)
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(b) Using the orthonormal basis (9.27) we can write keeping (9.29) and (5.89);
in mind

1
Psph = 3 My +M; +M3) © (M; + M3 + M3)

111000

. 111000
11111000

2: PeMp OMy.  where [P =21 (60000
7= 000000
000000

Due to the structure of this matrix the eigenvalue problem can be solved separately
for the upper left and lower right 3 x 3 submatrices. For the latter (zero) matrix all
three eigenvalues are zero and every set of three linearly independent vectors forms
eigenvectors (eigentensors). The characteristic equation of the upper left submatrix
is written by

1 1 1

Z A= Z

3 3 3

1 l_Al =0 = —-A34+A%Z=0
3 3 3

1 1 1

- - ——A

3 3 3

and yields the following eigenvalues
Ar=1, A3 =0.

The eigenvector (eigentensor) M, = A'M; corresponding to the first eigenvalue
results from the equation system (4.16);

2 1 1
—ZAl A2 A3 =0,

3 +3 +3

1 2 1

—Al —ZA%2 A3 =0,

3 3 3

1 1 2

—Al A2 —ZA3=0

3 +3 3

which leads to A = A% = A3. Thus, the umt eigenvector (elgentensor) correspond-
ing to the eigenvalue A; = 1 is M1 = [ M; +M; +M3) = fI Components
of the eigenvectors (eigentensors) corresponding to the double eigenvalue Az/3 = 0
satisfy the single equation

1

1
—A’=0. (9.30)

1
_A1+

~A%+

3 3 3
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One of the eigenvectors (eigentensors) can be obtained by setting for example
A3 = 0. Thus, A' = —A? which results in a unit eigenvector (eigentensor)

M, = — 4M1 + §M2. For the spectral representation the third eigenvector (eigen-
tensor) should be orthogonal to the second one so that

2
_% \/_ 2_0 = Al= A2

Solving this equation together with (9.30) we obtain the third unit eigenvector (eigen-
tensor) of the form IVIg = —‘/?EMI — %EMZ + ‘/TgMg. Summarizing these results

the solution of the eigenvalue problem for the tensor Pgpp can be represented in the
following form.

1 1
Ar=1, Mj=-—M;+M;+M;)=—I,

V3 V3
2 2
A =A3=A4=A5=As=0, Mz——\/T_M1+§M2,
~ 6 6 6 ~

where the tensors My, (¢ = 1,2, ..., 6) are defined by (9.27).
(c) For the super-symmetric counterpart of the deviatoric projection tensor (5.89)2
(n = 3) we can write using the results of (a) and (b)

C 2 1 1T

373 3
1 2 1

= 22000
6 e

b = 2, PeeMp OMy, where [PR]=| -2 —2 2000

Pt 0 0 0100

0 0 0010

0 0 0001

The eigenvalues and eigentensors of Pj, can thus be obtained again by solving the
eigenvalue problem for the matrix [Tﬁg ]. Alternatively, we can rewrite (9.28) in
terms of the eigentensors M (p=1,2...,6)(9.31)as

6
=DM, O0M,.
=1

p
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Inserting this result into (5.89), we get

6

fiev = z (1 - AP) Mp Qﬁp’
p=1

where A, (p = 1,2...,6) are given by (9.31). Thus, the eigenvalues of P},
represent linear combinations of those ones of Pgp, and J*% and are expressed
by A} =0, A, = 1(g=2,3,...,6). They correspond to the eigentensors
M, (p=1,2...,6) given by (9.31).

(d) With respect to the orthonormal basis (9.27) the elasticity tensor (5.93) can be
represented by

6
€= > M, oM,
p.q=1
where

2G+ X A A 0 0 O
A 2G4+X A 0 0 O
[eP1] = A A 264X 0 0 O
0 0 0 2G6 0 O
0 0 0 0 2G 0
0 0 0 0 0 2G

The eigentensors of € are the same as of Pgp, and Py, and are given by (9.31). The
eigenvalues are as follows: A; = 2G + 3\, Ay =2G (¢ =2,3,...,6). They can
be obtained as linear combinations of those ones of Py and Py,

9.6 Exercises of Chap. 6

6.1 (a) f (QAQ") = aQAQ"b # aAb.

(b) Since the components of A are related to an orthonormal basis we can write

FA)=AT AP+ AP = AL+ AL+ AL = A = A

Trace of a tensor represents its isotropic function.

(c) For an isotropic tensor function the condition (6.1) f(QAQT) = f (A) must hold
on the whole definition domain of the arguments A and YQ € Orth?. Let us consider
a special case where



http://dx.doi.org/10.1007/978-3-319-16342-0_5
http://dx.doi.org/10.1007/978-3-319-16342-0_5
http://dx.doi.org/10.1007/978-3-319-16342-0_6
http://dx.doi.org/10.1007/978-3-319-16342-0_6

9.6 Exercises of Chap. 6 263

100 010
A=(000 e,~®ej, Q=|-100 e,-®ej.
000 001
Thus,
000
A=QAQT=|010|e;®e;
000

and consequently
f (A) All A12 +A13 1 # 0 A/ll A/12 +A/l3 — f (QAQT) ,

which means that the function f (A) is not isotropic.

(d) detA is the last principal invariant of A and represents thus its isotropic tensor
function. Isotropy of the determinant can, however, be shown directly using the
relation det (BC) = detBdetC. Indeed,

det (QAQT) — detQ detA detQT = detQ detQTdetA
=@%mfywA=®mMA=®m,VQeom%

(e) Eigenvalues of a second-order tensor are uniquely defined by its principal invari-

ants and represent thus its isotropic functions. This can also be shown in a direct way
considering the eigenvalue problem for the tensor QAQT as

(QAQT) 4=\
Mapping both sides of this vector equation by QT yields
(QTQAQT) a=)QTa.
Using the abbreviation a’ = QTa we finally obtain
Aad =)\
Thus, every eigenvalue of QAQT is the eigenvalue of A and vice versa. In other
words, the eigenvalues of these tensors are pairwise equal which immediately implies

that they are characterized by the same value of A\pax. The tensors obtained by the
operation QAQT from the original one A are called similar tensors.
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6.2 Inserting

M=%(A+AT), W=%(A—AT)

into (6.17) we obtain

trM = % (trA + trAT) = trA,

1 2
trM? = yid (A +AT

= % [trA3 +tr (AZAT) T (AATA) o [A (AT)Z}
(e e (anan) o () a (47|

- ‘—ll [trA3 43t (AZAT)] ,

W2 = %tr (A — AT)2
— % |:trA2 —r (AAT) —u (ATA) Fir (AT)Z]
- % [trAz —tr (AAT)] ,

"« (sz) _ %tr [(A +AT) (A —AT)Z]
=%[HA3_U_(A2AT) ( ATA)+tr[A AT) }
4 (ATA) i (ATAAT) - [(AT) A:| +1r (A7) ]

- % [trA3 —u (AzAT)] ,
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r (MPW?) = %tr [(A + AT)2 (a- AT)Z]

- 1i6tr [ [AZ +AAT + ATA + (AT)z] [A2 —AAT —ATA + (AT)Z] ]

1 2

= otr [A“ — ASAT — AZATA 4+ A2 (AT) + AATA2 — AATAAT
2 3

—A (AT) A+A (AT) £ ATA3 — ATA2AT _ ATAATA

©ATA (AT)2 N (AT)2A2 _ (AT)ZAAT _ (AT)3A + (AT)4]
- % |:trA4 —tr (AAT)Z] ,

r (MZWZMW)

1 2
= atr[ [A4 — APAT - A%ATA + A2 (AT) 4+ AATA? - AATAAT
2 3
~A(AT) A+ A(AT) +ATA’ - ATAZAT - ATAATA
2 2 2 3 4
+ATA (AT) 4 (AT) A% (A7) AAT - (AT) A+ (AT) ]
2
[A2 — AAT+ATA - (A7) “
1 2 2
= | (AT) A%ATA - A7 (A7) AAT|.
16
Finally, trA* should be expressed in terms of the principal traces trA’ (i = 1,2, 3)
presented in the functional basis (6.18). To this end, we apply the Cayley-Hamilton
equation (4.96). Its composition with A yields
A* —TAA3 + TRA? — TII,A = 0,

so that

trA% = IotrA3 — TIAtrA2 + IIAtrA,

where I, II4 and Il are given by (4.29). Thus, all the invariants of the functional
basis (6.17) are expressed in a unique form in terms of (6.18).
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6.3 (6.44):

%f(A+tX)g(A+tX)

t=0

d d
=5 fA+X) g@A)+ @A) TgA+X)

t=0
=[fA),A: X]gA)+ fA)[gA),a:X]
=[gA) fA) A +f(A)gA)a]l: X

t=0

6.4 By Theorem 6.1 1) is an isotropic function of C and L; (i =1, 2, 3). Applying
further (6.15) and taking into account the identities

LL=0 Li=L. twl¥=1i#/ij=123%k=12.. (932
we obtain the following orthotropic invariants

oC, wC?, uC’,

r(CL) =1 (CL}), t(CLy =t (CL3). t(CLy =t (CL}),

r(CLy) =t (C1}) v (CLy) =1 (C13) . r (CLs) =t (C°13).

tr (L;CL;) = tr (CL;L;) = tr (L;L;C) =0, i#j=123. (9.33)

Using the relation

z L =1 (9.34)

one can further write
tr(C)=C:I1=C:(L;+Ly+Ls)
=C:L+C:L;+C:L3=tr(CLy) + tr (CLy) + tr (CL3) .

In the same manner we also obtain
r (CZ) —r (C2L1) fu (chz) i (C2L3) .

Thus, the invariants trC and trC? are redundant and can be excluded from the func-
tional basis (9.33). Finally, the orthotropic strain energy function can be represented
by

Y = ¢ [t (CLy), r (CLy) , tr (CLy),
2 2

C2L3) ,trc3] . (9.35)
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Alternatively, a functional basis for the orthotropic material symmetry can be ob-
tained in the component form. To this end, we represent the right Cauchy-Green
tensor by C = C1; ® I ;. Then,

r(CL) = ('L gl) el =C" i=123,
r (CL) = (C“)2 + (C"Z)2 + (Cf3)2, =123,
tr (C3) _ (C11)3 i (C22)3 + (C33)3 +3 (C12)2 (C“ + sz)
+3 (c13)2 (c"+c®)+3 (C23)2 (€22 + ) + 623,
Thus, the orthotropic strain energy function (9.35) can be given in another form as
=1 |:C“, 2 3, (C12)2’ (C13)2, (C23)2 ’ C12C13C23i| .

6.5 (6.52), (6.54), (6.80), (6.136), (6.140), (6.144), (6.149), (9.35):

s—6-20 2o zat‘?¢ Li+2 Za—w(CLiJrLiC),

o L)) (CL))
8y 2 2 Y
36— Y _2oc L oL,
guconcC CC T4 Z B (CLy o (CLy) O
92

CL, +L;C) o (CL; +L;C
+_z%@w%@m(“k)mf+1)

+1 Z Gl (Li oC?+? @Li)
otr (CL;) 0trC3

0% 5 .
12 Zatr (C2L;) 0 C3 [C Q(CLi+LiC)+(CLz+LlC)®C]

3

o
4 L; L; +L;C) + (CL; +L;C) O L;
ZZ:I otr (CL;) Otr (C2L;j) [Li © (CL; +L;C) + (CL, + L,;C) O Li]

Y

o C3

+423:8—¢(L- ®1+1®L)
Py otr (CZL,‘) ' v
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6.6 Any orthotropic function S (C) is an isotropic functionof Cand L;; (i = 1, 2, 3).
The latter function can be represented by (6.117). Taking (9.32) and (9.34) into
account we thus obtain

_ T AL 41 (L 4 L2
S—Z;[a,L,—I—ﬂ,(CL,—FL,C)—i—'y,(CL,+L,C)],

where «;, 5; and 7; (i = 1,2, 3) are some scalar-valued orthotropic functions of C
(isotropic functions of Cand L; (i =1, 2, 3)).

6.7 Applying (6.15) and taking into account the identities L' = L;, uL]" =
1(@=1,2; m=1,2,...) we obtain similarly to (9.33)

trC, trCz, trC3,
tr (CLy) = tr (CL%) . tr(CLy) =tr (CLg) ,
tr(LLy) = tr (Lng) —tr (L%Lz)
=) : (281 =1 -1)* = cos’ ¢,
w(CLy) =t (L), o (CLy) =t (C2L3), w(LiCLy),
where ¢ denotes the angle between the fiber directions /1 and I. Thus, we can write

b= [trC, wC2, wC3, tr (CLy) , tr (CLy) ,

tr (C2L1) r (CZLZ) tr(LyLy) , tr (L1CL2)] .
6.8 (1.153), (4.26), (6.65) and (6.77):
d . . . .
—detd =1 =10 A =IAT A = detA (Aa).

6.9 Using (6.59), (6.137), (6.139) and (6.144) we obtain

0
S = 28_2 + pC~! = 2¢11¢,c + 2e1lc,¢ + pC™!

=2¢11+2¢; (IcI = C) + pC~! =2 (¢; + c2lc) I — 2¢,C + pC~ L,

N

_ 8S_ S —1 —1
e=22 =da(lol-9)-2p(c'oC)
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6.10 Using the abbreviation A; = )\iz (i =1, 2, 3) for the eigenvalues of C we can
write

m

B0 =X B (AT Ay Ay -3).
r=1 "

Assuming further that A # Az # Az # A and applying (6.74) we obtain

0 “ _ 3 B
§= 28_2 = Hr (A?r/z 1AI,C + Agr/z IAZaC +Agr/2 1A3,c)

r=1

m m
=> (A'f"/z_lPl + AP, 4 A§'/2‘1P3) => w1 9.36)
r=1

r=1

Note that the latter expression is obtained by means of (7.2).
6.11 Using the identities

Q'LQ=QLQ" =L, YQcg,
and taking (1.154) into account we can write

r (QCQLIQCQL;) = 1 (CQLIQCQ™L,Q)

=tr (CL;CL;), VQE€g,.

Further, one can show that

tr (CL;CL;) = t* (CL;), i=1,2,3, (9.37)

where we use the abbreviation tr? () = [tr (o)]2. Indeed, in view of the relation
tr(CL;) =C: (; ®1l;) =1;Cl; we have

tr (CL;CL;) =tr (Cl; ® I;Cl; ® 1;) = 1;Cl;tr (Cl; ® I;)
=1;ClLitr (CL;) = t? (CLy), i=1,2,3.

Next, we obtain

tr (chi) — tr (CICL;) = tr[C (L; + Ly + L3) CL;]

3
= > ur(CL;CL;), i=1,2.3
j=1
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and consequently
tr (CL,CLy) + tr (CL3CLy) = tr (C2L1) — 2 (CLy),
tr (CL3CL,) + tr (CL CLy) = tr (C2L2) — 2 (CLy),
tr (CL;CL3) + tr (CLoCL3) = tr (C2L3) — 2 (CL3).

The latter relations can be given briefly by
tr (CL;CL;) + tr (CL;CL;)
:tr(C2L,-) w2 (CLi), i#jAk#ii j k=123
Their linear combinations finally yield:
_1 2 2 2
tr (CL,CL;) = [ir (€L + v (€*L)) — v (i)
1

2
wherei # j #k #i; i, j,k=1,2,3.

[t (L) + 2 (CL;) — v (CLp) |

6.12 We begin with the directional derivative of tr (F:L,EL j);

%tr[(ﬁl + tX) L; (E + tX) Lj]

t=0

dr~ -~ ~ -
5 [BLEL; + 1 (XLEL; + ELXL; ) + *XL,XL,

t=0

(XL/EL; + BLXL;) : 1= (XLEL; + L;ELX) : 1

- ~ ~ ~ T
= (LEL; + L;EL)) : X" = (LEL; + L;EL) :X.

Hence,

tr (ELIEL]) = L,‘ELJ' + LjELi.
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For the second Piola-Kirchhoff stress tensor S we thus obtain

s=_1 3 Litr (EL; ) + ~ 3 itr (EL; ) L;
= a—E = El’.lzzll alj ltr( ]) + El,]Z:“l al] ( l) J
3
+> Gy (L,ELj +L,~1?:L,-)

ij=1
j#i
3 _ 3 _
= > ayLar (BL;) +2 X" GyLEL;,
ij=1 ij=1

J#i
By virtue of (5.42), (6.137), (6.140) and (6.144) the tangent moduli finally take the
form

oS 3 3
€=—=> gLioL;+2 ) G;(L®L;))".
JE i j=1 i,j;_l
J#i

6.13 Setting (6.168) in (6.197) yields
0 (E) = gane (BLy) + gan [i? (BL2) + o2 (BLs)
+ap [tr (ELI) tr (ELz) tur (ELI) r (EL3)]
T antr (ELg) r (EL3) 1 (am — an) tr (EsziLg)
+ 261 [tr (EL/EL:) + (EL1EL3)] .
Thus, we can write keeping in mind (9.37)
v (E) = gane (BLi) + gax [ (BL2) + o (B1s) |
+ antr (BLy ) [or (BL2) + e (BLs) |
+ % (a2 — az) tr (ELg + EL3)2 +2G ot [ELIE (Ly + L3)] .
Using the abbreviation L = L; and taking (9.34) into account one thus obtains
v (&) = gane (BL) + gax [k o (EL) ]
+ aptr (BL) [off — o (BL) | +2G 1 [ur (B2L) - ? (BL) |

+ % (a22 — a23) [trlil2 —2tr (EZL) +tr? (EL)] .
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Collecting the terms with the transversely isotropic invariants delivers

- 1 S | - -
P (E) = §a23tr2E + 3 (ax — az) wE? + (a3 —axn +2Gp)tr (EZL)

L L 2G1, )t (EL trEtr (EL
+ 2a11+2a22—6112— 12 ( )—i—(alz—azs)r r( )

It is seen that the function ¥ (E) is transversely isotropic in the sense of the represen-
tation (6.29). Finally, considering (6.169) in the latter relation we obtain the isotropic
strain energy function of the form (6.116) as

¥ (E) = %Atﬁﬁ + GtrE2.
6.14 The tensor-valued function (6.120) can be shown to be isotropic. Indeed,
7(QAiQ". 0X,Q") = Q"9 (Q"QA,Q"Q) Q. VQ € Omn,
where Q" is defined by (6.39). Further, we can write taking (6.41) into account
Q"9 (Q'QAQ"Q") Q" = Qg (Q'QAQTQT) Q"
=Q"Q" (Q'AQT) QTQ" = QQy (Q'AQ") QQ"
=Qj (A1 X;)Q",
which finally yields
g (QA,-QT, QXjQT) =Qj (A, X;)Q", VQ e Orth".

Thus, the sufficiency is proved. The necessity is evident.

6.15 Consider the directional derivative of the identity A~¥A* = I. Taking into
account (2.9) and using (6.133) we can write

d
— (A +1tX)7k
dt( + 1X)

k—1
AF A (Z A"XAk—l—") =0
t=0

i=0
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and consequently

k—1
— _A—k AiXAk—l—i A—k
. (Z )

d
—A+1X)7F
dt( +tX)

i=0
k—1
=— > ATFXAT
i=0
Hence, in view of (5.17);
k . .
A* A= —ZAJ—’H QA (9.38)
j=1

6.16 (2.4),(2.7), (5.16), (5.17)7, (6.128):

dra
(fG),a:X = a[f(A—i—tX)g(A—l—tX)] B

d . d
— f(A+1X G —qg (A +1X
dtf( + )t=0 +fdtg( + tX)

=(fia: X)G+ f(G,a:X)
=(GO fia + fG,a) : X,

t=0

(G:H),pA: X = i[g(A—l—tX) th(A+1X)]
dr =0

d
H+ G h(A+1X)

t t=0

d
= —gA+1tX
dtg( + )t=0
=G A:X):H+G: H,a:X)

=MH:G,za +G:H,) :X, VXeLin",
where f = f (A), G = g (A) and H = & (A).

6.17 In the case n = 2 (6.159) takes the form

2 k
0= A (D [tr (Ai_lB) - BAi_l]
k=1 i=1
— Al B)I—B] —1{[tr (B)I — B] + tr (AB) I — BA

and finally

AB+BA —-tr(B)A—tr(A)B+ [tr(A)tr(B) —tr (AB)]I = 0. (9.39)
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9.7 Exercises of Chap. 7

7.1 By using (4.84) and (4.86) we can write
R (w) =P 4+ e“P, + e “Ps.
Applying further (7.2) we get
R (@) = 1P + (¢4) P + (74) Py
=P + ¢l%P; + ¢7%P; = R (aw) .
7.2 (7.5)1,(9.18), (9.19):

s s
U= Z)\iPi ZZ\/Eai Qa; =e3Qe3
i=1

= i=1
A 1 A
+V/A o) ——=e+ |1
(\/1+A 1+ A 2) ( Tra 0 VT A 2)

+\/— Ay 1 . A> .
«/l—i—A T+ 4,72 NET TR TN
7 +2

V24

——e1 e + ——— (e1®e2+e2®e1)+ e Qe

-

+ e3 Q e3.

V2

7.3 The proof of the first relation (7.21) directly results from the definition of the
analytic tensor function (7.15) and is obvious. In order to prove (7.21), we first write

_L _ A1 _L N (A1 AN g
f(A)—ZWij{Ff(O(CI A) dc,h(A>—2m]§/h(<)(CI A) - dd

where the closed curve I'” of the second integral lies outside I" which, in turn,
includes all eigenvalues of A. Using the identity

1

A=A ((1-4)" = (-9 [a-aT = (1-4)7"]
valid both on I" and I'" we thus obtain

_; / _ -1 (ry _ —1 ,
fan@ = .)2]§/j{f(C)h(C)(CI A (C1- A) " dede

L Y (S o
2mff<o o b @A
! f(C)
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Since the function f () (¢ — ¢’ )_1 is analytic in ¢ inside I" the Cauchy theorem
(see, e.g. [S]) implies that

f©
27 Jr (¢

Noticing further that

d¢ = 0.

14 @)
2mi Jr ¢ ¢

we obtain

d¢’ = ()

_ 1 ! ) g -
FOR& = =4 F© 5o T @a-aTw

1 -
= rORO @A
T Jr
1 _
== aO @A =g ).
T Jr
Finally, we focus on the third relation (7.21). It implies that the functions & and f

are analytic on domains containing all the eigenvalues \; of A and & (\;) (i =1,2,
,n) of B = h (A), respectively. Hence (cf. [27]),

1 _
fth@A)=fB) = 2—7{ fOEI-B)'d, (9.40)
T J)r
where I" encloses all the eigenvalues of B. Further, we write
—1 dC/,
(9.41)

=B =@ -h Ay == ¢ (C-h(C) 7 (CT-4)
™ Jr

where I'" includes all the eigenvalues \; of A so that the image of I"” under h lies
within I". Thus, inserting (9.41) into (9.40) delivers

f f FOC—h(E) " (1 A) " acac
f ff(@ C—n () e (C1-A) " dg’

f(h(A) =

(2 i)2

(27r1)2

=5 f, /() CT-4) A

== ¢ g(()(C1-A)"d =g(A).



http://dx.doi.org/10.1007/978-3-319-16342-0_7

276 9 Solutions

7.4 In view of (9.36) we can first write
m
S(©)=g(©) = pC"/>"
(6.149) and (7.49) further yield

N
€=28.c=29(C).c=2 > G;P;®P;,
i,j=1

where P;, (i =1, 2, 3) are given by (9.20) while according to (7.50) and (9.18)

261 =2 (M) = 3 o (0 — 2 A2

r=1

m a,—4
N/
=Zur(ar—2>(¥) L i=12,

m
2G3; =29 (A3) —Zur @ =D AT =>" (0 - 2),
r=1

g (A1) —g(A2) 2 o ar/2=1 _ par/2-1
2G1» =2Go =2 — A% r
12 2 Al — Ay A ;M ( A )
m ap—2 oy —2
2 S (\/4+72+’y) (\/4+’yz—'y)
- T r - ~ - - - )
WP +4 o 2 2
gAi)—g(A3) 2 - A /21 _ A /21
2Gi3 =2G3; =2 " "
i3 3 A —As A — As le ( )
)
i V4+7 £7Y) 1|, i=1,2
gy e

7.5 Inserting into the right hand side of (7.54) the spectral decomposition in terms
of eigenprojections (7.1) and taking (4.46) into account we can write similarly to
(7.17)
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-1

1 IR B ’ .
Tﬁﬁ.(a‘"‘) d<—2—ﬂi]§ﬂ 1 J;AJPJ a

Rk -1
1

1 u _
== Z(C_)‘j)Pj dC=ﬁ]{n_§(C—>\1) 'P;d¢

In the case i # j the closed curve I does not include any pole so that

1
27

(c M) Hde=6y, i j=1,2,. .5
This immediately leads to (7.54).

7.6 By means of (7.43) and (7.83) and using the result for the eigenvalues of A by
(9.22), \; = 6, A = —3 we write

2 A 1 11
P, = 1pAf = — I+ A=-1+-A,
gop” G=N =N T30
2 1
P,=1-P=-1--A
2 T3 79

Taking symmetry of A into account we further obtain by virtue of (7.56) and (7.84)

2
PI’A = z Ulpg (AP ®Aq)s
p-q=0
20\ Ai + A
=— I+ IQA+ARD— ———— (AQA)°
(A —A>3 (Ai —A)3( URTETER
——JS—IAAI——AA
g1 Tz I®A+AB®D A®A)".
The eigenprojection P, corresponds to the double eigenvalue A = —3 and for this

reason is not differentiable.

7.7 Since A is a symmetric tensor and it is diagonalizable. Thus, taking double
coalescence of eigenvalues (9.22) into account we can apply the representations
(7.77) and (7.78). Setting there A, = 6, A = —3 delivers
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e® +2e73 g0 —e3

A) = | A,
exp (A) 3 + 9
13e° 4 32¢73 10e® — 19¢~3
A) A = g5 AQI+I®A)S
exp (A) A a1 + 13 AQI+IRA)
7¢® + 11e73
 _~ (A®A).
+ =59 (A®A)
Inserting
-222
A= 214 |ei®e;
241

into the expression for exp (A) we obtain
| e® +8e3 2e0 —2e3 20 —2¢3
exp(A) = — | 2e% —2e73 4ef + 5e73 4 —de3 |¢; ®e;,
2e0 —2e73 4e0 —de3 4ef 4 5¢73

which coincides with the result obtained in Exercise 4.15.
7.8 The computation of the coefficients series (7.89), (7.91) and (7.96), (7.97) with
the precision parameter £ = 1 - 10~° has required 23 iteration steps and has been car-
ried out by using MAPLE-program. The results of the computation are summarized
in Tables 9.1 and 9.2. On use of (7.90) and (7.92) we thus obtain
exp (A) = 44.969251 + 29.89652A + 4.974456A2,
exp (A) ,ao = 16.205827° + 6.829754 I Q@ A + A @ )* + 1.967368 (A ® A)*
N N
+1.039719 (1@ A*+ A2 @ 1) +0.266328 (A® A% + A’ @ A)
S
+0.034357 (A% @ A?) .
Taking into account double coalescence of eigenvalues of A we can further write

AZ = (Mg + M)A — M\ =3A + 18L

Inserting this relation into the above representations for exp (A) and exp (A) , A finally
yields

exp (A) = 134.509461 + 44.81989A,

QA+ARI +3.87638 (AR A)°.
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Table 9.1 Recurrent calculation of the coefficients wg)

r arw(()r) arwir) a,w;r)

0 1 0 0

1 0 1 0

2 0 0 0.5

3 9.0 45 0

4 0 2.25 1.125

5 12.15 6.075 0.45

6 4.05 4.05 1.0125
23(-1079) 3.394287 2.262832 0.377134
op 44.96925 29.89652 4.974456

Table 9.2 Recurrent calculation of the coefficients fl(yrq)

r ae  aty ek |eg) e |ag)

1 1 0 0 0 0 0

2 0 0.5 0 0 0 0

3 0 0 0.166666 0.166666 0 0

4 4.5 1.125 0 0 0.041666 0

5 0 0.9 0.225 0.45 0 0.008333
6 4.05 1.0125 0.15 0.15 0.075 0

23 ( . 10_6) 2.284387 1.229329 0.197840 0.623937 0.099319 0.015781
Npq 16.20582 6.829754 1.039719 1.967368 0.266328 0.034357

Note that the relative error of this result in comparison to the closed-form solution
used in Exercise 7.7 lies within 0.044 %.

9.8 Exercises of Chap. 8

8.1 By (8.14) we first calculate the right and left Cauchy-Green tensors as

5-20 . 520 _
C=FF=|-2 80|e;®e¢/, b=FF' =|280 |¢;®e,
0 01 001

with the following eigenvalues A; = 1, A; =4, A3 = 9. Thus, A\ = VA =1,

A = /Ay =2, A3 = /A3 = 3. By means of (8.23 and 8.24) we further obtain
_3 _ 5 _ 1

P00 =73,P1 = 13-P2= —g and
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280 9 Solutions
11-20
3 5 1 i
Uzg“‘ﬁc_@CZ:g 2140 |e®e,
0 05

(2o .
v=il+=b——b=_| 2140 |e®e.
57120 600 5| 4 05

Equations (8.28 and 8.29) further yield ¢y = %, 1= —%, Q= % and

340

7.1 1 1 .

R=pF(J1-ter L) 21| 2430 e el
300 4 60 50 005

8.2 (4.44), (5.33), (5.47), (5.55), (5.85)1:
Pi:Pu= P @P;+P; @P;)" : P, @P + P, @ Pp)°
=[(Pi®P; +P; @P) : PP + P, @ PY]’
1
=3 {[Pi ®P; +P;®P; + (P, ®P;) + (P; ®P,-)‘]
Py QP + P @ P}
= (6ik6jl + 5i15jk) (Pi ®P; +P; ®Pi)s , £ J, k#L

In the case i = j or k = [ the previous result should be divided by 2, whereas for
i = j and k = [ by 4, which immediately leads to (8.77).

8.3 Setting f(A\) = In A in (8.62) and (8.68); one obtains

- 0) o~ = In —In)j
i=1 i i,j=1 ! J
i#]j
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Index

A

Algebraic multiplicity of an eigenvalue, 101,
106, 110, 113

Analytic tensor function, 173

Angular velocity vector, 17

Anisotropic tensor function, 139

Arc length, 70

Asymptotic direction, 82

Axial vector, 31, 61, 116

B

Basis of a vector space, 3
Binomial theorem, 174
Binormal vector, 72

Biot strain tensor, 203

C
Cardano formula, 103
Cartesian coordinates, 40, 49, 52, 54, 58, 59,
62

Cauchy

integral, 175

integral formula, 172

strain tensor, 63, 121

stress tensor, 16, 86, 121, 209

stress vector, 16, 61, 87

theorem, 16, 61
Cayley-Hamilton equation, 186, 195, 200
Cayley-Hamilton theorem, 116, 173
Characteristic

equation, 100

polynomial, 100, 102, 103, 110, 116
Christoffel symbols, 51-53, 57, 66, 79, 95
Coaxial tensors, 153

Commutative tensors, 22
Complex

conjugate vector, 98

number, 97

vector space, 97
Complexification, 97
Compliance tensor, 121
Components

contravariant, 44

covariant, 44

mixed variant, 44

of a vector, 5
Composition of tensors, 22
Compression waves, 63—-65
Cone, 95
Contravariant

components, 44

derivative, 50
Coordinate

line, 41, 77

system, 39

transformation, 41
Coordinates

Cartesian, 40, 49, 52, 54, 58, 59, 62

cylindrical, 39, 42, 44, 52, 57, 62

linear, 40, 44, 48, 65

spherical, 65
Covariant

components, 44

derivative, 50

on a surface, 79

Curl of a vector field, 58
Curvature

directions, 81

Gaussian, 82

mean, 82
normal, 80
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of the curve, 72
radius of, 72
tensor, 80

Curve, 69
left-handed, 73
on a surface, 77
plane, 73
right-handed, 73
torsion of, 73

Cylinder, 77

Cylindrical coordinates, 39, 42, 44, 52, 57,

62

D
Darboux vector, 75
Defective
eigenvalue, 106
tensor, 106
Deformation gradient, 49, 101, 162, 182,
193, 197
Derivative
contravariant, 50
covariant, 50
directional, 142, 159
Gateaux, 142, 159
Determinant, 11
Jacobian, 41
of a matrix, 41, 100
of a tensor, 103
Deviatoric
projection tensor, 132, 162
tensor, 32
Diagonalizable tensor, 106, 172, 176
Dimension of a vector space, 3, 4
Directional derivative, 142, 159
Displacement vector, 63
Divergence, 54
Dual basis, 8
Dummy index, 6
Dunford-Taylor integral, 172, 176

E
Eigenprojection, 107
Eigentensor, 130
Eigenvalue, 99
defective, 106
problem, 99, 130
left, 99
right, 99
Eigenvector, 99
left, 99

Index

Einstein’s summation convention, 6

Elasticity tensor, 121

Elliptic point, 82

Elliptic torus, 95

Euclidean space, 6, 97, 98

Euler-Rodrigues formula, 16

Eulerian strains, 170

Exponential tensor function, 23, 107, 153,
182, 188

F
Fnt
vectors, 41
Formulas
Frenet, 73
Newton-Girard, 102
Fourth-order tensor, 121
deviatoric projection, 132, 162
isochoric projection, 152, 162
spherical projection, 132, 162
super-symmetric, 128
trace projection, 132
transposition, 131
Frenet formulas, 73
Functional basis, 135
Fundamental form of the surface
first, 78
second, 80

G
Gateaux derivative, 142, 159
Gauss
coordinates, 76, 79
formulas, 79
Gaussian curvature, 82
Generalized
Hooke’s law, 63, 133
Rivlin’s identity, 165
strain measures, 170
Geometric multiplicity of an eigenvalue,
101, 106, 110, 113
Gradient, 47
Gram-Schmidt procedure, 7, 110, 113, 119
Green-Lagrange strain tensor, 157, 163, 170

H
Hill’s strains, 170
Hooke’s law, 63, 133
Hydrostatic pressure, 62
Hyperbolic

paraboloidal surface, 95
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point, 82
Hyperelastic material, 137, 151, 156, 163

I
Identity tensor, 20
Incompressibility condition, 65
Incompressible material, 64
Invariant

isotropic, 135

principal, 102
Inverse of the tensor, 26
Inversion, 25
Invertible tensor, 26, 107, 108
Irreducible functional basis, 135
Isochoric

projection tensor, 152, 162
Isochoric-volumetric split, 151
Isotropic

invariant, 135

material, 137, 156, 163

symmetry, 139

tensor function, 135

J

Jacobian determinant, 41

K
Kronecker delta, 7

L

Lagrangian strains, 170

Lamé constants, 63, 133, 157

Laplace expansion rule, 117

Laplace law, 91, 92, 94

Laplacian, 60

Left
Cauchy-Green tensor, 162, 193, 197
eigenvalue problem, 99
eigenvector, 99
mapping, 17, 19, 22, 60, 122-125
stretch tensor, 170, 193, 196

Left-handed curve, 73

Length of a vector, 6

Levi-Civita symbol, 11

Linear
combination, 3
coordinates, 40, 44, 48, 65
mapping, 13, 30, 32, 121, 131, 132

Linear momentum, 17

Linearly elastic material, 121, 156
Logarithmic tensor function, 171

M
Major symmetry, 128
Mapping
left, 17, 19, 22, 60, 122-125
right, 17, 122, 124
Material
hyperelastic, 137, 151, 156, 163
isotropic, 137, 156, 163
linearly elastic, 121, 156
Mooney-Rivlin, 137
Ogden, 137, 168, 189
orthotropic, 167
St.Venant-Kirchhoff, 157
time derivative, 201, 203
transversely isotropic, 139, 158, 163
Mean curvature, 82
Mechanical energy, 60
Membrane theory, 91
Metric coefficients, 21, 78
Middle surface of the shell, 85
Minor symmetry, 128
Mixed product of vectors, 10
Mixed variant components, 44
Moment of inertia tensor, 16, 17, 34
Moment of momentum, 16
Moment tensor, 88
Momentum balance, 57
Mooney-Rivlin material, 137
Moving trihedron of the curve, 72
Multiplicity of an eigenvalue
algebraic, 101, 106, 110, 113
geometric, 101, 106, 110, 113

N
Nanson’s formula, 192
Navier-Stokes equation, 62
Newton’s identities, 102, 136
Newton-Girard formulas, 102
Normal

curvature, 80

plane, 78

section of the surface, 78

yield stress, 208

(0]
Ogden material, 137, 168, 189
Orthogonal

spaces, 31
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tensor, 27, 112, 115

vectors, 6
Orthonormal basis, 6
Orthotropic material, 167

P
Parabolic point, 82
Permutation symbol, 11
Plane, 76
Plane curve, 73
Plate theory, 90
Point
elliptic, 82
hyperbolic, 82
parabolic, 82
saddle, 82
Polar decomposition, 193
Positive-definite tensor, 111, 118
Principal
curvature, 81
invariants, 102
material direction, 139, 167
normal vector, 72, 78
stretches, 170, 196, 198
traces, 102
Proper orthogonal tensor, 115
Pythagoras formula, 8

R
Radius of curvature, 72
Rate of deformation tensor, 62
Representation theorem, 154, 156
Residue theorem, 175, 176
Ricci’s Theorem, 54
Riemannian metric, 78
Right
Cauchy-Green tensor, 118, 137, 140,
151, 156, 162, 193, 197
eigenvalue problem, 99
eigenvector, 99
mapping, 17, 122, 124
stretch tensor, 170, 189, 193, 196
Right-handed curve, 73
Rivlin’s identities, 164
Rotation, 14
tensor, 14, 193, 196, 197
Rotational momentum, 16
Rychlewski’s theorem, 158

Index

Scalar
field, 45
product, 6
of tensors, 28
Second
Piola-Kirchhoff stress tensor, 151, 156,
167, 204
viscosity coefficient, 62
Second-order tensor, 13
Seth’s strains, 170
Shear
viscosity, 62
yield stress, 211
Shear waves, 63-65
Shell
continuum, 84
shifter, 86
Similar tensors, 263
Simple shear, 49, 101, 182, 188, 196
Skew-symmetric
generator, 157
tensor, 25, 114, 116
Spectral
decomposition, 106, 130
mapping theorem, 99
Sphere, 77
Spherical
coordinates, 65
projection tensor, 132
tensor, 32
Spin tensor, 61
St.Venant-Kirchhoff material, 157
Straight line, 69
Strain energy function, 137
Strain tensor
Biot, 203
Cauchy, 121
Green-Lagrange, 157, 163, 170
Strains
Eulerian, 170
Hill’s, 170
Lagrangian, 170
Seth’s, 170
Stress resultant tensor, 88
Stress tensor
Cauchy, 16, 63, 86, 121
second Piola-Kirchhoff, 151, 156
Stretch tensors, 170, 193, 197
Structural tensor, 140
Summation convention, 6
Super-symmetric fourth-order tensor, 128
Surface, 76
hyperbolic paraboloidal, 95
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Sylvester formula, 108, 176 symmetric, 25, 109, 111
Symmetric Tensors
generator, 157 coaxial, 153
tensor, 25, 109, 111 commutative, 22
Symmetry composition of, 22
major, 128 scalar product of, 28
minor, 128 Third-order tensor, 32
Symmetry group, 139 Toroidal membrane, 92
anisotropic, 140 Torsion of the curve, 73
isotropic, 139 Torus, 82
of fiber reinforced material, 167 Trace, 30
orthotropic, 167 Trace projection tensor, 132
transversely isotropic, 139, 158 Transposition, 24
triclinic, 139 Transposition tensor, 131

Transverse shear stress vector, 88

Transversely isotropic material, 139, 158,
163

Triclinic symmetry, 139

T
Tangent
moduli, 163
Tensor
defective, 106
deviatoric, 32
diagonalizable, 106, 172, 176

U
Unit vector, 6

field, 45 \%
function, 37
unction, : Vector
analytic, 173 axial, 31, 116

anisotropic, 139
exponential, 23, 107, 153, 182, 188
isotropic, 135

binormal, 72
complex conjugate, 98
components, 5

logarithmic, 171 Darboux, 75
identity, 20 field, 45
invertible, 26, 107, 108 function, 37
left Cauchy-Green, 162, 193 length, 6
left Cauchy-Green tensor, 197 product of vectors, 10, 14
left stretch, 170, 193, 196 space, 1
monomial, 23, 173 basis of, 3
of the fourth order, 121 complex, 97
of the second order, 13 dimension of, 3, 4
of the third order, 32 Euclidean, 6
orthogonal, 27, 112, 115 zero, 1
polynomial, 23, 107, 153 Vectors
positive-definite, 111, 118 mixed product of, 10
power series, 23, 170 orthogonal, 6
product, 18 tangent, 41
proper orthogonal, 115 Velocity gradient, 169, 182, 188
right Cauchy-Green, 118, 137, 140, 151, Vieta theorem, 81, 102, 103, 173
156, 162, 193 Von Mises yield function, 208

right Cauchy-Green tensor, 197
right stretch, 170, 193, 196

rotation, 14, 193, 196, 197 w
skew-symmetric, 25, 114, 116 Wave
spherical, 32 polarization, 64

40 propagation, 64
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speed, 64
Wave equations, 65
Weingarten formulas, 80

Y
Yield stress

Index

normal, 208
shear, 211

Z
Zero tensor, 13
Zero vector, 1
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